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Preface for the Instructor 


In this textbook the author has attempted to combine lucid 
explanation of procedures with reasonable motivation for and 
justification of the processes, at the student’s level. 

The early chapters constitute a thorough review of elementary 
algebra arranged as a self-contained development fro?n first principles, 
with careful explanations of the most elementary matters. No accu¬ 
rate recollection of high school algebra is required if the hook is taken 
from the beginning. However, the review is presented in a more 
mature way than would be possible Avith first-year high school 
students; this plan enables the instructor to take up the material 


\vith a group of students having -svidely var3ang degrees of prepara¬ 
tion vathout boring the better-prepared students. 

The subject matter is for the most part conventional. Chapter I 
on the number system seems to the author to be a much neglected 
necessity. The usual theorems in the theory of equations, or even 
the elementary problems on the character of the roots of a quadra¬ 
tic, can have little meaning to a student who has not had some 
discussion of rational, irrational, real, and imaginary numbers such 
as that in Chapter I. A suitable starting point in the book can he 
found for almost any class regardless of the degree of preparation. 
However, the in clusion of much, if not all, of Chapter I is recommended, 
no matter at what point in the book the course is begun. 

Technical terms are carefully defined, and ample lists of exer¬ 
cises are pro\dded. Starred exercises are more difficult than others 

and starred sections may he omitted in a short course without disturbin a 
the continuity of the hook. 

Stress is laid upon explanation of fundamental concepts and 
reasomng which the mathematics and science major is often over- 
optimistically expected to absorb by osmosis. The author is com¬ 
mitted to the belief that a process understood will be remembered better 

it^lf """"a memorized. The mathematics 

proofs are presented even when above the freshman level but 
rather that bad proofs are not presented as good ones When a 
correct proof is thought to be too difficult for the student an 
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informal, heuristic discussion, designed to make the result plausible, 
is presented but not falsely called a proof.* For a class which is 
going to omit a certain proof, it will be no more difficult to omit a 
correct proof than an inadequate one; but to teach incorrect 
reasoning as though it were correct can only undermine the stu¬ 
dent’s future progress in and understanding of mathematics. 
Despite the ine\dtable compromise with rigor in an elementary 
book, the author has tried to avoid statements which would have 

to be unlearned by the student at a later stage. 

Some topics are treated more thoroughly than is usual, as the 

table of contents indicates. It is hoped that this thorough treat¬ 
ment will increase the value of the book as a reference ork for 
future study for the student who goes on with mathematics. For 
example, the student of integral calculus may be pleased to find 
the simple proof of the theorem on partial fractions, which is 
seldom found in textbooks on either college algebra or calculus. 

Many practical applications are included in the exercises. 
But motivation does not necessarily mean introducing the subject 
by means of so-called “practical” problems that are either 
artificially constructed for the purpose or beyond the student’s 
background; it may be purely mathematical. See, for example, 
the discussion preceding the standard theorem on rational roots of 
equations with integral coefficients. Due attention is paid to 
historical matters and to the relevance of the subject matter to other 

sciences and to cridlization. 

The later chapters are arranged as far as possible to be independent 
of each other, to provide for maximum elasticity in the choice of 
material. Where earlier material is prerequisite, cross references 
are provided. The various chapters need not always be taken in the 
order of their appearance. For example, the instructor may prefer 
to omit Chapter I at the start and take parts of it as needed. 
Similarly, the chapter on logarithms may be taken immediately 
after the chapter on exponents. The chapter on progressions may 
be inserted much earlier, provided the starred sections are oimtted. 

The author is indebted to Professor Harris F. MacNeish for 
permission to include selected Brooklyn College final examination 
questions among the exercises; to The Macmillan Company, for 
permission to include approximately eight pages of scattered, nus- 


• In avoidine certain errors which appear to have become standardued, it is 
le tti toCthor W committed othem; he wJl be gl.d to h.ve h. .tteot.on called 

> these. 
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cellaneous material taken verbatim from his book Fundamentals of 
Mathematics, of which they are the publishers, and for permission 
to adapt Tables I, IV, V, VI, and VII from the Macmillan 
Logarithmic and Trigonometric Tables, Revised Edition, edited by 
E. R. Hedrick; to Miss Helen Halpem, for her able and conscien¬ 
tious assistance in checking the answers to exercises and typing the 
manuscript; and to Prentice-Hall, Inc., for their co-operation and 
efl5ciency in publishing this book expeditiously during a trying 
period. 


M.R. 
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Preface for the Student 


1. A brief lesson in logic. Mathematics is logical in nature, 
and mathematical writing is precise, compact, and logical in style. 
Therefore a brief review of certain elementary but fundamental 
logical concepts and terms is given here. 

When two statements are so related that the second must be 
true if the first is true, we say that the second follows from the 
first, or the second is a logical consequence of the first, or the first 
implies the second. The first statement is called the hypothesis 
and the second is called the conclusion. 


Example 1. Hypothesis: x = 2 and y 

Conclusion: X + y = 1. 


5. 


If the conclusion of an argument really follows inescapably 

from the hypothesis, the argument is called valid. The process of 

drawing inescapable conclusions from given hypotheses is called 
deduction or deductive reasoning. 

The proposition of example 1 may be written as: (a) If x = 2 


7; or (6) “x = 2 and y = 5” implies 


and y = 5, then 
“x + y = 7.” 

In a statement of the form “If A is true, then B is true,” or 

implies B, A is the hypothesis and B is the conclusion. This 

statement does not assert that A is true or that B is true. It 

asserts merely that if A were true, then B would have to he true 

That IS tn a valid argument, the truth of the hypothesis guarantees the 
trutti of the co7icluston. 

„ w f Election Day,* then tomorrow 

would be Wednesday is a valid argument even if today is neither 
Election Day nor any other Tuesday. 

Note that the conclusion may be true even if the hypothesis is 

alse. Thus, m example 2, the conclusion would be true if today 
were any Tuesday in the year. ^ 

Therefore, in a valid argument, the truth of the conclusion dn^o 
^urantee the truth of the hypothesu. But the falsity of tZ ^ 
clueum does guarantee the falsity of the hypothesis. ’ 

•h. 'fil'CSytt* T„e.<l.y .ft.. 
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Example 3. Granting the axiom that “if equals are divided 
by equals the results are equal,” we may reason as follows: 


Hypothesis: 

Conclusion: 

Proof: 


Therefore, 


or 


3 

1 

3 

3 

3 

3 

1 


I. 
1 . 
7 
7 
7 
7 
1 . 


(by hypothesis) 
(by hypothesis). 

(above axiom) 


I 


The truth of this conclusion does not imply the truth of the 

Also, the falsity of the hypothesis does not guarantee the 


hypothesis. 
falsity of the conclusion. 


implies A ’ ’ are 


p™posHion;;if X then B” or -‘X » 

L conversLf a proposition is formed by interchanging hypothesis and 

o/ a correct proposition need not he . 

.Iff n 1 7, then X = 2 and ^ = 5.” This is not valid,^or the 
conclusion is not inescapable; we might have x - 3 and i/ 4, 

“““converse of the proposition of example 2 is 
“If tomorrow were Wednesday, then today would be Election 

Dav ” which is clearly not vaUd. ^ 

n both “A implies B” and its converse _ 

valid, then the statements 4 and B are called equivalent to each 

'’“'ifA implies B, we sometimes say that A is a sufficient condWon 
"“lit LyTat ^ is a necessary and sufficient condition 

r r? ihof A is true if and only if 2? is true. 

tZX e " - 2 and y 3 5 ’■ is a sufficient condition for 

P ^ life 7 TodayTs^TuesLy” is a necessary and sufficient 
onSor “ Tomotw Is Wednerfay.” These two statements 
are equivalent ; or “ Today is Tuesday if and only if tomorrow is 

^'xhe dtaUnction between a proposition and ^ 

Another distinction which should be 


paramount importance 
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carefully noted is that between the proposition (1) “Not all ^’s 
are 5’s” and (2) “All A’s are not B’s.” These are often carelessly 
confused. The first is the denial of the proposition “All A’s are 
B’s” and reallj'’ means “Some A’s are not B’s” or “At least one A 
is not a, B” and is better written in the latter form. The second 
means “No A is a B” and is better written in the latter form. 

Every proof of a mathematical theorem must be an example of 
deductive reasoning; that is, the conclus^ion must he a necessary 
{inescapable) consequence of the hypothesis. 

Note 1. While only deductive reasoning is employed in a 
finished chapter of mathematics, other forms of reasoning are of 
great value in experimental science and in everyday life. Thus 
analogies and good guesses may be useful in conjecturing what 
may be the case, although such a conjecture should not be relied 
on without further proof. Of particular importance in experi¬ 
mental science and everyday fife is induction or inductive reason¬ 
ing; this is the name given to the process of coming to a probable 
conclusion on the basis of (many) particular instances. For 
example, a one-year-old scientist, after dropping objects over the 
side of his high chair many times, may come to the conclusion that 
an object released without support in the air will fall to the ground. 
But this conclusion is merely probable, not inescapable, as he 
might find out when, to his surprise, a gas-filled balloon “falls” to 
the ceiling. In fact, however, the young scientist’s conclusion has 
a high probabihty, in the sense that, in his experience, it will prove 
correct most of the time. Inductive reasoning is thus the back¬ 
bone of experimental science. It is used by mathematicians as 
well, but only as a means of suggesting what results may be 
proved by deduction. No mathematical theorem is considered 

proved on the evidence of induction alone; deductive proof is 
required. 

Note 2. People whose intention is to persuade rather than to 

^ orators, debaters, demagogues, editors, 
et al., often use bad reasomng dressed up to seem good Such 

reasoi^g may, for lack of a better term, be called seductive reason^ 

mg. Our only interest in it should be to detect and expose it 


EXERCISES 


Assuming 


valid reasomng 
phrases “must 
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(a) 

(b) 

(c) 

id) 
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If the hypothesis is true, then the conclusion . 
If the conclusion is true, then the hypothesis 
If the hypothesis is false, then the conclusion 
If the conclusion is false, then the h5’-pothesis 


I SI 


then 


type 


? 

3 , then x"- = 9 ” is correct. Is the converse necessarily 


2. Write five correct statements of the if 

which have incorrect converses. 

3. Assuming that statement (a) below is correct, decide which of the 
other statements necessarily follows from it: 

(a) If Jones is intelligent, then he can pass mathematics 
(h) If Jones is not intelligent, then he cannot pass mathematus. 

(c) If Jones can pass mathematics, then he is intelligen . 

(V) If Jones cannot pass mathematics, then he is not intelligent. 

(e) Jones can pass mathematics if he is intelligent. 

4 ^Tiich of the statements in exercise 3 is the converse of (a) ? 

6 According to the statement (a) of exercise 3, is “Jones is intelh- 
gent” a sufficient or a necessary condition for “ he can pass mathematics . 

^ 6. “If x = 2, then (x - 2)(x - 3) = 0” iscorrect. Is the converse 

necessarily correct? 

7. “If X = - 

whether or not each of the proposed conelueione really follows from 
the hypothesis by valid {deductive) reasoning: 

8. Hypothesis: All men are vegetables; all vegetables are morta . 

Conclusion: All men are mortal. 

9. Hypothesis: No men are vegetables; no vegetables are beasts. 

Conclusions: {a) All men are beasts. 

(b) Some* men are beasts. 

All triangles are polygons; no quadrilaterals are 
triangles. 

No quadrilaterals are polygons. 

All freshmen are human; all students are human. 

Conclusions: (a) All freshmen are students. 

(b) Some freshmen are students. 

(c) Some students are not freshmen. 

12. All honest congressmen voted for this bill. I voted for this bill. 

Therefore I am an honest congressman. , ^ j 7 

13 If the problem was worked correctly, the ansMjr obtained was 7. 

I obtained the answer 7. Therefore I n-orked the problem -rrecUy _ 

14. All good cars are expensive. Ihis car is expense e. 

‘“'irThfs^ of two even numbers is always even. Neither 7 nor 11 is 

even. Therefore the sum of 7 and 11 is not even. 


10. Hypothesis: 

Conclusion: 

11. Hypothesis: 


a 


there exists at least one x which is also a y. 


• “Some ar’s are y’s” means 
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16. If X is even, then 2x is even. We know that 2x is even. Therefore 
X is even. 

17- Every rational number can be expressed as a quotient of two 
integers. \/2 cannot be expressed as a quotient of two integers. There¬ 
fore no rational number is \/2. 

2. Glossary of techmcal symbols. For easy reference we list 
the sjunbols used in tliis book. 


Symbol 

+ plus. 


Definition 


X or • 
T- or / 


> 

< 


N 

( ) 


n! 

C{n,r) 

P{n,r) 

m 

ix,y) 


mimis. 


signs of multiplication, read times, 
divided by. 

is equal to. 

is not equal to, as 5 5 ^ 3 . 


is greater than, as 5 >3. 

is less than, as 3 <5. 

is greater than or equal to. 

is less than or equal to. 

the absolute value of x. 

parentheses; [ ], brackets; { }, braces. 

the radical meaning the {principal) nth root of a; in 

particular Va means the {principal) square root of a 
facton al n. 

the number of combinations of n distinct things taken rata 
time. 

the number of permutations of n distinct things taken r at a 
time. 

afiinction of x, or the f-function of x; similarly d{x) is the 
d-function of x, etc. 

denotes a point u-hooe rectangular coordinates are x and u 
read approaches. 


Im f{x) read limit of fix) as x approaches a. 


hm a„ read hmtt of a„ as n increases indefinitely, or as n ap 

proaches infinity. 

A difference of first order, or first difference. 

^ difference of rth order, or rth difference. 

«S! amount of an annuity of 1 for n periods. 

present value of an annuity of 1 for n periods. 
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CHAPTER I 


The Number System of Algebra* 


algebra comes from the Arabic 


becomes 


7 + 3 


3. Introduction. The word 
al-jfbr «i(fmfjinK transposition of negative terms 
an equation to the other. Thus 2x — 3 . ... ^ ^ 

by aJ-jrbr. The ancients, sntch as the EgA’ptians* (about 1700 

(Ireeks '6th centur>' B.C.—3rd century A.D.), Chinese 
(2nd-13th centuries A.D.), Hindus ,5th-12th centuries A.D.), 
Arabs (9th-15th centuries A.D.), and otliers, had some rudimen¬ 
tary ideas of aie^'bra. But the subject as we know it now really 
tie fan to develop in the Middle Apes in Europe, bepinninp about 
the 13th century'. Much of the alpebra in this book dates from the 
16th and 17th centuries altltouph some of it is as recent as the 19th. 
liurinp this lonp period of prowih, the word algebra has come to 
present an extensiw bo<lv of knowledge conceminp the processes 
of rerkoninp with numbers. The ancients were usually content 
to solve Lsolateil problenn^ and were u.^ually satisfied with a single 
•olutj.Mi of a given problem. But the essence of the spirit of 
modem algebra is the desire to find aU solutions of a given problem 
and espcetally to find general methods for coping with all problems 
of a pi\en kind. I his desm* for generality will Ije seen to be the 
•wree of much of our moilem progn*ss in mathematics. As will 
he aeen as we proceed, tlie superiority of algebraic methods over 

»nlliinetic ,n Mlvin* problems springs, in large nieas- 
Tml,^ R r"' '1,^7 “ represent un-specilied or unknown 

the ..rw-i. lu,^ nuniber, ilmt they represent. In this chafer 

rapuUy tlie long, gradual development of the 

now’T^’;' ™»''er 

^ *<*■“«'>“ “<1-n-UtipUcation. The 

arithmetical di.vo^'ery made by a primitive man or a young 

• • •ur ^ ^ to m needed 

f^Vrrm hr Rhind 

*W ^ M ambiuoarfy eoutled Ihrrctum^ f„ 
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child would doubtless be that two apples, two fingers, two people, 
etc. have sometliing in common, and can be distinguished readily 
from one apple, one finger, one person, etc. Thus the first num¬ 
bers to be invented were probably 1 and 2. Some primitive races 
are said to find it too much of a strain to engage in further numeri¬ 
cal subtleties, and have in their language only three words of 
number— one, two, and 7na7iy. This would provide a charming y 
simple system of arithmetic of which lazy students might approve, 
but which would be inadeciuate for the purposes of modern science. 
Our prehistoric ancestors surely invented the process of counting 
objects and thus developed the endless succession of the so-called 
natural numbers 1, 2, 3, 4, • • • * wliicli are used m counting. 
The natural numbers are also often called positive mtegers for a 
reason wliich will be explained later. Experience in counting 
objects yields the tables of addition wliich we memorize at an early 
age and use in calculating sums. It is intuitively clear that the 
system of all the natural numbers obeys the following basic law. 

I Law of closure for addition. Given any pair of numbers 
a and b in the system, there exists a unique^ number in the system 
called the sum of a and b. The sum of a and b is denoted by a + b 
The numbers a and b, separated by a plus sign, aie themselve 

called terms of the sum. . , ^ + r „ii 

The significance of the word closure is that the systeni of all 

natural numbers is closed under addition in the sense that the sum 

of two numbers in the system is itself m the systein. It is as 

though the natural numbers are contained m an enclosure, an 

performing the operation of addition never takes us outside the 

enclosure. On the other hand, the system consisting of the 

natural numbers from 1 to 10 inclusive, and no others, is not 

closed under addition, for there are numbers in this system, 5 and 7 

for example, whose sum is not in this system. 

Experience also suggests that the system of natural numbers 

obeys the following basic law; 

II. Commutative law for addition. If a and b are any numbers 

in the system, a b = b + a. nf 

This means that we may commute or interchange the 

the terms in the sum of two numbers. 

Recall that parentheses, brackets, etc., are punctuation marks 

•{n the written language of algebra wliich are used to group together 

♦ Three dots occurring in succession mean “and so on,” 
t That is, there is one and only one such number. 
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whatever is in them. Thus the symbol 3 + (4 + 5) indicates 

that we are to add 3 to tlie sum of 4 and 5, obtaining 3 + 9 or 12; 

while (3 + 4) + 5 indicates that we are to add the sum of 3 and 

4 to 5, obtaining 7 + 5 or 12. The fact that we get the same 

result both times, although the operations performed are different, 

sugpsts that the system of natural numbers obeys the following 
basic law. 

TIL Associative law for addition. If a, b, and c are any num¬ 
bers in the system., a + (& + c) = (a + 6) -f c. 

Extended statements of the three laws. It is intuitively clear 
that the three laws just stated apply no matter how many terms 
are involved in a sum. Thus the sum of any number of natural 
numbers is a natural number, the order in which they are added is 
immaterial, as is the manner in which they are grouped by paren¬ 
theses That all this is familiar is evident from the fact that 
shopkeepers wull add a colunrn of figures from the top down and 

en check by adding from the bottom up, expecting to get the 
same result. For, adding the column 

3 

4 
_5 
12 

from the top down means calculating the value of the expression 

5, while adding from the bottom up amounts to calcu- 

like a + b r “ “Pression (5 + 4) + 3. Hence in a sum 

im a + t> + c + dwe may freely rearrange the order of the terms and 

LTw™" ‘h- we 


a + ft + c + <f = (a + i) + (c + d) 


and so on. 


[a + (6 + c)] + d 

« + [(6 + c) + d] 


^ m 

efficfem^to^^'it was more 

• Thn s ^ numbers a and b are themselves cMed 

•>' indaouon. which w-ii, he ..hea^ 
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To multiply a, and h means to find the product 
b = b for any number b. 

3_l_3_|-3-f3 = 12. Also 3& = & + 6 + 
= 4 “1“ 4 “H 4 = 12. 


factors of the product. 

ah. In particular, 1 

Examples. 4*3 = 

&; in particular, 3 • 4 

It is clear that the system of natural numbers is closed under 

multiplication. That is, it obeys the following basic law; 

IV. Law of closure for multiplication. If a and b are any 
numbers of the system, there is a unique number of the system called 

their product and denoted by ab. 

The examples above show that although 4 • 3 and 3 • 4 indicate 
different operations, they yield the same result. This suggests 
that the system of natural numbers obeys the following basic law. 

V. Commutative law for multiplication. If a and h are any 

numbers of the system, ab = ba. . „ , ^ . 

Similarly (2 • 3) • 4 = 6 ■ 4 = 24 and 2 • (3 • 4) =2-12-24 

indicate different operations but yield the same result. Tliis sug¬ 
gests that the system of natural numbers obeys the following 

IdHtSIC 

VI. Associative law for multiplication. If a, h, and c are any 

numbers of the system, then a{hc) = {ah)c. . 

We agree that in a succession of additions and multiplications, 

the multiplications are to be done first except where otherwise indicated 

^Exampl^ 2 + 3 • 4 = 2 + 12 = 14, wlhle (2 -F 3) • 4 = 5 • 4 

= 20 . 

Thus 2 • (3 4 - 4) = 2 • 7 = 14, wliile 2-3-l-2-4 = 6-F8 = 
14 The fact that these operations are different but yield the same 
result suggests that the system of natural numbers obeys the 

following basic law. 

VII. Distributive law. 7/ a, 6, and c are any numbers of the 

system. a(b + c) = a6 + ac. , , . xu 

That is the effect of the multiplier a is distributed between the 

terms b and c. This law is often referred to as “ multipl>-ing out 

the parentheses” or “removing the parentheses” if read from left 

to rieht. and as “taking out the common factor” if read from right 


b, is called an equation. The 


to left. 

A statement of equality, like a = , 

expressions on either side of the equals sign are called the left mem¬ 
ber and right member of the equation, respectively. If a - 0, we 
may substitute a for 6 or 6 for a in any equation; this is known as 
the principle of substitution. It is related to the following obvious 

basic laws of equaUty. 
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VIII. a = a. 

IX. If a = b, then b = a. 

X. If a = b and b = c, then a = c. That is, things equal to the 
same thing are equal to each other. 

XI. If a = b and c = d, then a c = b d. That is, if equals 
are added to equals, the results are equal. 

-V ® 6 nnd c = d, then ac = bd. That is, if equals are 

multiplied by equals, the results are equal. 

Extended statements of the laws. Just as in the case of laws 

I-III, the laws for multiplication and equahty can be applied to 

any number of terms. For example, we may extend the distribu¬ 
tive law to read 

a(b + c -h d + • • • + k) = ab + ac ad + • • • ak. 

V e shall not write out these extended statements here in full since 
they are obvious. ’ 


EXERCISES 


Name the principal law or laws which justify each of the followina state¬ 
ments. All letters represent natural numbers. ^ 


1. X + y = y + X. 

2. X -f 2 / is a natural number. 

3* a; -f (y -(- 2 ) = {x + y) +2 

4. xy is a natural number. 

6. x{yz) = {xy)z. 

Evaluate each of the following. 


6. xy = yx. 

7- x{y - 1 - 2 ) = xy + xz. 

8- iy + z)x = xy A- xz. 

9. 2(x -f- 3) = 2x -f G. 

10. 2x -}- 3x = (2 -f- 3)x = 5x. 


!!• 3 -f- 4 • 5. 

12. (3 -b 4) • 5. 

13. 3 -|- 4 • 5 -f- 6. 

14. (3 -f 4) • 5 -b 6. 

16. (3 -b 4) • (5 -b 6). 

Ese the basic laws I-XII to prove 
letters represent natural numbers. 


16. 3 -b 4 • (5 -b 6). 

17. 3(4 4- 5[6 -b 7]). 

18. 3(4 -b 5 • 6 -b 7). 

19. 3([4 + 5] • 6 -b 7). 

20. 3(4 -b 5)(6 -b 7). 

the following theorems, in which all 



* 21 . (a -b 6) -b c = a -b (c -b 6). 

{Hint: use II and III.) 

* 22 . (a + 6) 4 - c = c + (a -b 6). 

23. {x + y) + z = z A- (jx + y). 

{Hint: use I and II.) 

*24. {ab)c = a{cb). 

{Hint: use V and VI.) 

* -May be omitted without disturbing rontinuit 

I 




*3 


{ab)c = b{ac). 

{ab){cd) = {cd){ab). 

{Hint: use IV and V.) 
a{h -be) = ca 4 - ba. 
a{b 4 - c) = ba + ca. 

{a 4- b)c = ca 4- ba. 

{a -b 3)(6 -b 2) = a6 -b 36 
+ 2a 4- 6. 
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6 . Subtraction and division of natural numbers. Children are 
usually taught to subtract 2 from 5 by asking themselves, “What 
must be added to 2 in order to get 5? ” Formalizing this question, 

we define subtraction in terms of addition, as follows. 

Definition 1. If a mid b are any two numbers of the system, 

the difference a - b elands jor II,e number x such ihatb + J = “. 
provided such a number exists in the sijstem. To subtract b from 

a means to find a — b. ^ o u j i i ■ 

Thus, 5 - 2 is found by asking, “2 + what = 5- and 

in the ‘ ‘ two plus “ table for the answer 3. The proviso in the defim- 

tion is necessary because, in the system of natural numbers, the 

difference does not exist in some cases. For example, 2 o does 

not exist within the system of natural numbers, since there is no 

natural number x such that 5 + ^ = 2. 

A svstem of numbers is called closed under a given operation 

if performing that operation upon numbers of the system always 

yields a number of the system as a result. Thus the system of al 

natural numbers is not closed under subtraction, although it is closed 

under addition and multiplication. , i. ■ 

To prove that a first quantity, a, minus a second quantity, b, is 
equal to a third quantity, x, we have only to 

verify that the second quantity, b, plus the third, x, is equal to the first, 
a This process is often called “checking” the subtractmn. 

' Example 1. To verify that {q + p) - P = is sufficient to 
show that the second quantity, p, plus the third quantity, g, i 
equal to the first quantity, g + p. But p + g = g + P by the 
commutative law for addition. This completes the proof 

Example 1 shows that subtraction undoes addition, m 
ob\dous sense. Therefore subtraction is called inverse of 

^"^"definition 2 . If a and b are natural numbers, and if there 

exists a natural number x such that b + x = a, then a is said to be 

greater than boro less than a. In symbols, a > b or b 

For example, 5 > 2 because 2 + 3 = 5. ^ 

Similarly, children are taught to di^'lde 6 by 2 by as^g. By 

what must ue multiply 2 in order to get 6?” Formahsmg to 

question, we define division in terms of multrpUcation ae 
Defivition 3. If a and b are any two numbers of the 
the quotient a^b stands for the number x such thatbx = a, proit^ 
sul a number x exists in the system. To divide a by b nwans to find 

the quotient a 


a. 
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Thus 6 2 is found by asking, ‘'2 times what equals 6?” and 

looking in the “2 times" table for the quotient 3. The proviso 
in the definition is necessary because, in the system of natural 
numbers, the quotient does not exist in some cases. For example, 
5 2 does not exist vdthin the system, since there is no natural 

number x such that 2.r = 5. Therefore the system of natural num¬ 
bers is not closed under division. 

To prove that a first quantity, a, divided by a second quantity, b, is 
equal to a third quantity, x, we have only to 'use Definition 3 and verify 
that the second, b, tunes the third, x, equals the first, a. This process 
is often called “cheeking" the division. 

Example 2. To verify that {qp) -h p = q we have only to 
show that the second quantit 3 ^, P> times the third, q, is equal to the 

first, qp. But qp = pq by the commutative law for multiphcation. 
This completes the proof. 

Example 2 shows that division “undoes" multiplication in 

an obvious sense. Therefore division is called the inverse of 
multiplication. 

Defixition 4. If a and b are any natural numbers, and if there 

exists a natural number x such that bx = a, then b is called a factor 

of a, a is said to be a multiple of b, or a is said to be divisible by b. 

For example, 6 is divisible by 2, 6 is a multiple of 2, and 2 is a 
factor of 6 because 2-3 = 6. 

In a sequence of additions, subtractions, multiplications, and 
divisions it is understood that multiplications and divisions are to be 
done before additions and subtractions, except where otherwise indi¬ 
cated by parentheses. For example, 2-5 — 2*2 = 10 — 4 while 
2 - (5 — 2) =2-3. The fact that both answers are equal sug¬ 
gests that the distributive law can be extended to include sub¬ 
traction. Thus, it is possible to prove that 

a{b-\- c-d~e + - - - + k) = ab + ac - ad - ae 

+ ' ' ' + ak 

whenever these expressions have a meaning. We shall not prove 


EXERCISES 

definition''?^’'' statement 8 h- 2 = 4 in terms of 


, r " hat is meant by the statement 8 

aennition 1. 


2 = 6 in terms of 
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3. Which of the follo\s'ing expressions are meaningless ^vathin the 

system of natural numbers? Explain: (a) 10 2. (6) 5 -i- 2. (c) 

3-5. id) S ^ 5. (e) 4 H- 8. (f) 8 - 2. 

4. Assuming that a and b are natural numbers, tell whether the 
following expressions always represent a natural number: (a) a + 6. 
(b) a — b. (c) ab. (d) a b. 

6. If your answer to parts of exercise 4 is “no,” what restriction 
must be placed on a and b in order for these expressions to represent 

natural numbers ? 

Prove each of the following, justifying each step by means of a basic law, 
definition, or previously proved theorem, all letters representing natural 

numbers. * 

*6. (m + n) — n = m. 

*7. (mn) -7- n = m. 

*8. If a > 6 and b > c, then a > c. 

*9. If c is a factor of b and b is a factor of a, then c is a factor of a. 

*10. If a < b, then a + c < b + c. 

*11. If a < b, then ac < be. 

6. Even, odd, and prime numbers. H.C.F. and L.C.M. A 

natural number is called even if it is divisible by 2, or has 2 as a 
factor. That is, a natural number a is even if it can be expressed as 
2x where x is some natural number. For example, 6 is even since 
it is 2 • 3. But 5 is not even, for there is no natural number x such 
that 5 = 2x. A natural number which is not even is called odd. 
It can be proved that every odd number is one less than some even 

number. 

A natural number is called prime if it is greater than 1 and has 
no factors except itself and 1. 

By trial we find that 2, 3, 5, 7, 11, 13, 17, 19, 23, 29 are the 
first ten prime numbers. Clearly 2 is the only even prime, because 

any other even number has the factor 2. 

All primes less than a given number may be found by a simplev. 

process known as the sieve of Eratosthenes (Greek, 275—194 B.C.). 
We illustrate the process by finding all primes less than 50. First 
write in succession all natural numbers from 2 up to 50: 

2 3 4 5 0 7 B 9 Z0 11 X2 13 Z4 

15 X0 17 ZB 19 20 2Z 22 23 24 25 20 27 

2B 29 30 31 32 33 34 35 30 37 3B 39 40 

41 42 43 44 45 40 47 4B 49 30. 


^ May be omitted without disturbing continuity. 
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Then fenw 2, btH cront out emy necoDd number thereafter. Then 
fenve the next unrro cn e d number, namely 3, but crotss out ever>' 
ihird number tberenfter. Then fen\*e the next uncrossed number, 
nameljr 5, but ero» out every fifth number tl^reafter. And so on. 
Thn numbera left uneronwd at the eml are primes. 

It ona be proved that etenr naiurol number greoier than I ran be 
expeeemd me n preduet ef prime fmatore in one and only one uyay, apart 
from tke eeder in etkiek tkefaeton are uritlen. This is known as tije 
unique faccorizatiaa theorem. We aa^ume it here. For example, 

60 - 2 • 2 • 3 • 5, 72 - 2 • 2 * 2 • 3 • 3. 12 - 2 • 2 • 3, and 550 - 

2 * h '5 * 1 1. r# exprem an^ naturai number ae a product of ite 
prime Jaeiare, fret dvnde %l by » if poeeibU, Then dit'ide tke quotient 
by t mpmm. sf pae m bU. Do tkie until tke resulting quotient ie not 
dunmbte by i. Then dioide by tke next prime, 3. And to on. 

The hicbent common factor H.C.F.; of sewral natural num- 
bera ■ the ferc^-at natural number which is a factor of all of the 
gx^’on numbera. It may be found by taking tke product of all diffrretU 
p rime f aetoee oatneMm to tke given number*, each taken tke emal/esi 
nainiW t$mee tkmt it oceure ta any of tkeee numbere. If tke giton 
mnnfen knee no prime faeiore in common, tke H.CJ-\ is defined to be 
I, in IhM enac, ike gioen number* are called relatively prime. 

EsompU I. The II.C.F, of 60-2-2-3-5 and 72- 
2'2-2-3*3 m2-2’3 - 12. 



The lovnnt common multiple (L.C.M.j of several natural num¬ 
ber M the amalleat naturai number of which each of tlie jpven 
numben la a (actor. 11 mair be found by taking tke product of all tke 

prime fmetore in tksoe numbrri, rack taken the greateet 
of Home that it oentre in any «/ these numbere. 

w • - , . ^ ^C.M. of 00 - 2 • 2 • 3 • 5 and 72 - 

31*2 3-3» 2 - 2 - 2 * 3 - 3 * 5 - 360. 

*Tkbo«sm1. IflitA 





tke H.CJ^. of tke natural numbere a and b 
tketr L.C.M., then LH - <*6. 

»!*«» tJ» Datura! nuro- 
rTV. "‘•“"•y Pri—- Then, cleariy, L - //„ 

JixfMy). or LH • afr. Tbi» cooipleteA the proof. 

/ ^ ^ M to be H. the L.CM. 

Ot Jmmd Jrmm tkg rdahmm L — (ob) //, 

*TnMSii 2 . if ^^,omd core natural numbere and if a and b 

factor of be, then n ie a factor of c. 

tW nf UW 








t6 THE NUMBER SYSTEM OF ALGEBRA ich. i, 56 

Proof. Express each of the numbers a, b, and c as the (unique) 
product of its prime factors. Since a and b have no prime factor 
in common and a is a factor of be, it follows ^hat every prime factor 
of a is a prime factor of c and, hence, that a is a factor of c. 

Note the necessity for the hypothesis that a and b are relatively 
prime. For example, if a = 6, 6 = 10, c = 21, then a is a factor 
of be = 210, but a is not a factor of either 6 or c; note that neither 

a and b nor a and c are relatively prime. 

Note. It may astonish the student to learn that at this 

seemingly elementary stage of the development of mathematics, 
there are already unsolved problems at hand which have resisted 
solution stubbornly. But this is the case concerning natural 
numbers and prime numbers. Among the questions wliicli are 
easy to ask but remain at present unanswered are the following:! 

(а) Is it true that every even number greater than 2 is the 
sum of two primes? It seems plausible on the basis of experiment, 
for 4 = 2 + 2, 6 = 3 + 3, 8 = 3 + 5, 10 = 5 + 5, 12 = 7 + 5, 
and so on. This conjecture was made by Goldbach in 1742 but no 

proof has yet been given. o ■ i 

(б) Is the number of pairs of primes which differ by 2 hmited 

or unhmited? For example, 3 and 5, 11 and 13, 17 and 19, and so 


(c) Are there any natural numbers a, b, m, and n, where m and 
n are greater than 1, such that a”* and 6" differ by 1, except for 

3* and 2®? 

EXERCISES 

1. Use the sieve of Eratosthenes to find all prime numbers less than 

(a) 100; (6) 200. ^ • 

Express each of the following numbers as a product of primes. 


2. 9. 

7. 363. 


3. 15. 

8 . 2844. 


4. 24. 

9. 3135. 


6 . 86 . 
10. 1225 


6 . 153 


Find (a) the II.C.F., (6) the L.C.M. of each of the following sets of 
numbers: 


11 . 60 and 80. 

12. 60 and 75. 

13. 24 and 36. 


14. 70 and 75. 

15. 86 and 75. 

16. 153 and 189. 


17. 24, 36, and 60 

18. 8, 20, and 24. 

19. 60, 80, and 40 


• If the assumption of the unique factorization theorem is too strong for 
iustructor's taste, another proof of this important theorem, free of this assumption, is 

Mathematics, Macmillan, 1941, Chapter \ III. 


Ch. I, §7J 


THE NUMBER SYSTEM OF ALGEBRA 


17 


20. Show that if a and b are both even, then a + 6 is even. 

21. Show that if a and b are both odd, then a + 6 is even. 

22. Show that if a is even and b is any natural number, then ab is even. 

23. Is the system of all even numbers closed under addition? 
Explain. 

24. Is the system of aU odd numbers closed under addition? Explain. 

26. Is the system of all multiples of 3 closed under addition? Explain. 

26. Is the system of all even numbers closed under multiplication? 
Explain. 


27. Is the system of all multiples of 3 closed under multiplication? 
Explain. 

28. If a is any natural number, show that the system of all multiples 
of a is closed under addition and multiplication. 

29. A natural number i.s called perfect if it is equal to the sum of all 

its lactors except itself. Foi example, G js peilect, since G =* 1 -I- 2 4- 3 
Show that 28 is perfect. * ^ ' 

30. The numbers a and b are called amicable if each is the sum of all 

the factors of the other except the other itself. Show that 220 and 284 
are amicable. 


7. Fractions. Multiplication and division. Early in histon* 
fractions were invented to facilitate calculations involving things 
^vided into equal parts, such as real estate or harvests of grain. 

rom a more soplusticated point of view we may credit motivation 
of the invention of fractions to our natural desire to have our 
system of numbers closed under all our operations. The system of 
natural nurnbers is not closed under division. That is, we cannot 
always divide one natural number by another and get a natura 
number. For example, 6 cannot be divided by 4 within the 

system of natural numbers. Tliis unpleasant defect will be 

remedied by the introduction of fractions. Looking at it na^el^ 

a fraction, hke 6/4, 13 merely a symbol consisting of two naturki 
numbers. Thus, we make tlie following definition: 

Definition 1. A fraction « a sy,M | or 0/6 where a and b 

are natural numbers. We call a the numerator and b the h, 
nator of the fraction a/b. denom,- 

The symbol a/h, read “a over h ” is used 
equal parts of something. Thus 2/3 repress 2 ITT ‘ 
of something. Because of this applicatfon we wfsh" Za dTs 

dilfemnt symbols. Fortunately!’ ^-^ 0 ^ am LTr;^^ot 

Whelhri or „o. thero odd porfoe, „„„bor i, 
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and we are free to decide what we wish to mean by equal fractions, 

and by the sum, product, etc., of two fractions, so long as our 

decision does not involve logical inconsistency. If, instead of 

dividing something into three equal parts we double the number 

of parts, we must take twice as many of the smaller parts, or 4/6, 

42 * 22 . 

to get the same quantity as 2/3. That is, ^ ^ . 2 ~ 3 ' This 

suggests that, in general, we adopt the following preliminary 
definition. 


a 


Definition 2. r 


T~ where a, 6 , and x are any natural num~ 
ox 

That isy a common factor may he introduced into, or removed 
from, the numerator and denominator of a fraction without altering 

its value. 

Removing a common factor from numerator and denoimnator 

of a fraction is often called 

cancellation. Note that only 

factors which are common to 

numerator and denominator 

may be cancelled. When all 


hers. 



2 

3 


£ 

6 


6 

9 


Fi3. 1. 


possible common lacrors nave 
been cancelled, the fraction is said to have been reduced to simplest 
form or lowest terms. For example. 


12 

18 


2 • 6 
3 • 6 


2 

3 


Now 2/4 and 5/10 are not related directly by definition 2 since 
there is no natural number x such that 2a: = 5 or 4a: = 10. But 
both 2/4 and 5/10 can be expressed as equal fractions having a 
common denominator by means of definition 2. Thus 

2 2 • 10 20 _ 5 • 4 _ ^ 

4 “ 4 • 10 “ 40 10 10 • 4 40 

Since we wish the statement “things equal to the same thing are 
equal to each other” to remain vahd for fractions, we are led to 

make the following general definition. 

Definition 3. Two fractions are equal if and only if when both 

are expressed as equivalent fractions having a common denominator 

(by definition 2 if necessary) they then have the same numerator as 

well. 
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2 5 20 

For example, ^ = Jq since both are equal to 


Cl c 

Theorem 1. ^ ~ ^ only if ad = be. 


a 


ad c be . 

definition 2 


Hence they are 


Proof. ^ = 

equal to each other if and only if the numerators ad and be 
equal. 


are 


The operation of passing from | ^ to ad = 6c is sometimes 

referred to as “cross-multipl^ung.” 

Definition 4. The product of two fractions is the fraction whose 

numerator is the product of the two given numerators and whose 

denominator is the product of the two given denominators. In 
symbols 


b d bd 

The choice of this definition may be motivated by considering 
rectangular areas.* A rectangle with length 3 inches and width 



Mg. 2. 


BCD de iTnehlolT”' 

(Fig. 3). This suggests the formula! ! TU T 

above, so that the area Arpjp f ^ ociuct ot two fractions as 
^ ^ ^ tne area AGFB, for example, in Fig. 3, will be 





lay be found in M. Richard- 
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Whenever we introduce or invent new kinds of numbers, we want 
them, as far as possible, to obey the same basic laws and follow the 
same definitions as the preceding numbers did. Hence, for division 
of fractions we use definition 3 of section 5. That is, the quotient 

of two fractions fraction | such that ^ - = y 

provided such a fraction exists. But we shall now prove that in 

d c 

the system of fractions, the quotient ^ ^ ^ always exists and is the 


c 

fraction obtained by inverting ^ and multiplying 


a c 

Theorem 2. 5 ^ 


a d 
b c 


ad 


Proof. The right member is equal to by definition 4. 


We 


ad 


have only to show that ^ 


a c. ad 

Y* But j • 1 “ 
b d be 


Cetd « 1 r* • X * 

-tt by definition 
dbc ^ 


- cad 

'dbi 


Y by cancellation. This completes the proof. 

b 


2 


Example. ^ 


4 

9 


2 

3 


9 

4 


18 


12 


3 

2 


We would like now to identify the fraction a/b with the quo¬ 
tient a - 4 - & so that division of one natural number by another 
would always be possible, according to our original aim in intro¬ 
ducing fractions. But then we would have 3 -4- 1 = 3/1 and also, 
by definition 3 section 5, 3 -4- 1 = 3. Thus we are led to the 
following agreement: we shall identify fractions ajl having denomi¬ 
nator 1 with the natural number a in the numerator. Thus we write 


3/1 = 3. We can now prove the following theorem. 
Theorem 3. If a and b are natural numbers, then a -4- 
Proof. By agreement a = a/1 and b = 6/1. Therefore a 


b = a/b. 


b 


a 

I 


6 


- • Y by theorem 2. Hence a b — ^ by definition 4. 
16 “^ " 


a 


1 


We shall henceforth use the division sign -4- and the fraction line 
interchangeably. Clearly, the system of fractions is closed under 

both multiplication and division. 

We could now prove that the basic laws of equality, such as 

“if equals are multiplied or di\’ided by equals, the results are 
equal,” are valid for fractions. 


Note that the equaUty | ^ i" definition 2 may now be 


terms 


For 


L\\ 





{S! 


I 
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ax 

bx 


a X 
•• • 

h X 


a 1 

6 'I 


a 


b 


1 


a 

V 


tv'hich is in harmon}'" with the intuitive idea that multiplication 
of a quantity by 1 should not change its value. 

EXERCISES 


All letters represent natural numbers. 

Reduce each of the following fractions to lowest terms 


1 . 


2 . 


10 

15 

18 

24' 


3. 


4. 


21 

14 

35 

30 


5. 


6 . 


34 

51 

57 

95' 


38abc 

57bcd 


9. 


8 . 


33 xuc 

41 xcv 


10 . 


2m + 6n 
2mn 

2m -f- 6a 

5m + 15a 


Calculate each of the following and reduce the answer to simplest form: 


4 

11. o 


5 


12 

G 

4 


13. 


14. 


5 
12 
2 

3 ' 


4 

3 


16. 


G 

4 


16. 


ab 

cd 

3b 


b 

d 


17. 


xy + xz . y + z 


4 


36c 


18. 


y 

ax + a y 

be + bd 


2y 

mx + my 
"2c + 2d 


19. W rite a fraction equal to 3/5 having the denominator 40. 

20. Write a fraction equal to a/6 having the denominator bd. 

8. Fractions. Addition and subtraction. Since fractions are 
symbols invented by us, we nave to decide what we want to mean 
by the sum of two fractions. To add coins of the same denomi¬ 
nation we add the number of coins; for example, 2 quarters plus 1 
quarter yields 3 quarters, 
definition. 

Definition 1 The sum of too fractions haring the same 
denominator shall be the fraction whose numerator is the sum of the 

given nuvierators and whose denominator is the given common denomi- 
nator. In symbols, 


Analogously 


For example, 


a b 

c + c 
2 


4 + i 


g + 6 

c 

_ 3 

• 

4 


To add coins of different denominations, we first express them 
as eqmvalent amounts with a common denomination and then 
add as above; for example, 2 dimes and 1 quarter’would ho 
e^ressed as 20 cents and 25 cents, respect!velv, and then added 

SriNmn' adopt the following definition: 
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Example 1. 2 3 

_ . a . c 

JEjCCCiTTlJ)lc 2. ^ 


I common denominator (by means 
Iding by means of definition 1. 
11 1-31-2 3 2 5 


2-3 

ad 


+ 


6 6 


bd bd 


3-2 
be ad + be 


g- (See Fig. 4.) 


bd 


It is often desirable, although not essential, to use the least 
common denominator. By the least common denominator of 
several given fractions is meant the least common multiple of the 

given denominators. 

1 _L-_ I 

H- 7 T 



6 


2 

6 


3 

6 

111 
2 3 " 6 


4 

6 


5 

6 


Fig. 4. 


Subtraction is defined as the inverse of addition, by means of 
definition 1, section 5, just as division was defined as the inverse 

of multiplication. That is, the difference of two fractions ^ - 


c 

d 


shall be the fraction ^ such that 5 + ^ = f’ provided such a 
fraction exists. If such a fraction does exist, we shall say that 


^ is greater than ^ ; in symbols ^ 


c c a 

d°^d^b 


We now prove the following theorem 

a 

Theorem 1. If ad > be, then 


c 

d 


ad — be 

bd 


Proof. According to the definition of subtraction, we have only 
to show that 

ad — be 




bd 


a 

b 


Adding the fractions in the left member, we obtain 

be + {ad — be) 

bd 

By definition {ad — he) stands for a number which, when added to 
he, will yield ad. Hence, be + {ad - be) = ad. Therefore the 

left member reduces to which becomes ^ by cancellation of the 


common 


This completes the proof. 
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In practice this theorem asserts that to subtract one fraction 
from another we may express them as equal fractions having a common 
denominator and then write the difference of the numerators over the 
common denominator. For example, 


1 1 1-3 21 

2 3 2-3 2-3 


It is clear that this difference 



3_2^3-2_l 
6 6 “ 6 “ 6 ‘ 

he 

— exists if and only if od > 6c, 


for otherwise the numerator ad — 6c has no meaning within the 

a c 

8>'8tem of natural numbers. Hence, ^ ^ if and only if od > be. 

Thus, to decide whether one fraction is greater than, less than, or equal 
to another, we may express them as equal fractions having a common 
denominator, and compare the numerators. 

It can be shown* that the sj'stem of fractions obej’^s the associ¬ 
ative, commutative, and distributive laws, and the usual laws of 
equaUty and inequality. The system of fractions is closed under 
addition, multiplication, and division, but not under subtraction, 

since it is still impossible to subtract a larger number from a 
smaller one. 


EXERCISES 

Calculais each oj the following expressions, and reduce the answer to 
Simplest form: 


5 i 

-i-l 




16. - -f- i 

X ^ 2 


16. 

17. 



G * i) * G -;) 



where x < y. 

^ M RkbanW. Fun^mentaU of .\f atkematic. 


Macmillan, 1941, for further 
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19. Is 15/17 equal to, less than, or greater than 17/19? 

20. Is 34/51 equal to, less than, or greater than 38/57? 

21. Decide which of the fractions 21/23 and 25/29 is greater and find 
their difference, 

22. Decide which of the fractions 19/23 and 22/29 is greater and finrl 
their difference. 

23. If X and y represent (positive) fractions, which of the expressions 
(o) X + y, (b) X - y, (c) xy, (d) x y, does not always represent a 
(positive) fraction? What restriction must be placed on x and y to 
insure the existence of this number vdthin the system of fractions? 

24. Evaluate 5 0 + 3^ in two different ways. 

26. Evaluate | different ways. 

9. Directed numbers. Addition and multiplication. Within 
the system of (positive) fractions it is not possible to deal with the 
expression a — h without first ascertaining that n > 6. This 
inconvenience will be removed by the invention of directed or 
signed numbers. Corresponding to each number aheady in exist¬ 
ence, such as 3, we invent two new symbols, such as -t-3 and —3. 
The symbols preceded by a -h sign are called positive numbers, 
those preceded by a - sign are called negative numbers. We also 
invent a new symbol 0, called zero, wluch is considered to be 

neither positive nor negative. The numbers 0, -1-1, -i-2, -1-3, 
and -1, —2, -3, ... are called integers* or whole num¬ 
bers. We speak of positive and negative integers and of positive 
and negative fractions. All these new numbers are called signed 
numbers or directed numbers because they may be conveniently 
interpreted in terms of direction, as follows: Choose a straight hne, 
a unit of length, and a starting point on the hne which we shall call 
the origin. To the origin we attach the number zero. Marking 
off the unit of length an indefinite number of times in both direc¬ 
tions we attach the positive integers to marked points in one direc¬ 
tion, and negative integers in the other. The other positive and 
negative fractions are attached to points on the line in the ob\dous 
way (Fig. 5). It is customary to use the right side of the line for 
positive numbers and the left side for negative numbers, t The 

* The Latin word integer means whole. 

t This is, of course, merely a convention. We could equally well put the negative 
numbers on the right. But there is no particular advantage in flouting a harmless 

convention. 
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numbers studied in precedim^ sseclions are called unsigned numbers 
to diatinjrui^h them from the new .signed numbers. 

The idea of negati\'e number> struggle for recognition for 
centuries, and was accepted with condderable reluctance as late 
ac the beginning of the 17th century, even by mathematicians. 
Negative numbers were often called "false” or "fictitious” num¬ 
ber*. No»' it i* true that no one ever saw —3 books on a table, 
except poaeibly at a a^nce. But to try to interpret —3 as refer¬ 
ring to the ghosts of three departed lxx>ks, or to the operation of 
taking three books away from an empty table, is to miss the point 
completely. The point i.s that directed numliers are not to be 
interpreted a.*» (quantity or magnitude alone, but rather as quantity 
oe magnitude U»gether with direction. Hence they are convenient 
for fuch applications as ea«t and weal, up and down, profit and loss, 



Fir 5. 


future and past, temperature al>ove and l>elow wro, etc. They 
ar» called numlwra largely because they ol>ey tlie ba.sic laws of 
calrtilation which ail oilier numbers obey, such as the laws of 
^luality, the asMOctatiw, commutative, and distributive laws, eU;. 

Note al«o tluit tlie 4* and — signs in the syml^ols -f 3 and —3 
are Dot iiitcndc<i to indicate tlie operations of addition and ku1>- 
traction fnit are merely mark* or signs to distinguish one direction 
frum anoCiier. It would lie better, from a logical standpoint, to 
rr*erre the 4 and - signs for tlie operations of a<idition and 
subtraction, and to uw black and red ink, or other cignii like ^ 
ami *3 to indicate the right-lmnd 3 and tlie Icft-liaiid 3, respec¬ 
tively. llowrxwr, we shall adhere to the traditional notation to 
avoid eonfusion. 

The directed numbers, Uke the fractions, are our own inven- 
iHm, aixl It is now up to us to decide wliat we want to mean by 
the «un. product, etc., of two directed numbers. 

0«r definition of th* sum of two directed numbers can l>e best 
w>dM«ood by referring to Tig. 5. J>et us imagine oureelves 
•tamlmg at the origin, facing in the positive direction, and let us 
uitetprei aaeh signed numl^er aa a marching order. Tlie directed 
number -f-3 shaU mean "march forward, that is, to tlie right 
3 umta. while the directed number -3 shall mean "march b^k- 
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ward, that is, to the left, 3 units.” Zero shall mean “do not 
march at all.” The plus sign for addition shall be translated as 
“and then.” The number attached to the point at which we arrive 
after carrying out all our marching orders is called the sum of the 
given directed numbers. 

Example 1. (+3) + (+2) means walk right 3 units and then 

right 2 units, arriving at +5. Hence (+3) + (+2) = +5. 

Notice that the plus signs within each pair of parenthe.ses indi¬ 
cate positive numbers wliile the plus sign between the two pairs of 
parentheses indicates the operation of addition. As remarked 
above, it would be preferable, from a logical standpoint, to avoid 
this ambiguity by writing «3 -h r 2 = «5, for example. 

Example 2. (+3) + ( — 2) means walk right 3 units and theu 

left 2 units, arriving at -+-1. Hence (+3) -f- ( — 2) = -|-1. 

Example S. (+2) -j- ( — 3) means walk right 2 units and then 

left 3 units, arriving at —1. Hence (+2) ( — 3) = — 1. 

Example (+3) -4- ( — 3) means walk right 3 units and then 

left 3 units, arrhdng at 0. Hence (+3) -h ( — 3) = 0. 

Example 5. ( —3) -f ( —2) means walk left 3 units and then 

left 2 units, arriving at —5. Hence ( — 3) -f- ( — 2) = —5. 

Example 6. Any number plus zero will be the given number 
again, since zero means “do not march at all.” Thus (-1-3) -f- 0 
= 4-3. 

This intuitive idea of walking back and forth on the line of 
Fig. 5 is all that the student needs to understand in order to calcu¬ 
late sums of signed numbers successfully. For the sake of com¬ 
pleteness, however, we append a formal definition, which may well 
be omitted on first reading, and which is cumbersome because it is 
necessary to use several cases in order to define the sum of signed 
numbers in terms of operations on unsigned numbers, which have 
been previously defined. 

Definition 1. If a and b are any unsigned numbers^ then: 

Case 1. (-j-fl) 4" (4-&) = 4* &). 


Case 2. 


( 4-(a - 

-b) if a 

> b. 

(4-a) 

4- 

T 

II 

1 

-&) 4- (4-a) = ■{ — (6 - 

- a) if a 

< b. 



1 0 

if a 

= b. 

Case 3. 

(“«) 4- ( — 

6) = -(a 4- b). 



Case 4- 

(4-n) 4- 0 = 

= 0-1- (-j-a) = -|-u. 



Case 5. 

(-a) 4- 0 = 

= 0 4- (—a) = —a. 



Case 6. 

0 4-0 = 0. 
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It is convenient to identify the positive (signed) numbers with the 
corresponding unsigned numbers. We do this henceforth. Thus 
we shall write 3 and -j-S interchangeably. 

By the absolute value of a non-zero directed number is meant 
the corresponding positive number; thus the absolute value of 3 is 
3 and the absolute value of —3 is 3. The absolute value of zero 
is zero. The first three cases of definition 1 may be put as follows: 

To add two directed numbers of the same sign, add their absolute 
values and prefix their common sign. To add two directed numbers 
of opposite sign, subtract the smaller absolute value from the larger 
and prefix the sign attached to the number of larger absolute value. 

Our definition of multiplication of signed numbers will be 

motivated by our desire to have directed numbers behave as much 

like the previous unsigned numbers as possible. For example, 

we would like them to obey the basic commutative and distributive 

laws. By definition 1, section 4, 3 ■ 2 stands for 2 -f- 2 -f- 2 or 

the sum of three 2’s. Therefore we would like 3 • (—2) to mean 

the sum of three (-2)’s, or (-2) -b (-2) -b (-2), or -6. Since 

we want to preserve the commutative law for multiplication, we 

want (—2) -3 to mean the same thing as 3 • (—2), or —6, even 

though (—2) -3 cannot be interpreted as the sum of —2 threes 

Similarly, we want 3 • 0 to mean 0 -b 0 -b 0 or 0, and, because we 

wish to preserve the commutative law, we want 0 • 3 to mean 0 

also. In general, we define 0 • o = a • 0 = 0 where a is any 
directed number. 

Our desire to preserve the distributive law can be the motiva¬ 
tion of the mysterious case (-3)(-2) = -b6.* Consider the 

expression (-3)[(-2) -b 2]. We want the distributive law to 
hold so that 


(-3)[(-2) +2] = (-3)(-2) + ( 


3) • 2. 


The left member is (-3) • [0] which we have already decided 
should be 0^ The last term of the right member, as we have 
already decided, should be - 6. Hence we have 

0 = ( — 3)( — 2) "b ( — 6). 

Thus, if the distributive law is to hold, we must define (- 3) f - 2^ = 

M. o/ “?acm *iian! 
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Definition 2 . If a and h art any wnsigned numher*. Ihm: 

Cat 1. (4-a)(+^) - - -l-'cfci. \Thf produd of 

txi>o numbtrt u'lth like tiffns is posittre.) 

Cat e. - i-b)(+a) - -iabi. {The yrt^ud o 

tiro numbert trith unlike etyns is neyatiie.) 

Cases. (-1-a) *0 - 0-( + a) - (-a)-0 “ 0* 0 

0 . (The product of any number urith lero is zero. 

Thifi definition is sometimes known as the rule of siens. 


EXERCISES 


Calculaie each of the foUoving: 


1. 5 + (-2). 3- (~3) + ( — 5). 

2. 3 + (-7). ^ (-•*) -E 0- 

6. (+12) + (-5) + (+7) + (-17*. 

6. (+16) + (-7; + (-H) + (+61. 

7. (-13) + (+7) + (-11) + ( + 20). 


8. (-17) + (- 

9 . ( + 5 )(- 2 ). 
10 . (- 5 )(- 2 ), 

11 . (- 5 ) 0 . 

12 . (- 2 )(+ 3 )( 

13. ( + 3)(-5K 

14 . (-2)(+2l( 
20. (-l)(+2)( 


19) + (+42) + (-3). 

16 . ( 


5). 

2) (-3). 

2'(+2l. 

3) + (-2h0)( 


16 . 

17 . ( 

18 . ( 
19 . ( 


- 1 )( + 1 )( 
^ + 2 ;(- 


1 )( 

3*( 

3.i( 



- 1 )(- 1 ) 
l)(-3; 0. 
21 + ( + 4)(- 
7) + (— 4 f( • 
5) + ( + 4}( 


3 ). 

5 ). 

3 ). 


3) +(-2'(-3)(-4i +(-2)(-9) 


10. Directed numbers. Subtraction and division. For sub¬ 
traction we use definition 1, section 5, as before. 

Definitiox 1. If a and b are any directed numbers, a - b shaU 

stand for the directed number x such that b + x = a, prorided such a 

number x exists. . u ♦ 

For example, (-2) - (-3) stands for the number x such that 

(—S') + X = ( — 2); hence x = 1 since (—3) + 1 = —2. &im>- 

larly 2 — ( — 3) stands for the number x such that ( — 3) + x = 2; 

hence x — +5 since ( 3} + (+ 5) (+2). 

It can be proved that in the system of all directed numbers, 

a - b alwa>*s exists. That is, the system it dosed under subtraction. 

Hence the definition of > must be altered as follows. 

DEFixmox 2. If a and b are directed numbers, and if there 

exi'^ a positive number x such that 6 + x = a, then tte umie a > 6 
or b < a. In other words, a > b if and only if a — h is pofiixre. 
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Thus — 2 > — 5 and 2 > — 3. Intuitively a > b means that 
a is to the right of b on the line of Fig. 5. 

Division is defined as in definition 3, section 5. 

Definition 3. If a and b are any directed numbers, a h stands 
for the unique directed number x such that bx = a, -provided such a 
number x exists. 

It can be shown that, except for the case 6 = 0, to be discussed 
in the next section, a b always exists. 

For example, ( — 6) -^2 stands for the number x such that 
2x = —6; hence rr = —3 because 2( —3) = —6. Similarly 
6 ( — 2) stands for the number x such that { — 2)'x = 6; hence 
X = -3 because (-2)(-3) = +6. Also (-6) -j- (-2) stands for 
the number x such that (-2) • x = -6; hence x = +3 because 
(-2)(+3) = -G. 

These examples suggest that the rule of signs for division is like 

that for multiplication: the quotient of two numbers -with like signs is 

positive, while the quotient of two numbers with unlike signs is 
negative. 

Definition 4. The negative of a directed number x shall be 
the directed number which 7nust be added to x in order to obtain the 
sum 0. The negative of x is denoted by —x. 

For example, the negative of +3 is -3 since (+3) + (-3) = 0. 

Hence -(+3) = -3. Similarly, the negative of —3 is +3 

because (—3) + (+3) = 0. Hence —( — 3) = +3. That is, 

+3 and - 3 are negatives of each other. This is a third use of the 

minus sign. It can be shown that no trouble arises from this triple 
ambiguity. 

We could now prove that directed numbers obey all the familiar 
rules of algebra, such as the basic associative, commutative, and 
distributive laws. Also all rules for manipulating fractions carry 
over in an obvious way. For example, 




ax 

bx 


where a, 6, and a: are any directed numbers, provided 6 and a: are 
not zero. As illustrations, we shall indicate a few theorems each 
of \^ich justifies a familiar but important manipulation. 

Theorem 1. If a and b are any directed numbers, then a - b = 

a -i" — 0 ), 

Prooj. By definition 1 we have only to show that 6 plus the 
right member equals a. But ^ 
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[a +(-&)] = & + t(-&) + /commutative law 


[b -1- ( —&)1 + ® 


0 + a 
a 


for addition 
/associative law 

\ 

(definition 4) 
(definition 1, section 9). 


for addition 


(- 6 ) 


This completes the proof. ^ 

Theorem 2. If a and b are any directed numbers, then a 

' Proo/! Similar to theorem 1. We leave this as an exercise for 

Theorems 1 and 2 tell us that subtracting a directed number is 

poiLivoXcTit to dddi'^Q ticQdtivc^ u ii *4 

®Tories of nuinbers separated by + and - signs may be called 

an igebraic sum. One of the individual numbers separated by 

these + and - signs, taken together with the preceding sign, 

‘™^ltltes a term of this algebraic sum. Thus in the expression 


( 1 ) 


24-3-4 + a-&, 


, , , o . Q _4 4-a -b. By virtue of theorem 1, the 

It follows from theorems 1 and 2 that the extended form of the 

commutative law tor addition may be appUed to algebraic suim 

in the following sense. The order of the terms m an algebraic sum 

may be rearranged without affecting the value of the sum. 

For example, (1) may be rewritten as -4 + 2 - i> + a + 3, o. 

I o _4- — b "1“ Cl “1“ 2, Rnci so on. 

We could also prove* that it a and b are any directed numbers, 


then 

( 2 ) 


a{ — b) 


(ab) and ( —a)( —&) 


-{-{ab). 


This may also 

particular, 

(3) 


rule 


signs for multiplication. In 


a 


( —l)a and ( —1)( —a) — a. 


That is, multiplication by -1 reverses the sign of a directed number. 

Also, 


(4) 


a 


a 


h 


h 


while 

0 


a 


b 


a 

I 

b 


situations is also discussed there. 
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This may be called the nile of signs for division. 

Theorem 3. —(a — b) — —a + b. 

First Proof. By (3), —(a — b) = ( —l)(a — b) 

= (-l)(a + [-6]) 

= (-l)a + (-l)[-6] 

(distributive law) 
= —a + 6 (by (3)). 

Second Proof. By definition 4, we have only to prove that 
\a — b) ( — a + b) =0. But the left member is a — a -\- 
{ — b) + 6 = 0 4-0 = 0. This completes the proof. 

Theorem 4. — (a + 6) = —a — b. 

Proof. Left to the reader as an exercise. Compare theorem 3. 


EXERCISES 


Calculate each of the following: 

1. (-5) - (+3). 

2. 5 - (-3). 


6 . 

6 . 


3. (-2) - (-5). 

4. (-fS) - (-4) - (+3) 


10 . 


16. 


16. 


17. 


18. 


■ (-7) 

- (-3) - 

(4-5) 

- (- 

!)■ 

-5 - 

- (-2) 4- ( 

-5) - 

- (4-3) 

* 

(-6) 

-3- 2. 



11. 

(-16) (-2). 



12. 

IS -3- 

(-2). 



13. 

(- 

5)(-8) 





-4 



14. 

-35 

-14 

-2 

+5 


-7 

-2 4-1 

-1 


Ifi 

22 




-2 • 

-2 






-9 

+3\ 


\-4 

2q) V 

-2 ^ 

-loj 

l‘ 

1 - 

3 




2 2 




19. 

1 

2 




2 

5 





(-2)(4-8) 


(-l-4)(-4) 

-( 

.-f2 + 

6 - 

(-6) 

2 - 

(-1) 

IG 

18 

-2 

-3 


15 


3 


1 ^ 
2 ^5 


20 . 
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oi ~t~ (~3) _ (~^) ~ ^ 

(+ 2 ) + (- 3 ) (- 2 ) - ( + 2 ) 

5 - (- 3 ) 8 - (- 2 ) + (- 6 ) 

22- _2 - 3 ■ -3 - (-13) 

23. Subtract the sum of ( — 22) and (+1*1) from the product of ( — 2) 
and ( — 6). 

24. Subtract the quotient of ( + 16) divided by ( — 2) from the sum of 

( — 3) and ( + 1). 

11. The system of rational numbers. Properties of zero. 
All the numbers introduced so far, namely zero, the positive and 
negative integers, and the positive and negative fractions, and no 
others, are called rational numbers. The word “rational” does 
not mean “reasonable”; it comes from the word ratio. A 
number is rational if and only if it can be expressed as the qmtient 

5 3 2 

or ratio of two integers. Thus ^ and ^ are rational numbers. 
A rational number which can be expressed with denominator 1 is an 
integer. For example, -2 = and 0 = ^ are integers. Thus 

the system of rational numbers may be classified as follows: 

Rational numbers (positive and negative fractions and zero) 
Integers (rational numbers wliich can be expressed with 

denominator = 1 ) 

Negative integers 
Zero 

Positive integers or natural numbers. 

The system of rational numbers is closed under addition, sub¬ 
traction, multiplication, and division, with the single exception 
that division by zero must be excluded. Why this exception rnust 
be made will be seen from the definition of division: the quotient 
a H- 6 stands for the unique number x such that bx = a, if such a 
number exists. Let us try to apply this definition if & = 0. 

Either a 5 ^ 0 or a = 0. 

Case 1. Suppose a 0. Then a 4- 0 stands for the munber x 
such that 0 • X = a. But 0 • x = 0 no matter what number x is, 
and a 0. Hence no such number x exists. For example, 5/0 
stands for the number x such that 0 • x = 5, but no number x can 
satisfy this requirement. Thus 5/0 is a meaningless sjunbol. 

Case 2. Suppose a = 0. Then a • 4 - 0 or 0 4- 0 stands for t e 
number x such that 0 • x = 0. But this equation is satisfied 
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no matter what number we choose for x, and is therefore quite 
useless. 

Therefore, division by zero is excluded in all cases. 

However, 0 -r- 6 does have a definite value if 6 0. It stands 

for the number x such that bx = 0. There is one and only one 
such value of x, namely zero. Hence, 0/b = 0 ij b 9 ^ 0. For 
example, 0/3 = 0. 

Notice that 0/1 = 0 while 1/0 is a meaningless symbol. The 
statement that a S 5 'mbol has no meaning is very different from the 
statement that it has the value zero. A student who is not 
registered for this course receives no grade for it; a student must 
register for the course before he can aspire to the grade of zero. 

The system of integers is closed under addition, subtraction, and 

multiplication, but not division. All definitions concerning factors, 

even and odd numbers, etc., may be extended from natural 

numbers to integers, if desired. For example, an integer b is 

said to be a factor of an integer a if there exists an integer x such 

that a = bx. An even integer is one that has 2 as a factor. For 

example +6 and —6 are even. Zero is even since 0 = 0 • 2 - zero 
has every integer as a factor. 

Since the system of rational numbers is closed under division, 
except for division by zero, it follows that 1 /a is a rational number’ 
provided a is a rational number different from zero. 

Definition. If a 9 ^ 0 , the number 1 /a is called the reciprocal 

Oj Qf^ 

Notice that dinsion by a is equivalent to multiplication by the 
reciprocal of a. 

The number zero has the following important property, which 
will be needed later: .r, » 

Theorem 1. If ab = 0 and a 9 ^ 0 , then b = 0 . 

Proof. Since a 9 ^ 0 , 1 /a exist s. By hjqjothesis, 

ab = 0 . 

Multipljdng both sides by 1 /a, we have 


because if equals are multiplied by equals, the results are equal. 
But the right member is zero and the left member becomes - or - 

or 6. Hence 6 _ 0 . This completes the probf. “ ^ 
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It follows from theorem 1 that the product of any r,umhrr oj 

n-zrro numbers canr^ot be zero. Or. the prr^iuei of numbers 

zero if and only if at least one of the factors M ttsclf zero. 

. will be seen 


The system of rationiil numbers, extensive as it 
to Vk* inaileciuate for the purposes of both alpebra and peometrj-. 
First we ne<‘d some prtdiminary consideration>, to l>e taken up 

in the next soetions. . 

.Vole. Amusinp results can be obtainefi if division by xero is 

overlookcHl. (We assume for the moment that the reader recalls 
some elemental^ alp-bre.) For eaamplo, let Alice 1* n year, 
old and let Betty lie b years old, and mippotM- they are of the 

Then a — 6. Multiphniip both sides of this equation 

=. b'. Subtracting a* from both sides, we have 


ai, — a* ^ b* — a*. Factoring, we get a^b — a) =»= (b + a)^b a). 


same age. 
by b, we obtain ah 

— a* = 6* — 

Dividing both sides by b - a, we have a « 6 -b a. Since a = 6, 

this implies a ^ h + b, by substitution. Therefore a “ 

and .Alice discovers, to her chagrin, that she is twice m old as 

Betty. The question is, what made Alice age so rapidly. “ 

tax* n^'Prstiidv of mathematics, but rather by division 


by b — a which is zero, si 
can be pushed further, 
get a = 2a, since b = a. 
But 3 = 2 + I = 1 4- 1 


a = bhy h>'pothesis. 
From the statement a 


This absuniity 
= 26 above, we 

Di^^ding both sides by a, we have 1 = 2. 
= 2 = 1, 4 = 3 + 1 = 14-1=2 = 1, 
and so on. We thus amve at an oversimplified system of anth* 
metic in which all numbers are equal to each other, and there can 

be no such thing as a wrong answer. 

EXERCISES 

If a and b are any hco rational numbers, does each of the foUowing 
_ nltMiix re-nreseni a rational numberf 


1. a + 6. 


2. a — b. 


3 . a • b. 


4 . a 'b. 


I and b are any tiro integers, does each of the foUouring expressions 
represent an integer! 


6. a + 6. 


6. a — b. 


7 . a - b. 


8. a 6. 

following defini 


12. Positive integral powers and roots. The 

tion is nothing more than an abbre\dation. 

Defi-nttiox 1. If n is a posith'e integer, x* shall stand for 

X • X .■T xriih n factors. 

For example, x* = xxx. The exponent n is merely the numbw 
of factors. We call x: the nth power of x. x* is called the square of 
X, and x» is called the cube of x. We need the following theorems. 
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Theorem 1. If n is any positive integer, then {xyY — x"y”. 
Proof. By definition 1, {xy)'' = {xy){xy) • • • {xy) where 
there are n parentheses. By the associative law for multiplication, 
we may remove parentheses, so that 

{xyY = xyxy • ' • xy. 

By the commutative law for multiphcation, we may rearrange 
the factors, writing 

{xyY = XX • xyy • • • y. 

B}' the associative law, we may regroup them, writing 

(xy)” = {xx ■ • • x){yy ‘ • y). 

By definition 1, (xx • • * x) = x” and {yy • • ' y) = y”. Hence 

(xy)” = x”y". 

This proves the theorem. 

It is clear that this theorem can be extended to more than 
2 factors. Thus, 

(1) (xyzw •••)” = x^y^z'^w'^ • • • 

Theorem 2. (a + by = 2ab + 6*. 

Proof. By definition 1, (a + by = (a + b)(a + b). By the 
law of Closure for addition, we may regard (a + 6) as a single 
number. Hence, by the distributive law 


(a + b)(a + b) = (a + b)a + (a + 6)6. 

Using the distributive law again, and the commutative law for 
multiphcation, the right member becomes a* + a6 + a6 4- 62 

But a6 + a6 = 2ab. Hence (a + 6)* = + 2ab + 6®. This 

prov’^es the theorem. 

2 terll^ "^Thus^^^^ theorem can be extended to more than 


( 2 ) 


(a + 6 -f* c) 


a 


+ + 2ab + 2ac + 




a 


Definition 2. If there exists a number x such that x" = 

^ is calkd an nt 

>/ ^ is called a square root of a 

and if X = a, X IS called a cube root of a. 

For example, 3 is a square root of 9 since 3 ^ = 9 Al=o _• 
a square root of 9 since (-3)* = 9. Both 2 and -2 a^fomt; 
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roots of 16 since 2^ = 16 and (-2)^ = 16. A cal>e root of 8 is 2 

because 2® = 8; a cube root of —8 is —2 because ( — 2)* — 8. 

It is clear that a number may have more than one 7Jth root; 
in fact, in a later chapter it will be shown that, in the system of 
complex numbers, every number has n distinct nth roots; that is, 
two squaio roots, three cube roots, and so on. To avoid the 
unpleasant ambiguity attached to the idea of nth root, we agree 
to reserve the radical sign to denote a single one of these nth 
roots, to be called the principal nth root. If a is positive, the 
principal nth root will be the positive one. If a is negative and n 
is odd, the principal nth root will be the negative one. No other 
cases are needed here. For example, \/9 stands for 3 but not for 
-3; if we wish to indicate -3, we WTite - V9. Also V8 = 2 

2. This agreement is made to avoid the con- 


while V 


8 


wiuie V — o — -o- , 1 X .L 1 

fusion that would arise if we permitted the symbol v9 to stand 
for either 3 or —3 ambiguously. The principal ?ith root of a 
number is uniquely determined. The number n written above the 

radical sign is called the index of the root. 

We make the linguistic agreement that powers shall take 

precedence over multiplication and division, except xchere otherwise 

indicated by parent,leses. For example, 5 * 3“ = 5 • 9 = 45 while 
. 3^2 _ == 225. The radical sign, however, acts as a paren¬ 

thesis; all indicated operations under the radic al sign are toU done 
before extracting the root. For example, V9 + 16 = v25 - 5, 

while V9 4- VT6 = 34-4 = 7. 

Bv definition </a stands for a number wduch yields a when 
raised to the nth power; hence 


( 3 ) 


(</a) 


a. 


Theorem 3. If a and b are positive, then \/a 
Proof. Let x = and y = v^. By (3), x” = a and y" = b. 
By theorem 1, (xy)" = x”y^. Hence (xy)” = ab. By d^^nihon, 
= since xu is also positive. By substitution, v a v 6 - 


ary = 


This completes the proof, 
examole. V4 \/9 = 



For 




9 = V^, or 2 • 3 = 6. 

Note that this theorem is not true for negative a and b. 
example, — 2 y/ — 2 is not V^, because >/ 2 2 — 

= —2 bv (3), while VI = 4-2. 

It is ob\4ous that if a = b, then = b\ But the converse w 
not true. From a* = 6* we cannot infer that a = b; for example, 
from ( — 3)* = (4-3)® we cannot infer that —3 = 4-3. It is cor- 
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rsct U> My, bo M cver, that (fa* — h*, then a is equal to either -fh or 
^h; that is, from a* — h* wr wmq camdude that a ± 6. 


EXERCISES 

mepeetien, fbtd the mlm ef emA d the f<Mmeimq: 

L V'27. Jw %'-I2S. L v'i^ 7. vSi 9. 

t, 4. v'^^. C 8. v'w. 10. v'-lbbo. 

U. («) U H tnM that vV + b» • m + hT Kxphun. (6) Of what 
i* « -f 4 a aqHafv rwi? 

11. (•) U H ln» that Va* - 4* - « - 4? Explain. (4) Of what 
ia a 4 a squnn root? 

U. la it tnta that + v^? Explain. 

14. U U tew that • V x - x/f? Explain. 

ttemphft mth mf the JeOmmmq, msmtmimq that mU IfMtrt rrprrsmt pcsitive 






26 . (2 + 3 ) • 4 ' 


1C 

IT. va>*. 

IC 

It. X)* 



11. Vi. 

n. 1 • 4* 


(t) 


8 C 



fl • 4 >». 

14 . 2 3 - 4 \ 


27 . (2 + 3 • 4 )». 

. ((2 + 3 ) • 4J*. 

»- 4 • (2 + 3)». 



». Piarf tha faAanr in tbr folloaina that all numbrra aiw 

t«t«al to aadh othar; 

*'^ • •** * U^aay taro nnaqual mimhara. Lh e ba tiwir averac«, 
^ < - - - - ' Thaa If - « + C MulUpIrinit both «dfla br 


4) 


2 

^ — 4\ w* ha«o 2r<a 

*rt 4*-»r4>r*«>a*-3ar 
4 - r - a - e ll«wa 4 



(a + 4>f« 

.t _ 



b), or lof — 26e •> a* — 4*. 

.\(kJtn( e* t9 b«Ah Nd«a, we 
• (o — f)*. Therefore 


ahaU 



13- The i^aare root ol 2. We _ 

•terprwnj iheotem. 

1. .V# rmtienal number is 9 square root of f. 

I. if ^ Irt » -ef why it i. «irpririn«. 

Li ^ ? ** 11 ?",**“* ** «®nfin* our .tWnUon to ponilive 

r-UoMj mmhm. Ui.t . rolionwl numhor i» oo» th^ r„ 

Heoflc we cma arraiiije 


^ipfiaatil aa a quotient oE two inteerra. 
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all the positive rational numbers in the following array, placing 
all those with <lenominator 1 in the first horizontal row, all those 
w'ith denominator 2 in the second row, and so on; 


1 

2 

3 

4 

1 

1 

1 

i 

1 

2 

3 

4 

2 

2 

2 

2 

1 

2 

3 

4 

3 

3 

3 

3 

1 

2 

3 

4 

4 

4 

4 

4 


This scheme, extending endlessly to the right and down, surely 
includes all positive rational numbers; for if j'ou name any positive 

VJ 



Fis, 6, 

rational number, we can saj' exactly where it is in this array. For 
example, 159/357 is to be found in the 159th vertical column and 

the 357th horizontal row. 

Let us imagine the points corresponding to these numbers 
marked off on a line, one horizontal row at a time, the number 
attached to each point representing its distance from the origin 
or zero point. As each succeeding row is used, the marked points 
clearly become more and more crowded together {densely distrib¬ 
uted is a technical term for this). See Fig. 6. By the time the 
thousandth row is reached, we are marking off 1/1000, 2 'IOW, 
3/1000, and so on. Now imagine all the rational numbers alreM} 
marked off. Your intuition might tell you that surely all pomU 
on the line must have been marked off, but this is not the case. 
There are still points which are not marked off by any rational 
munber. One such point may be constructed as follows. Take 
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an isosceles right triangle with legs 1 unit long (Fig. 7). Then, 
b y the P ythagorean theorem, the length of the hjTpotenuse is 
VP + = V2. This length may be laid off from the origin, 

and the point thus marked off cannot have been marked by any 
rational number if our theorem is correct. If you recall that all 
rational numbers are supposed to be marked off, including all 
millionths, all trilhonths, etc., it may seem remarkable that there 
are still unmarked points left (Fig. 6). 

To prove our theorem we might at first try squaring all the 
rational numbers, one at a time, to see if any of them will yield 2 
when squared. Of course, if we started out along the first hori¬ 
zontal row we would never get out of the first row, since it is end- 



1 

Fig. 7. 



less. Therefore we might try to sweep up and down 
following the arrows in Fig. 8; that is, we would tr 
rational numbers in the following order: 


1211234321 
l’ l’ 2’ 3’ 2’ l’ l’ 2’ 3' 4’ ■ ' ■ 

If only the number of rational numbers were limited, we could 

indeed establish our theorem by this naive method. However, 

since there is no end to the sequence of rational numbers, this 

method is absolutely hopeless. For if we squared the first 1000 

rational numbers in this sequence, and failed to obtain 2 as the 

result, this would not prove that we might not get 2 as the result 

at some later trial. Therefore we must do something more 

clever to prove the theorem. We shall need the following pre¬ 
liminary theorem. 

Theorem A. If a natural number n is the product of the prime 

foetus p, q, r, . . . , then n® is the product of the same prime factors 
each occurring twice as often. ’ 
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Proof. Suppose n = p-q-r - • • • . Then, by (1), section 12, 
^2 = • • • =p-p-q-q-T-r' ■ * * . This completes the 

proof. 

For example, 12 = 2 • 2 • 3 and 12^ = 144 = 2'2'2"2'3*3. 
Proof of Theorem 1. Suppose there were a (positive) rational 
number pjq (where p and q are natui’al numbers), whose square 
is 2. Then = 2, or, multiplying both sides by q", 



By theorem A, both and q^ have 2 as a factor an even number 
of times, if at all. But then the right member of (1) has 2 as a 
factor an odd number of times while the left member has it an 
even number of times. This is absurd because it contradicts the 
fact that a natural number can be expressed as a product of prime 
factors in only one way (section 6). Hence the supposition that 
there is a rational number whose square is 2 is false. This com¬ 
pletes the proof. 

The fact* that there is no ratio nal number whose squ alls 

2 was probably^known t o Py thagbfaslnrthe~6th century It 

te''said~to--have disturbed huh so much thaTdieT.ried to Oppress 
the information lest it discredit mathematicians in the eyes of 

the general public. , i r • j- 

Note. In the proof of theorem 1 we used the method oi mdirect 

proof or reductio ad absurdum which you first met in your study 

of plane geometry. That is, we show that if the supposition 

that statement & is true leads logically to a false conclusion, then 

S must be false. 

EXERCISES 


Prove that no rational number is equal to: 


V3, 

V5 

■y/v 


V7. 

y/v, where p is a prime 


</2. 


*8. Vw where m is a positive integer which is not the square of an 
integer. 

*9. \'m where m is a positive integer which is not the nth power of an 


integer. 


* For the relation between this fact and the so-called incommensurable magnitude 
of geomctrrBee M. Richardson. Fundamentals of MalhemaUcs, Macmillan, 1941. 
Another proof of the theorem above may be found there as v ell. 

* May be omitted without disturbmg contmuity. 
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The system of real numbers. Decimal notation. __ 

fact that no rational number is exactl}' a square root of 2 means, 
from the point of \’iew of algebra, that the system of rational 
numbers is not closed under the operation of taking square roots. 
That is, ue cannot apply the operation of taking square roots 
to any number of the system, 2 for example, and always get a 
number of the system. From the point of view of geometry, it 
means that there are lengths, such as the hj^potenuse of the 
isosceles right triangle with unit legs, wliich are not exactly 
described by any rational number. From either point of view, 
the system of rational numbers, extensive though it is, is insuffi¬ 
cient for our needs. We therefore invent irrational numbers, 
such as V2 The word “irrational” must not be taken to mean 
unreasonable ; it means not expressible as a ratio of two integers 
e shall give no accurate definition of irrational number here 

difficulties involved. Indeed, while the 
act that V2 IS irrational was probably known to Pythagoras 

(0th centuij B.C.), a completely logical treatment of irrational 
numbers was not presented until about 1870, when G. Cantor and 

Ge^-man mathematicians, straighteiTed out the 
d fficulties by different methods. However, we can discuss three 
of the essential characteristics of irrational numbers. 

» The first point is that the irrational numbers fill up all the 
polTon ^ite n’„rr 

irrational All these numbers, attached to points on the linp 
are called re^. The system of real numbers is cbsed unde; 
addition multiphcation, subtraction, and division, except for 
dmaion by zero, and obeys all the basic laws of algebrk !Z 

associative, commutative, and distributive laws 

auch as . = 3.14159263 • which °carndrb‘““‘ 

«ess of irrationalTuat ^ 
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Theorem 1. IJ a rational number H ii added to an trralumal 

one I, the sum S is again irrational. 

Proof. S ^ R + I impliea / « S - 
therefore either rational or irrational. If 5 were rati< 

^ _ Ji would be rational since the system of rational 

is closeil under subtraction. But then I would l.e rational, con- 

S must l)e irrationaL 


R. Now S is real and 

tf .S were rational then 




trary to InTxithesis. Tlierefore 

Kxamples. It follows that 

etc., are irrational. 

Theorem 2. 


V2 


2 


V2 


f an irrational number I is multiplied by a 
....rnfeer R 0, then the product P is irraiional. 

Proof. P •= RI iinplie.s [ = P R since R 9^ 0. Now P is real 
and therefore either rational or irrational. If P were rational, 
then P/R would be rational since the system of rational number* 
is closed under diNnsion except for division by aero. Then I would 
tw. rational contrary to hjiiothesis. Therefore P is irrational. 


Examples. 


y/2, - V2, ^ etc., are irrational 

2 * 


The third point concerns the decimal expres.sion of real num¬ 
bers Recall that the usual decimal notation for numbers i« 
based on powers of 10. For example, 3425.678 really stands for 

6 , 7 ^ 

3 • 10* + 4 • 10* 4* 2 • 10 + 5 + jQ H- 10* 10** 

Let U3 try to express V2 as a decimal. If x = V2, ^ 

Hence we tr>- x = 1 and find it too smaU since 

2 is too large since x> = 4 > 2. Hence 1 < V2 < 2, or 


V2 = 1. 


1.41 L42 



Fis. 9. 


_ V2 

We then get a better approxi¬ 
mation by splitting the interval 
between i and 2 into tenths and 
trving them. We find (1.1)* — 
1.21, (1.2)* = 1.44, (1.3)* = 

1.69, (1.4)* = 1.96 all too small 

= 2.25 is too large. Hence 1.4 < V2 < 1.5i or 
• . (See Fig. 9.) Then we split the intern al from 

1.4 to 1.5 into himdredths and find by trial that 

2 < (1.42)* = 2.0164. Hence V2 = 1.41 ■ * • . 

successive tho^dtte we tod a . 

= 2.002225: hence \ 2 = 1.414 . At eac 


while 
x/2 = 


(1.5)* 

1.4 ■ 
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successive approximation we fail to get an exact square root of 2. 
Thus the decimal expression for \/2 does not seem to stop. The 
mere fact that we find that it doesn’t stop for the first thousand 
decimal places, however, does not prove that it will not stop 
thereafter. But we can, in fact, prove that it never stops. For 
if k did stop, we would have a terminating decimal expression for 
v2. Now the follonung theorem is obvious. 

Theorem 3. If a decimal terminates, it revresents a rational 
number. ~ 


Tor example, 3.426 is a rational number since it is a quotient of 
two integers, namelj- 3426/1000. 

But Pot rational. Hence its decimal expre ssion cannot 

terminate. However, each of the stages~^f our proces^of suc- 
cessive approximations yields a rational number whose square 
becomes closer and closer to 2. That is, V2 can be approximated 
as closet!/ as we please (that ts, to the nearest thousandth, millionth, 
etc.) by rational numbers, by carrying the process far enough 
This is one essential characteristic of irrational numbers 

The confuse of theorem S is false, for a number may be rational 
Without having a terminating decimal expression. 
we find by division, that 


For example 


and 


2 

3 

1 

7 


666 


= .142857142857142857 • • • . 

However, both of these decimal expressions “repeat in blocks”* 
m techmcal language they are periodic or recurr£g. In the case 
of 1/7, notice that the only remainders which can occur in the 
process of long division are 0, 1, 2, 3, 4, 5, 6. If 0 occurred the 
process would terminate. If 0 does not occur, then, after enouKh 
steps (seven or fewer), we must get one of the remainders 12 3 4 

r . ■>"h«eupon the whole process 

repeats itself exactly, thus producing a periodic decimal Tn 
same way, the following theorem can be proved. ^ 

termi^Z"^^^^ Z expression of a rational number either 

erminates or, if it is non-terminating, is periodic. 

i^ter tlie subject of geometric progressions has been taken 
up, It vnll be possible for us to prove the foUowing 

raUaaal 
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Tlic prccctliiiK theorems imply tlial tin? following is true. 
Theokem 0. An irrational number has a decimal cxprf*^ion 

which is neither terminating nor periodic. 

Kvery real number can be expressed as a decimal * terminaitng 

or not, and, conversely, eicry decimal represrnU a real number. 
Whether a real numlx*r is rational or not dtxs not matter to the 
practical enginei*r directly, since measurements are n<*ver more 
than approximate and an irrational numlxr can be approximated 
as closely as we please by terminating decimals. But the concept 
of irrational numbers is es.sential to any logical theory of geometric 
magnitudes, and to the logical derivation of many tht^orems of 
algebra and calculus, upon which much practical work is based. 
Every real number is either positive, negative, or zero according as 

it lies to the right of, to the left of, or at the origin. 

Note that the simple, although tedious, method of succc-x-ive 
approximation by trials, wliioh we used above to find the decimal 
expression for can be used not only for .square root.-*, hut al>o 
for cul>e roots, fourth roots, etc. It resembles the process of run¬ 
ning tlown a base runner caught trying to steal second ba.se in a 
ha.'^eball game, except tliat wliile we continue to pinch the irra¬ 
tional number between narrower and narrower limits, we never 

tag it exactly. 

Xote 1. The word “fraction” is often used for any mdicated 
quotient such as 3 which is not a fraction in the sense of 
section 7. To avoid confusion, we shall henceforth refer to the 
fractions of section 7 as positive rational numbers. 

_ _ 2.374 2 376 __ 

2-375 2.38 

Fig. 10. 


Sole 2. The meaning of the phrase correct to the nearest 
hundredth is self-explanatory if one thinks of the geometric 

picture (Fig. 10). For example, 2.374 becomes 2.37 when cor¬ 
rected or rounded off to the nearest hundredth, while 2.3i6 
becomes 2.3S when corrected to the nearest hundredth. If » 
number is exactly in the middle of an interval, we agree to a-'sign 
it to the larger end; thus 2.375 is rounded oflf to the nearest hun- 

dredth as 2.38. 


• 'Tiia will be proved in ChApter XX'V’II. 
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EXERCISES 

(a) Approximate as far as three decimal places, that is, locate between 
successive thousandths; (b) write the answer rounded off to the nearest 
hundredth: 


1 . Vs. 2 . Vs. 3 . V 2 . 4. V 3 . 6. Vs. 6. VlO. 

Show that each of the following numbers is irrational: 


7 . 3 + V 2 . 8. 5 V 2 . 9. V2/b. 


10 . L+ 

3 



1 - V 2 

— — • 

3 


12. (a) Show that 22/7 approximates s = 3.14159 • • • to the 

nearest hundredth. (6) If we take the decimal expression for 22/7 

beyond the hundredths place, will more places yield a closer approximation 
to », or not? 

Tell whether each of the following is true or false: 

13. The decimal expression for VT/Q is neither terminating nor 
periodic. 


14. The decimal expression for Vb/Z is neither terminating nor 
penodic. 


16. Show that 3 


10 

71 


< IT < 3 


(t = 3.14159 • • • .) 


*16. Extraction of square roots. Wliile the method of trials 

u.^ m the preceding section to obtain the decimal expression for 

V2 has the advantage of appl 3 dng also to cube roots, etc., it is 

admittedly tedious. The student may recall the following quicker 
scheme for extracting square roots. 

Example 1. 3 5. 

Vi2^ 

_9_ 

^ 3 25 
3 25 
0 . 

But it is likelj' that the student memorized tliis process with¬ 
out ever understanding how or why it w^orks. We shall try to 

e^lam the basis for this peculiar procedure, including the “dou- 
"ling ’ of the partial answer. 


* Tlii* action 


m»y be omitted without dirturbing the continuity of the chapter 









r 
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Suppose first that the number iV, whose square root we wish 
to extract, is a perfect square, that is, the square of an integer. 

Note that P = 1, 92 = 81; 10^ = 100, 99^ = 9801; 100^ = 10000 
and 999^ = 998001; and so on. Hence we see that a one- or two- 
digit square has a one-digit square root, a three- or fonr-digit 
square has a two-digit square root, a five- or six-digit square has a 
three-digit square root, and so on. Therefore, the first step in 
the process is to mark off pairs of digits in the number N to the lejt 
of the decimal pointy as far as possible c thus, 12 25. in example 1. 
Let us separate the answer, which we know will consist of two 
digits, in the case of example 1 , into tens and units, denoting the 
tens by t and the units by u. That is, we write the answer as 
^ _j_ in example 1, it turns out that t = 30 and m = 5, so that 
^ -I- = 35 . Our task is to find t and u. We know that N = 

_|_ uy. By theorem 2, section 12, this means that N = t^ + 
2tu u^. The significance of the steps in the process of deter¬ 
mining t and u will be understood by studying the following 

analysis of example 1 . 


2 t + u 


3 

Vu 


5 . 


25. 


9 (00) 


65 


3 

3 


25 

25 


0 


= SO + 5 = t-\-u 

= N 

= t^ 

= N - 

= (2t -t- u)u = 2tu -f- 
= N — P — 2tu — u^. 


From the last line we see that N — P 2tu -H w^, or W — -h uP, 
Thus « -h w = 35 = V1225. 

Example 2. Similarly, let h represent the hundreds in the 
three-digit answer for V54756. Then 



2 

3 

4. 


V5' 

47' 

56. 


4 

(00 

00) 

2 h + t = 

43(0)|r 

47 

56 



1 

29 

( 00 ) 

2 h-y2i + u 

= 464 


18 

56 




18 

56 


0 


= 200 -h 30 + 4 = /i -t- i + w 

= N 

= hP 

= N - hP 

= (2/i -h t)t = 2ht -f P 
= N - hP -2hi - P 
= ( 2/1 -h 2< -h u')u = 2hu 

-1- 2tu + n* 

= N - h^ - 2hi ~ P - 2hu 

- 2tu - w*' 


4 


I 
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From the last line we have 


- A2 _(_ ^2 _f_ .^2 2ht -f 2hu + 2tu = (A + ^ + u)^ 

by (2), section 12. Hence h + t u = VN, or 234 = V54756. 

The zeros written in parentheses, above, are usually omitted. 

The student should see for himself that tliis process can be 

continued in the usual way to the right of the decimal point, to 

obtain v^approximate) square roots of numbers which may not be 
perfect squares. Thus 


1. 4 1 4 

V2.00 00 00 
1 

^|l 00 

96 


281 


4 00 
2 81 


2824| l 19 00 
1 12 96 
6 05 


It will he unnecessary to develop a similar scheme for cube roots 

ete ^nce a general method for performing such computations will 
be taken up in sections 112 and 115. See also table I. 

EXERCISES 

the ItZZ root of each of 


1. 625. 

6 . 450241. 

11. 4.7089. 


2. 576. 3. 729. 

7. 498436. 8. 651249. 
12. 9.4864. 


4. 64516. 
9, 76.3876 


6 . 237169. 
10. 87.9844. 


Approximate the {pnncipal) square root of each nf ih. f ii ■ 
nearest thousandth. ^ ^ ^ following to the 


13. 366. 

17. 78.9. 


14. 5.35 

18. 2.27 


16. 56.5. 

19. 29.2. 


16. 77.6. 

20 . 683. 
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taking square roots. This can be seen from the following theorem. 
Theorem 1. No negative number N has a square root among the 

real numbers. 

Let X be any real number. 

zero, or negative, 
be equal to N. 
to N. 


Proof. 


_ _ It is either positive, 

If X is positive, then is positive and carmot 
If X is zero, then x^ is zero and cannot be equal 
If X is negative, then x^ is positive and cannot be equal 

to N. This completes the proof. 

We therefore introduce the symbols VN where N is negat'”~ 

and call them pure imaginary numbers. Thus \/-4 and V 


are pure im agina ry numb ers. 

a/ — 1 and V — 5 = V5 V 


We agree to write V —4 


-5 

Vi 


-V — J. auu V - V .. . 1, etc. With this agreement we see 

that every pure imaginary number can be written as the product 
of a real number and V - 1 . We call V - 1 the imaginary unit and 

denote it by the letter i) thus 


( 1 ) 


V — 1 or 


1 . 


Thus we may write V —4 = 2 i and V 5 

« •« A * #7 


i Vs. Hence, every 

inus we V -- - , . , 7 • 7 

j>ure imaginary number may be written in the form bi where b ts real 

and i = — 1 {b 9 ^ 0 ), i • • 

The system consisting of all real numbers and pure imaginary 

numbers together would not be closed under addition, for the 
sum of a real number and a pure imaginary number would be 
_ 1 TMiT-ia imaginary; for example, 2 + 3t. Sym bols 

= V- 


of the form a + bi, where a and b are real and i 

It it 

called complex 


- 1 , are 

numbers. We call a the real part and bi the 
imaginary parr of the complex number a + bi. We define equal¬ 
ity, addition, and multiplication of complex numbers as fol ow • 
Definition 1. abi = cdi if and only if a - c and b - d. 

Definition 2. {a -h bi) + (c + di) = (a + c) + ( + 

Example 1. (3 + 2i) -b (5 + 4f) = 8 + 6f. 

Definition 3. (a -b bi)ic -b di) = (ac - bd) + ^ 

Example 2. (3 + 2i)(5 -b 4f) = (15 - 8) -b (12 + 10)i - 

7 22z 

Multiplication of complex numbers may be carried out according 
to the usual laws, with the additional step that ts to be replace 

by —1. Thus 


(3 -b 2t) (5 + 4t) 


(3 -b 2t)5 + (3 + 2t)4t 
15 -b lOt + 12t -b 8 t" 
15 -b 22 t -b 8 (-l) 

7 -b 22t. 
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Subtraction of c + di can be defined as before (definition 1 , 

section 5), and may be done by addition of - (c + di) as before. 
Hence 


( 2 ) 


(o + hi) — (c + di) = (ci — c) + (6 — d)i. 


Example 3. (5 + 4i) - (3 + 2i) = 2 + 2i. 

We defer further study of the arithmetic of complex numbers 
until it is needed. 

The system of complex numbers includes all previous kinds of 
numbers. For example, if 6 = 0, the complex number a + hi is 
real; for example, 2 + 0^• = 2 is real. If 6^0, the complex 
number is called imaginary; thus 2 + Si is imaginary. If 6 ^ 0 

and a - 0 , the complex number is called pure imaginary; for 

example, 0 + = St is pure imaginary. We may classify the 

6 iitir 6 complGx nuinbGr systGm 3 ,s follows; 

Complex numhjT^ {a + hi where a and h are real numbers and 

t = V-1). 

Imaginary numbers (6 0 ). Example: 2 + Si. 

Pure imaginary numbers (& 5 ^ 0 , a = 0 ). Example: 
0 + Si. 

Real numbers (b = 0). Example: 2 + Of. 

Irrational. Examples: a/2 , \/ 3 , tt 

Rational. {Expressible as p/q whlre p 'and q are 

integers.) Example: 2 / 3 . 

Integers. {Expressible with denominator 1.) Ex¬ 
ample: 2/1 =2. 

Negative integers. Examples: —1—2 ... 

Zero. 

Positive integers or natural numbers. 

Note that we have proceeded a long way from the natural 
numters with winch we started. At each slage, new kinds „ 

numbers were Introduced because the system at hand waf not 
stuTm But it will not be necessary to invent 

of complex numbers is closed under all the op™ tio‘s sturd i^ 
(exLnrfor^d^^- subtraction, multiplication, division 

be She™ that the basic laws of algebra arT obTyed .uch asl'" 
^aociative, commutative, and distributive laws No 08010^0 * 
<»Pt of greater or less can be applied to imagin^/ry ntlert 
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Hence > and <, and positive and negative will be used only in 
connection with real numbers. 

The word “imaginary” does not mean that these numbers are 
somehow not genuine, or impractical or fictitious, although it did 
have such connotations in the 17th century, when imaginary 
numbers were not well understood. In fact, a logically satis¬ 
factory theory of complex numbers was first given by the Irish 
mathematician. Sir Wilham Rowan Hamilton, in 1835. In a 
later chapter we shall give a perfectly “real” graphical interpre¬ 
tation of complex numbers. They are used practically in advanced 
engineering, the theory of electricity and magnetism, the theory 
of elasticity and plasticity, the theory of aerodynamics and aero¬ 
nautical engineering, etc. While other types of numbers exist, 
the system of complex numbers suffices for much of applied 
mathematics, and it is with this system of numbers that we shall 

be concerned. 

EXERCISES 

Express each of the following in the form hi where b is real: 


1 . V-9. 

6. V- 


2 . 


3. V^. 


4. V-17. 


c^. c 


> 0. 6. 2 V-I 6 . 7. 3 V-25. 8. 5 V -4 


Express each of the following in the form a + hi where a and b are real: 

10 . + V-64. 11. 4 -E 2 \/-9. 


9. 3 -E V-4. 


13. 2 -E 3f + 7 -E i. 


12. 3 -E 4 V-ie. 

14. 5 -E + 2 -E V^ . 

16. 4 — 3t “E 2 “E 3 "s/ 25. 

18. 5 -E 7i - (2 - 3i). 

20. (2 -E 3t) - (5 -E t)- 
22. 2t(5 -E 30. 

24. (2 -E 50 (3 + 20. 

26. (3 -E 20 (5 - 30 • 

28. (4 - 0 (2 - 30. 

30. (1 - 20(3 + 0(2 + 50. 

32. (5 - 20(4 - 30(1 + 0. 

List all the adjectives “complex, imaginary, pure imaginary, real, 
irrational, rational, integral, positive, negative, zero, natural” which apply 
to each of the following numbers: 


16. 1 -E 3 + 2 - V-9 

17. (2 - 30 - (5 -E 20. 

19. (6 -E 0 - (-2 + 30. 

21. ii{2 -E 30. 

23. (2 -E 3t)(5 -E 0. 

26. (2 - 30 (4 -E 20. 

27. (2 - 30(5 - 20. 

29. (2 - 30(1 + 0(2 - 0. 
31. (4 -E 0(3 - 20(1 + 20. 
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33. 2 -H 3 34. 2 + 3t. 36. 4 V— 2. 36. 4t. 

37. 3 V5. 38. \/2/3. 39. -2 3. 40. 7/5. 

41 . (1 - v2)/3. 42. (1 -f- V^) 2. 43. (2 - V 4 )/ 3 . 

4jL was our motive in introducing (a) fractions; (6) negative 

numbers; (d) pure imaginarj' numbers; (e) com- 


17. Conclusion. The axioms of algebra. In the course of 

this chapter we sketched the evolution of the number system and 

found that some of the familiar algebraic manipulations were 

l^cal consequences of a few simple definitions and basic laws. 

e basic laws here for easy reference, all letters repre- 

Menttng arbitrary numbers of the system. 

a and h addition. Given any pair of numbers 

sum of a anr6. d^no'erbra'^^:*"^^ " 

II. Commutative law for addition, a b = b -}■ a 
III. .4«soria/iVe law for addition, (a + b) + c = 

(6 + c), V ' y -r 1 . 


a -j- 


I\'. Imw of closure for muUiplication. Given any nair of 

called the product of a and b, denoted by ab. ^ 

V. Commulalive law for mvltipli'catio^x. ah = ba 

Vr ■ 'n Ttr Wc - a(hc). 

MI. Distnbutiie law. a(b + c) = ab ac ^ 

thaf'dl’osuch 
number o; (c) if u ^ 0 and 6 e* 0, then oh j 0 “ “ “ 

n and b th^r^^JsTL'" Given any numbora 

Thi.s number x is denoted by a — 6. + ^ a. 

), e e exi.^ts a umque number x such that hr — n mu- 
number x is denoted by a/6. ^ ^ ~ 

XI. a = a. 

XII. If o = 6, then 6 = a. 

XIII. If a = 6 and 6 = c, then a 

*ame thing are equal to each other.) 

T _ ^ y ^*14 u = t’, then (a) 

« - y - r; vc) XU = yv; (d) xju = 


c. 


equal 


X + U = y + y. (ft) 

Vlv provided u and v are 


disturbiM 
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not zero. That is, if equals are (a) added to, ( 6 ) subtracted from, 
(c) multiplied by, (d) divided by equals, the results are equal. 

There is a subdivision of the complex number system, called 
the real numbers, wliich have the following properties: 

XV. If a and b are any real numbers, one and only one of 
the relations a > b, a = b, or a <6 holds. If a real number x > 0, 
it is called positive: if x <0, it is called negative. 

XVI. Law of signs for multiplication. 

(а) If a > 0 and 6 > 0, then ab > 0. 

( б ) If a < 0 and 6 < 0, then ab > 0. 

(c) If a < 0 and 6 > 0, then ab < 0. 

XVII. If o <6 and b < c, then a < c. 

XVIII. If a <b, then a + c < 6 + c. 

XIX. If a < 6 , then -b < -a. 

XX. If a < & and c > 0, then ac < be. 

XXI. Every real number can be expressed as a decimal, 
terminating or non-terrmnating, and, conversely, every decimal 

represents a real number. 

It would be possible to use these basic laws, plus a few others 
not stated here, as axioms or postulates in a strictly logical treat¬ 
ment of algebra.* This is not our purpose here, because such a 
task is best left for more advanced courses. We shall occasionally 
indicate, however, how these basic laws justify our manipulations. 

The natural numbers may be regarded as the basis of all 
algebra. All the different kinds of numbers can be strictly defined 
in terms of the natural numbers, although we have not done this 
here completely. For example, a fraction was defined as a symbol 
consisting of a pair of natural numbers. L. Kronecker (German, 
1823-1891) is said to have remarked that “the whole number was 
created by God, everything else is man’s handiwork.” The 
fundamental character of the natural numbers, alluded to b} 
Kronecker, has led to the extensive development not only of the 
theory of numbers, one of the oldest branches of mathematics, but 
also of mystical numerology, one of the oldest varieties of nonsense.] 

• For more detailed indications of the role of axioms in algebra, or, indeed, in any 
branch of mathematics, see M. Richardson, FurulamenlaU of MalhemaUcs, ^jacrmllan, 
1941, and references listed there. The axioms given above arc neither indepcnae 

t See^E. T. Bell, Numerology, Williams and Wilkins, Baltimore, 1933, for an enter- 
taining account of numerology. 


CHAPTER II 

VC^fial Is Alqcbra? 


.. tl'«. ’ “‘S'"'’™ presents many facets. It is 

ection of techniques of calculation, an importanTelcment in the 
historj- of hi^n endeavor, and a collection of puzzles. 

of “ '“gnage. The symbols and technical terms 

of algebra have been evolved over a long period of historv and 

have proven themselves most apt for the consideration of qu’anti- 

latiie relationships and problems in all fields, such as physical 

.•s icnccs. social science.,, statistics, btsiness, etc. The Zrl es 

ni his , r, Afoffna Je Rebw, Algebraici, (1545), Cardan wrote •'Jubns 
p. 0 rebus acqimhs 20," which we would e.vpress as + to 1 20 

x-dir, by Robert Recordc, published in .5™ Z 

nsc.“ two parallel lines for the equals sign becauw , 

.n ir'; “ ^ r -T-tr- ^^mblSm^ 

similar need can S ^In ii L '“^uage. A 

a .symphony if aTdi:ctr;‘f;;T;4“:er 

t^^hnical terminolocv in ordor f l symbolism and 

-in^hings that'?; ^^liX t4I 

faced , heavy tnXb™"' •><»<•- 

-d drill iTJZ -‘"Ber 


Co,^ Work* of Bon 
-M, The Knickerbocker Prew n 887 > 
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''Whatever may have been imputed to some other studies under 
the notion of insignificancy and loss of time, yet these (mathe¬ 
matics), I believe, never caused repentance in any, except it was 

for their remissness in the prosecution of them.” 

19. Algebra as a logical science. Any logical science should 
begin vuth axioms or assumptions and deduce all further proposi¬ 
tions from them by strictly logical argument. The assumptions 
ought to be as simple, as few, and as plausible as possible. Such 
a logical organization was first attempted by the ancient Greeks for 
geometry. A partial set of axioms for algebra is given in section 
17, but no attempt to develop algebra completely from these 
axioms will be made here because such a task presents technical 

difficulties best left for more advanced courses.* 

20. Algebra as a collection of techniques of calculation. This 

aspect of algebra is doubtless the most famihar to the student, 
since techniques or processes of calculation are the reasons for 
much of the usefulness of algebra in applied science and are heavily 
‘•tressed in elementary teaching. Nevertheless, if one is asked the 
embarrassing question, “How do you know this techmque or 
process always works?” the only answer is to justify the technique 
by a reasonable argument. Thus in section 15, the familiar 
process for extracting square roots has been justified by tracing it 
back to the simple algebraic fact that {t u)"^ — + 2tu -t- u\ 

which in turn may be derived from the axioms themselves as in 
section 12. Techniques and processes will not only be explained 
clearly in this book, but will also be justified by reasonable argu¬ 
ments as far as possible. It is the author’s belief that a 'process 
understood will he remembered better and longer than one which is 

merely memorized, 

21. Algebra as a branch of human endeavor. The search for 
truth has certainly been, throughout liistory, one of the most 
distinctively human of human activities. In it, mathematics has 
played a central role. The manifold applications of mathematics 
to astronomy, physics, chemistry, biology, statistics, the social 
sciences, engineering, etc., would not be possible without algebra, 
which is basic to trigonometry, analytic geometry, calculus, and 
higher mathematics. Thus, the industrial revolution in the 18th 
and 19th centuries, and whatever analogous social changes result 
from the modern scientific advances in aeronautics, radiation, and 

• For a more complete discussion of the role of axioms in mathematics, see M- 
Richardson, Fundamentals of Mathematics, Macmillan, 1941. 
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the release of atomic energy, are in considerable measure related 
to progress in mathematics. 

From a personal rather than a social point of view, algebra 
requires and stimulates clear and persistent t hinkin g and clear 
understanding of concepts and precise definitions. 

22. Algebra as a collection of puzzles. To the student, 
algebra presents the appearance of a collection of puzzles espe¬ 
cially in the exercises on which the student must cut his mental 
teeth. Needless to say, the significance of algebra is far deeper 
than could possibly be possessed by a mere collection of puzzles. 
Nevertheless, the puzzle-motive is a universal urge and is surely 
present in algebra. Solving an algebraic problem jdelds satis¬ 
faction of the same kind as that obtained by solving puzzles of a 

deeper satisfaction 

of furthering one’s mathematical and scientific education. The 
6 udent, to be successful, should be as reluctant to give up an 
algebraic problem as he was to give up a useless puzzle when he was 

mteUectual curiosity that is evident 
almost all children at least until they are exposed to the edu¬ 
cational system. It should also be mentioned that there are many 
historic puzzles which appear useless on the surface but which have 
proved to be very fruitful in the advancement of science, if only 
because the attempts to solve them led to the development of new 
methods which were useful in other problems.* 


Furuiam^aU 
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CHAPTER 



Alsebraic Expressions 


23. Positive integral exponents and radicals. Order of opera¬ 
tions. If n is any positive integer, we have defined the nth power cf 
X to mean the product cf n factors, each equal to a:. In symbols, 
= X • . . X where there are n factors on the right. The 

exponent n indicates the number of factors. For example, 
X® = XXX. Clearly this definition can apply only to -positive 
integral exponents. The following theorems are probably familiar 

to the student. 


Theorem I. 
Example: x^x^ = 
Theorem II. 
Example: 
Theorem III. 
Example: {xyY 

Theorem IV. 


x^x^ 


= 

: {xx){xxx) — 
= x^\ 

= (x®) (x®) (x®) 

{xyY = 

= {xy){xy){xy) 


X 


{xx){xx){xx) = X 


6 




xxxyyy 


x^y^ 


(i) 



n 


X 


n 


X X 


y 

X 


n 


y 


y y 

Theorem V. If x 7 ^ 0, 


y 


3 


X 


if a > h. Example: 


1 


X 


x 


if a <b. 


x^ 
x^ 

Example: 3 


X® xx xYyi 


X 


1 


I if a = b. Example: 


— 

X 


r/fbxxx X 

1 . 


These are the fundamental rules for the manipulation of exponen . 
Their proofs, for positive integral exponents, are clearly indicatea 

by the examples above. , , . „ +v>p 

Proof of Theorom I. oP ^ xx ■ ■ ■ x with a factors on tb 

right, while x- = XX • ■ • X with !. factors on the right. Hence, 

X®!** = (xx • • • x)(xx • • • x) = XX • • • X where there are a 4- 

factors on the right. Hence, x“x^ = x®'*"*’. +v,pre 

Proof of Theorem II. = (x“)(x») ■ ■ • (i^) ^here ‘here 

are b oairs of parentheses on the right. But each pair o p 

■56 
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theses on the right encloses the product of a x’s. Hence there are 
ab x’s on the right. Hence, (x“)* = a:"*’. 

Proof of Theorem III. See section 12 , Theorem 1. 


© 


ing fractions, we get 


XX 


X 


X 


n 


vy ' ‘ ' y 2 /" 

Proof of Theorem V. Case I. Suppose a > h. Then 


b factors a — b factors 


a — b factors 


(xx ’ • • x)(xx 
(xx • • • x) 


• x) 


(xx • ‘ • x) = X 


a—6 


6 factors 


Case II. Suppose a < b. Then 


a factors 


(xx • • • x) 


a factors b — a factors 


1 


{xx • • ‘ x)(xx • • • x) {xx ' • • x) 


6—0 factors 


1 


X 


X 


X 


Case III. Suppose a = b. Then -r = — = i 

x^ x“ • 

Note that m all cases we must suppose x 0 because division 
zero is excluded (see section 11). 

If n IS a positive integer greater than 1, and x” = a, then x is 
called^an nth root of <7. If - o. x is called a square root of a ■ 
IX a, X IS called a cube root of a. For example, +3 and —3 
are both square roots of 9 , since (+ 3 )® = 9 and (- 3)2 = o- o in 

a^ube root of 8 since 2® = 8; and -2 is a cube root of -8, since 

^ chapter that every 

nurn^r a has n distinct nth roots. To avoid the confusion that 

of fh allowed the radical sign to designate any 

these nth roots ambiguously, we reserve the radical sign for 
a particukr one of them, called the principal nth root. If a is 
posxttve, the principal nth root shall be the positive nth roof 
fats negative and tj n ts odd, the principal nth root ^ shall be the 

O, VO V - 2. If we wish to designate 






58 


ALGEBRAIC EXPRESSIONS 


[Ch. Ill, §23 


— 3 as a square root of 9, we write 
tion, we have 


VQ. Obviously, by defini- 


( 1 ) 




n 


a. 


Order of operations. Parentheses ( ), brackets [ ], braces { }, 
and sometimes the vinculum are used to group together the 
quantities enclosed by them. Operations within parentheses (or 
other symbols of grouping) are to he done first. Parentheses are 
thus merely punctuation marks in the written language of algebra, 
used to prevent ambiguity and misunderstanding, as are punc¬ 
tuation marks in prose. Thus 8-4^2 might mean either 
(8^4) --2 = 2-^2 = l or 8-^ (4-^-2) = 8-^2 = 4. Simi¬ 
larly the phrase “beautiful little girls’ school” might mean “beau¬ 
tiful (little girls’ school)” signifying “beautiful school for little 
girls ” or “(beautiful little girls’) school,” signifying “school for 
Lautiful Uttle girls,” or “(beautiful Uttle) (girls’ school)” sig¬ 
nifying “girls’ school which is beautiful and little.” 

We agree that powers lake precedence over multiplications and 
divisions, which in turn precede additions and subtractions, except 

where otherwise indicated by parentheses. Thus, 2 • (3 -t- 4) 

2 • 7 = 14 while 2 - 3+4 = 6 + 4 = 10. We m ay also write 
2 • (3 + 4) as 2[3 + 4] or 2{3 + 4} or 2 • 3 + 4. Also 2 - 5^ - 
2 • 25 = 50, while (2 • 5)=^ = 10^ = 100. Thus, 2 • 5^ + (2 • 5) - 

50 + 100 = 150. , , , 

It is understood that all operations indicated under « 
sign are to be done before extracting the root . For example, V 9 + 

= V25 = 5 is correct, but V 9 + 16 = 3 + 4 = 7 is wrong. 
That is, a radical sign acts as a pair of parentheses, ^oupmg 
together the quantities under it. In fact, it may be 

word meaning ro ot) and the vinculum (Latm word meanmg yoke or 

bond). Thus V9 + 16 = r(9 + 16) = 5. 

EXERCISES 

1 to 29. Do exercises 1-29 of section 12. 


Simplify each of the following: 
30. tt* - <1*. a^^/a^. 


34. 


37. 


a* • a*. 

a*h*c^ 

a^bc^ 

2(a^b») 

(2a>6>) 


32. (a*) 


36. (2a‘'b)(3at«)». 
38. -2{x^y*)*. 


36. 


33. aVa“- 

(a:*j/)* 




(xy^) 


39. i-2x^y*)*. 
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40 



41 




y ) \2xy 


42. 


(aW 


43 — 

i2a^b^y{3aby 
47. (—xV)^. 


44. 8V8L 


46. (-3)2(-2)*. 46. (-xV)*- 


48. (23)V(2< • 2n. 


49. 8V2". 


Tell whether each of the following is true or false, and, if false, correct 
the right member: 


60. 

63. 

66 . 

69. 


32 • 33 = gs. 

32 • 3* = 9«. 

53 + 53 = 5*. 

(33)3 = 36. 


61. 33 • 33 = 38 . 

64. = 2a:*. 

67. 53 + 5* = 10*. 

60. (43)3 = 48. 


Assuming that all 
the following: 


62. 33 • 3* = 3*. 
66. 33 + 3* = 3® 
68 . 33/33 = 3L 
61. 6*/23 = 3*. 


62. \/x*y^. 


letters represent positive numbers, simplify each of 


63. V'9a;*y»'>. 64. 66. -^Sx^^yK 


24. Algebraic expressions. A variable or unknown is a letter 
w^ch IS permitted to have different values (that is, to stand for 
1 erent numbers) during the same discussion. A constant is 
a symbol whach is permitted to stand for just one particular number 
during the discussion, even if we do not specify which number it 
stands for. It is customary to use the later letters of the alphabet 

Xb the early letters of the 

aUo use subscripts and primes to distinguish diflerLt quantiti^ 

‘tL , Similarly, «« (read ‘‘a sub-noug“ 

bp ri^+^° ’ (read a sub-one”), a-i (read “a sub-two”) mav 

careTul not toTT^ ^^bitrary values. Be 

caretui not to confuse subscripts with exponents. 

Kp algebraic expression is meant an expression which can 

nppt'n ^ limited number of constants and variables con- 

tions^ di ^ ^ limited number of additions, subtractions, multiplica- 

grou^itr®'’ “‘her symbols of 

Examples of algebraic expressions: 


(1) (2x + VS) \/ ~ 4 :x - 2 + —. 

(2) 1 -h Vi. 
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(3) Vx + y. 


(5) 

(7) 

( 8 ) 
(9) 

( 11 ) 


V3 


5x + & 


4x + C 


(4) i 


( 6 ) 


1 ^ 


x + 2 x + 3 


1 


+ 


1 


X y ' X - y 

2x^y + 3a:?/2 cxy 

5x^ — — 2. 

3x. 


+ dx + 4. 


( 10 ) 

( 12 ) 


(x + 2)(x + 3) 

3. 


Note Powers with positive integral exponents amount to 
nothing more than multiplication; thus Hence is an 

algebraic expression. On the other hand, the exponential 
expression 3^ (where x is a variable), and log x, and sm x are not 
algebraic expressions. We shall have little to do with non- 

algebraic expressions in this book. 

An algebraic expression which can be written without any 

variables occurring under radical signs is called a rational expres¬ 
sion An algebraic expression which necessarily involves variables 
occurring under radical signs is called an irrational expression. 

Thus, examples (1), (2), and (3), above, are irrational expres¬ 
sions, while the rest are rational expressions. 

A rational expression which can be written without any divisions 

by divisors (or denominators) involving variables is called a 

rational integral expression, or simply a polynomial. . . 

Thus, examples (8), (9), (10), (11), and (12) are polynomials 

rational integral expressions. . 

A rational expression which is not a polynomial, that is, m 

which denominators (or divisors) involving variables necessarily 

occur, is called a rational fractional expression, or simply a frac- 

(4), (5), (6), and (7) are fractional expressions. 

If an algebraic expression is written as a succession of quan¬ 
tities, or partial expressions, each separated from 

taken together with the preceding plus or minus 

term. Such an algebraic expression may be called the alg 

sum of its terms. Compare section 10. , . - »nd 

Thus, example (9) above has 3 terms, name y x , ’/in') 

—2. Example (8) has 5 terms. Examples (3), (4), (o), v 
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(11), and (12) consist of 1 term each. Examples (1), (2), (6), and 
(7) consist of 2 terms each. 

A term consisting only of the product of positive integral 

powers of variables and an}’’ constants whatever is called a 
monomial. * 

Thus, examples (11) and (12) are monomials. Example (9) is 

an algebraic sum of 3 monomials. Example (8) is an algebraic 
sum of 5 monomials. 

The constant factor in a monomial is called its coefBcient. 

-3x2 is-3. 
c, d, and 4. The 


2 x® and 


terms. Also Zx'^y, ^x^y, 


For example, the coefficient of the monomial 
coefficients of the terms of example (8) are 2, 3, c, d, and 4. 
coefficients of the terms of example (9) are 5, — and —2. 

^lonomials which differ at most in their coefficients are 

like terms. 

Examples. 

and ax'^y are Uke terms 

The degree of a monomial with non-zero coefficient which in¬ 
volves variables is the sum of the exponents attached to those 
variables. A monomial with non-zero coefficient which involves 

no variables is said to be of degree zero. Monomials with coefficient 
zero do not have any degree. 

For e.xample, the degree of the monomial bx^y is 2 -f- 1 or 3. 
The degree of -2xy^ is 3. The degree of Zx^y^ is 4. The degree 

of3xisl. The degree of 5x2 is 3. The degree of 3 is zero. The 

degree of Zn is also zero, since a is a constant.! 

If an algebraic expression, a rational expression, or a poly¬ 
nomial, etc., involves no variables other than x, we shall refer to it 
as an algebraic expression in x, a rational expression in x, or a 
polynomial in x, etc., as the case may be. Similarly, a polynomial 

in X and y shall mean a polynomial involving no variables other 
than X and y. 

Thu.''-, example (8), above, is a polynomial in x and y. Example 
(9) i.s a pol^Tiomial in x. 

• The word monomial is sometimes used to refer to any algebraic e 5 rnrPHo;«„ 
one term; m that case, our monomials would be called rational ^earal rnmutminU 

in^ ^7 of rational integral expressions or polynomials. Since rational 

ml^gral monomials are the only ones we shall be concerned with, we adont the 

in the text above. Thus, an algebraic zum of monomials is a polynomial An alvehra^e 

sum of teriM which are not (rational, integral) monomials may be called a multinomial 

expression with 2 terms may be called a binomial; with 3 terms^a tSomS^tt 

a multinomial but not a polynomial in * 

T We could, if we wished, consider also the degree of a monomial with * 

literal constants, but there is nothing to be gained by doin^ to 
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EXERCISES 

In each of the following algebraic expressions (a) list all the terms (^4) 
trrational expression, (B) rational expression, (C) polynomial, or rational 
integral expression which apply to it; (b) find the value of it when x = 3 and 

y = 2: 

1 . V3a: + 7. 

4. 2x + 3y. 

7. I + a; + V2. 

10. Vx* + 16. 

Name (a) the coefficient, and (6) the degree of each of the following 
monomials. 


2 


5 


8 


12/x. 

7x - 3 

X + 6 


3. 2x» 

6 . ^ 


3x2 _ 20 

3x + 1 


2 


X 


2 


2x + 1 


9. X. 


11 . 

14. 


2x». 


bxy 


12. 5x2. 

16. — ^x^yz. 


13. 

16. 


X*J/2 


^x^yz^. 


26. Removal and insertion of parentheses. Combination of 
like terms. We have the following rule for removal of parentheses 
(or any other symbol of grouping): 

If parentheses immediately follow a minus sign, they may he 
removed, together with the minus sign, provided the sign of every term 
within the parentheses is reversed. If parentheses immediately 
follow a plus sign, they may he removed without altering the signs of 
terms within the parentheses. 


Example 1. 
Example 2. 
Example 3. 
Example 4. 


a — (26 
a -b (26 
a - (- 
a + (- 


3c + 4d) 
3c + 4d) 


26 + 3c) 
26 + 3c) 


= o — 26 + 3c — 4d. 
= a 26 — 3c -}“ 4d. 
o + 26 — 3c. 
a — 26 + 3c. 


Clearly, parentheses may he inserted according to the same rule. 
Thus, the right members of the above examples may be changed 
to the left members, if desired. 

The justification of this rule is found in theorems 1, 2, 3, and 4 
of section 10. 

In an algebraic sum, like terms may he combined by adding their 
coefficients, as follows: 2x* + 3x* = 5x*, and 5x^y — 2x^y = Sx^y. 

The justification of this rule is found in the distributive law, for 
2x® + 3x® = (2 + 3)x* = 5x®, and 5x^y — 2x^y = (5 — 2)x*^ = 
Sx^y. 
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Parentheses preceded hy a multiplier or factor may he removed hy 
multiplying every term within the parentheses hy the multiplier, as in 
the following examples : 

Example 5. 3(2a: — by) = bx — \by. 

Example 6. (a + h)(x -}- ?/) = (a + b)x + (a + 6 )y = ox + 
bx + ay -{■ hy. 

Example 7. Sx-(2x^y — by) = 6x^y — Ibx^y. 

The justification of this rule is to be found in the distributive 


law. 

To simplify a rational integral expression means to remove all 

parentheses enclosing variables and to combine like terms, as in the 
following examples: 

Example 8. {x + 2)(x + 3) = (a: + 2)a; + (a; + 2)3 = a:* + 
2a: + 3x + 6 = a:^ + 5x 4- 6 . 


Example 9. Removing the innermost symbols of grouping 
first, we have: 


3a:* + (fia:* - [3x* - 4x{x - 2} + 3] - 2) 

= 3a:» + (5x2 _ ^ 3^.2 - 4x2 + 8 x + 3] _ 2 ) 

= 3x* + (5x2 _ 3 _j .2 + 4x2 — 8 x — 3 — 2) 

= 3x* + 5x2 — 3x2 4 - 4x2 — 8x — 3 — 2 
= 3x® 4 - 6x2 _ 

We could also proceed by removing the outermost symbols of 
grouping first, as follows: 


3x* + (5x2 _ 
= 3x* + 5x2 
= 3x* 4- 5x2 
= 3x* + 5x2 
= 3x* 4- 6 x 2 


[3x2 _ 43 .j^ _ 2} + 3] - 2) 

— [3x2 _ 4x{x — 2 } -f 3 ] — 2 

— 3x2 _|_ 43.|^ _ 2 | _ 3 _ 2 

— 3x2 4 . 4^.2 — 8 x — 3 — 2 

— 8 x — 5. 


EXERCISES 

Simplify each of the follovnng expressions: 

1. 3x 4" 4y — 2x + 3y. 

2. 3x2 - 2x 4- 5 - x2 + 53 . _ 2 

3. x* — 2xy + 32/2 — 3x2 _|_ — y 2 

^ + y + Z — 4:X + by — 6z + Sz — y + 5x. 

6. (2x — 3y) + (3x — y). 6. (5x + 3) + (2x — 1). 

7. (2x + y - z) - (3x - 2y - 2z). 

8. (3x - 5y + 3) - {z - 2y + 5). 

9. (5x2 _ 2x + 5) - (2x2 - 3x - 2). 
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10. (-2x2 + a; _ 3 ) _ (-5x2 - 3x - 1). 

11. 2x - (3x + [x - 2y] - 3y). 12. 3x - (2y - [5x - y] + x). 

13. 5x2 _ (4x + [2x2 - x] - [x - 3] - 5). 

14. (2x2 — [4x — 3x2] _|_ 5 ) _ (x — 3). 

16.' X — (x — [x — {x — y}]). 

16. X — (2x — [3x — {4x + 3}]). 

17. 3 - (x - 2 + [3x - 4y] - [y - {x + 1}]). 

18. - (2x + [3x - y + {-X - 2y}]) + (x + y). 

(a) Insert parentheses preceded by a plus sign about the first two terms 
and about the second two terms; (6) insert parentheses preceded by a minus 
sign about the first two terms and about the second two terms: 

19. —X + y + 2a — 36. 20. 2.x 3y 4a + 5. 


26. Standard form of polynomials. The standard form of a 
polynomial or rational integral expression in x is obtained by 
removing all parentheses enclosing variables, combining like terms, 

and arranging terms in order of descending powers of x. 

Example 1. To put the polynomial (x + 2)(x + 3) in standard 

form, we write (x + 2)(x 3) = (x + 2)x + (x + 2)3 = x + 

2 x + 3 x 4- 6 = x2 + 5x + 6. The last expression is the standard 
form of the polynomial. 

Example 2. The following polynomials in x are already in 
standard form; 


( 1 ) 

( 2 ) 

'',3) 


3x‘‘ + 2x2 _ 5 ^ 
Vs X 4- (3 + ^ 


ix2 - 

ax2 4- (2 4- h)x 


2 ), 

\/2) 


A polynomial in more than one variable may be put into a 
standard form by removing all parentheses, combining like terms, 
and arranging terms in order of descending powers of one of the 

variables. „ „ . . on 

- 2x«y2 _ 4x 4- 3) = 


Example 3. x^{2y 


xy2) 


(5x2y 

- 3 = 


x2y2 


3x2y2 _j_ 4x - 3. 


2x2y2 - x»y 2 _ + 2x^y^ 4- 4x - 

The latter expression is in standard form, arranged according 
to descending powers of x. If descending powers of y are used, we 

have the alternative standard form -3x^y^ 4- x^y^ 4- 4x - 3. 

It is intuitively clear, and it can be proved, that every poly¬ 
nomial can be written in standard form. 

The degree of a polynomial is the degree of the term or mono¬ 
mial* of liighest degree occurring in it when the polynoraia ii> 

* The rfeRree of a monomial ia defined in section 24. 
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expressed in standard form. When a polynomial is written in 
standard form, the coefficients of its terms are called the coeffi¬ 
cients of the polynomial. 

For example, the polynomial (x -|- 2)(x + 3) of example 1 has 
degree 2. The polynomial (1) above is of degree 4, (2) is of degree 
2, and (3) is of degree 2. The polj'nomial of example 3 has degi'ee 5. 

Example The degree of (x - 2)(x + 5) - is 1, since the 
standard form of this polynomial is 3x — 10. 

Polynomials of degree 1, 2, 3, 4, and 5 are called linear, quad¬ 
ratic, cubic, quartic,* and quintic, respectively. 

By the general linear polynomial in x is meant the expression 


(4) 


ax b 


where a and b are arbitrary constants, a ^ 0. S imi larly 
general quadratic polynomial in x is the expression 


'5) 


ox* bx -{■ c 


where a, b, and c are arbitrary constants (a 0). The general 
cubic polynomial in x is the expression 



ax* + 6x* + cx + d 


(a 7 ^ 0). 


The general polynomial in x of nth degree, where n is any positive 
integer, is the expression 


ax" + bx”-^ + cx"-* + • • • + A-x + f {a ^0) 
or, in a better notation, 

■7) Oox" + aix"“‘ + aix"-* -f • ■ • + a„_ix + a„ (uo 0). 

For example, using subscripts as in (7), the general polynomials of 

dej^s 1, 2, and 3 may be w'ritten UqX + oi, Uox* + a^'x -|- a^, and 

oox* -f a,x* + a^x + a,, respectively. An arbitrary constant such 

as a or a 0 may be considered to be the general polynomial of degree 
lero. 

Xote. It can be showm that every rational fractional expression 

can be expressed as a quotient of two polynomials. For example 
we may write ^ ’ 


-J ■ 4 - ^ 1 • (^ + 3) , 2 • (x + 2) 

x + 2 x-t-3 (x + 2)(x -b 3) (x + 2)(x + 3) 

3x + 7 
X* -b 5x -b 6 

Biqu«dratic ia Kimetimea vised aynonymoualy with guartic. 
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1 . 5x^ 

2. 3 - 

3. 

4. 

6 . 


X 


s 


by means of the definition of addition of fractions (definition 2, 
section 8). Thus polynomials, or rational integral expressions, and 
rational expressions are very analogous to integers and rational 
numbers, respectively. INIany similarities between the properties 
of integers and the properties of polynomials will be brought out in 

later chapters. 

EXERCISES 

Write each of the following polynomials in standard form, and state its 
degree: 

- 4x + 5 - 21* + X - 1. 

X* + 4x* — 5x® — x^ + X — 1. 

(2x® + 5x - 1) - (x« + X - 3) 

(-X* + 2x2 _ 3) _ (- 

(xV + ~ (2^*2/ + 

6. x 2 + xj/ - y2 - (3 - xy). 

8. (x + 3)(x - 1) - (2x - 1). 

9, If integers are substituted for the variables in a polynomial whose 
coefficients are all integers, what kind of number must the resulting value 
of the expression be? Explain and illustrate. 

10 If rational numbers are substituted for the variables in a rational 
expression consisting of the quotient of two polynomials ^vdth rational 
coefficients, what kind of number must the resulting value of the expres¬ 
sion be, if it exists at aU? Explain and Ulustrate. 

11. Will the value of an irrational expression for any values of the 
variables always be an irrational number? Explain and illustrate. 

27. Equations and identities. An algebraic expression which 
contains variables has no definite numerical value unless defimte 
values are assigned to the variables. For example, 2x + 6 = 8 
if X = 1, but 2x -h 6 = 10 if X = 2, and so on. Hence, the mean¬ 
ing of statements such as 


- X* -f 2. 
x2 -h 2x - 1). 

3). 

7. (x -b l)(x + 2) 


(x2 -f 1). 


( 1 ) 

and 

( 2 ) 


2(x -b 3) = 2x -b 6 


2x -b 3 = 11, 


each of which seems to say that two algebraic expressions un¬ 
equal, requires explanation. 

Equation (1) is true regardless of what value we substitute tor 

x, since, by virtue of the distributive law, 2(x -f 3) = 2 • x + 2 • 

= 2x -b 6 for anv number x whatever. For example, settuig 
X = 1, (1) becomes 2 -(1+3) = 2*14-6 or 2*4 = 2 +6: 
setting X = 2, (1) becomes 2 * ( 2 + 3) = 2*2 + 6 or 2*5 
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Leans 


4 + 6; and so on. Equation (2) is of a quite different character. 
It becomes false for x = \, since 5 11. In fact, it becomes false 

if we substitute for x anything but 4; for a; = 4 it becomes true. 

We distinguish between these two kinds of eouations by i 
of the following definitions. 

An equation which becomes a true statement for all allowable 

values of the variables is called an identical equation or simply an 
identity. 

For example, (1) is an identity. By allowable values of tne 
variables is meant values for which all the expressions involved 
have a definite meaning. The reason for the word “allowable” 
in the definition is that some values of x may have to be excluded 

from consideration. For example, ^ ^ is an identity, but the 

value X = 0 has to be excluded from consideration, since divi¬ 
sion by zero cannot be permitted (see section 11). Similarlv 

1 j_1 _ 2x — 5 . .... ^ 

X — 2 'a: — is an identity, but the values 

X = 2 and x = 3 must be excluded from consideration for the same 

reason. Both these equations are true, however, for all allowable 
values of x. 

An equation winch becomes false for some allowable value (s) 

of the variable (s) is called a conditional equation or simply an 
equation. 

For example, (2) is an (conditional) equation. 

If an (conditional) equation involves only one variable, a value 
of the variable for which the equation becomes true is called a root 
or a solution of the equation, and is said to satisfy the equation. 

1 o solve an equation in one variable means to find all its roots 
For example, the only root of (2) is 4. 

If an (conditional) equation involves more than one variable 
a set of values for the variables which makes the equation true is 
called a solution of the equation and is said to satisfy the equation 
i-or example, the equation x + y = 7 has the solutions (x = 

^ = 3, y = 4), (x = -l,y = 8), etc. 

of solvmg (conditional) equations will occupy 
several later chapters. 

Vonfication of identities. Reversible steps. The subject 
i f verifying identities is simpler, however. Note that an equation 

identff conditional, and hence not an 

laentity, by merely exhibiting one particular allowable value of the 


1 , 
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variable for which it becomes a false statement; but a thousand 
particular values of the variable for wliich the equation becomes 
true will not suffice, unassisted by further information, to prove 
that it is an identity, for they will provide no guarantee that the 
equation will become true for the 1001th value substituted. (See, 

however, corollary 2, section 104.) 

The simplesi way to verify an identity is to reduce one or both 

members by steps of substitution of equals for equals until they look 


alike. 


Example 1. Verify that x{x + 3) + 6 — + 3(x + 2) is an 
identity. Since x{x + 3) = + 3x and 3(x + 2) = 3x + 6, we 
may substitute on both sides, obtaining + 3x + 6 = -f 

3x + 6. . , j 

If steps other than substitution of equals for equals are used, one 

inust take care that all steps are reversible. 

Example 2. Verify that 



(3) 


We might reason as follows. If (3) is true, then what is obtained 
by multiplying both sides by 2 will be true (since if equals are 
multiphed by equals, the results are equal). Thus, if (3) is true. 


then 


x + i/ + 2 = a: + ?/ + z 


(4) 


which is clearly true. Does this enable us, without further con¬ 
sideration, to assert that (3) is true? Certainly not, for a true 
conclusion may be obtained by correct reasoning from a false 
hypothesis. Thus, “if (3) is tme, then (4) is true, and (4) is 
true” does not guarantee that (3) is true. What we really need 
is the converse proposition “if (4) is true, then (3) is true, or 
if the hjTothesis of a vahd argument is true, then the conclusion 
must be true. Now we have so far proved only that “it (3) 
true, then (4) is true,” and we know that the converse (which is 
now needed) of a valid argument may not be valid. To prove 
converse, we may try to deduce (3) from (4). But this may be 
done by merely reversing the steps of the argument by which we 
deduced (4) from (3), provided those steps were all reversible, m 
our present example this is the case, for since (4) was derived from 
(3) by multipl 3 T.ng both sides of (3) by 2, we can reverse t e argu 

ment by dividing both sides of (4) by 2- 
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That one must really be careful not to use non-reversible steps, 
will be clearly shown by the next two examples. 

Example 3. Let us set out to prove that 3 = 7. We reason 
that if 3 = 7, then 3 ■ 0 would be equal to 7 • 0, because if equals 
are multiplied by equals the results are equal. But 3-0 = 7*0, 
since 0 = 0. May we then conclude that 3 = 7? Of course not! 
The step of multiplying both sides by 0 cannot be reversed, because 
to reverse it would require us to divide both sides by 0, which can¬ 
not be done (see section 11). 

Example Let us set out to prove that 
(5) X = —X. 


If equals are squared, the results are equal; that is, if a = b, then 
a^ = b\ Hence, squaring both sides of (5), we obtain (x)^ = (-x)^ 
or x^ = x^, which is true. IMay we conclude that therefore 
^ ~ Certainly not! For the converse of the italicized 

statement above is not true (compare section 12) and the step of 
squaring both sides cannot be reversed. 

The step of substituting equals fo^ equals is alwatjs reversible; 
therefore the method first suggested is always safe, if it is feasible. 

EXERCISES 

Verify the identities: 


1 . 


2 . 

3. 


4. 


3{x - 4) = x(x -3) + 12. 


12 3 

H— = —• 

XXX 

(x + 2){x -1-3) 
1 1 


X - 2 


+ 


X 


3 


Decide whether each 
equation: 


= -f 5a; + 6. 

- 2x - 5 
a:* — 5x -|- 6 

of the following is an identity or a conditional 


6. 5(x — 2) = 5x - 10. 

7- 7. — 3x = 4x.C, 

Q 7x 3x 

T “ T = 

*11. Do exercise 30, section 12. 



8. Vx2 -t- 9 = z + 3. - 

2 + X 1 + X 


10 . 


22 / 




29. Elementary operations with equations. In the last section 
we pomted out the desirability of using reversible steps. We shall 


May be omitted without disturbing continuity. 
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Solve Vx — 3 


3. Squaring both sides yields 


12. Hence if the original equation had a root, 


does not satisfy the given equation, since division by zero is 
excluded. Hence the given equation has no root at all, and is 
certainly not equivalent to the derived equation 2x = 4. 

\. Squaring both members of an equation. (See the preceding 
section.) 

Example S. 

X — 3 = 9, or X = 

it could only be 12. But 12 does not satisfy the original equation, 
smce Vl2 - 3 = VO stands for +3 but not for -3. Hence the 
given equation is not equivalent to the derived equation x — 3 = 9. 
\ I. Dividing both members by a quantity involving unknowns. 
Example 3. (x - 1) (x - 2) = 0 has the roots 1 and 2, as can 
be seen by substitution. If we divide both sides by (x - 1), we get 

X - 2 = 0, which has only the root 2. Hence x — 2 = 0 is not 
equivalent to the given equation. 

Operations I\ and \ may lead to equations wliich have roots 

not pos.sessed by the original equation; such roots are often called 

e^aneous. They can always be detected by checking by sub¬ 
stitution in the original equation. 

Operation VI may lead to equations which do not have roots 

which are possessed by the original equation. These lost roots are 
not easily detected. 

We give only a few exercises here, since much later work 
illustrates these considerations. 


EXERCISES 

Find the roots of the following equations. 

2i 3 = X -f- 2. 2. 3x -|- 2 = x -j- 8. 

. 5x 10 ^ ,- 

^"^ + 2 = - 3 . 

7. Do exercise 30, section 12. 


3x 9 


■^x - 3 X - 3' 
6. Vx -I- 2 = 3. 


30. Standard form of polynomial equations. Degree of an 

equation. We shall be principally concerned with polynomial 

equations, or rational integral equations, that is, with (conditional) 

equations both of whose members are polynomials or rational 
integral expressions. For example, 


a;* -1- 5x* — X -f 3 = X* -f x® -1- X -t- 2 

IS a polynomial equation. By transposing and simplifying, we 
can write such an equation with zero on the right of the equals 
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sign, and a polynomial in standard form (see section 2G) on tht 
left; when this is done, the equation is said to be in standard form 
For example, (1) may be written in the standard form 


( 2 ) 


4x^ — 2x + 1 = 0. 


When a polynomial equation is written in standard form, the 
degree of the polynomial on the left of the equals sign is called 
the degree of the equation. Hence equation (1) has the degree 2, 
since its standard form is (2). Equations of degree 1, 2, 3, 4, 
and 5 are called linear, quadratic, cubic, quartic,* and qumhc 
equations, respectively. For example, 2a:=^ + x - 5 = 0 is a cubic 
equation in x; and - 2xxf + xt/ - 5x + 4i/ - 3 - 0 is a 
cubic equation in x and y. It will be seen in later chapters that 
the solution of polynomial equations increases in difficulty as the 

degree increases. 

By the general equation in x of a given degree we mean t e 
equation obtained by setting the general polynomial (see section 
26) in X of that degree equal to zero. Hence the general Imear 


written 


(3) 


ax 4 - b = 0 {a ^ 0), or aox a, = 0 


(a 



0 ) 


where a, b, ao, ai are arbitrary constants. 


Similarly 


written 


(4) 


ax^ + &x + c = 0 (a 5^ 0), or oox^ + OiX + aj - 0 (ao 0). 


written 


(5) 


ax® + &x® + cx + d — 0(a7^ 0), 

nr arX® 4- OiX® 4- (I 2 X 4" as 


0 (ao ^ 6). 


The general equation of nth degree in x may be written as 

(6) aox” + a.x"-‘ + + • • ■ + + a. = 0 ^ 0).t 

EXERCISES 

WHU each of the follo-u-ing equations in standard form and stalo M 
degree: 

I 3a.4 + 2x» - X® 4- 3 = 3x^ - 4- 2x - 1. 

2, x* — X 4- 1 = ic® “ 3x 4- 4. 

3’. 2x* 4- x®(3x - 1) 4- 2 = 2x‘‘ + 3x®(x - 1) - x - 5. 

4. x(x» - 1) = a:(x 4" 1) - 2. 

6. x(2x* 4- 1) = X 4- 16. , , . 

6. Write the general equations of degree 4 an 

equation would have degree lower than n. 


CHAPTER IV 

Functions and Orapfis 


31. Functions. Consider two variables x and y. The variable 
y is said to be a function of x when any scheme or rule (relation, 
or correspondence) is given whereby to each value of x there corre¬ 
spond one or more definite values of y. 

A simple way to define y as a function of x is to let y equal an 
algebraic expression in x. 

Example 1. The rule y = 2x -|- 1 defines y as a function of x. 
from this rule one can calculate the value of y corresponding to 

any value of x; thus, if x = 2, y = 5; and if x = 3, y = 7, and 

80 on. 


Example 2. The rule y = y as a function of x. 

Ifx « 8, y = 2;ifx = 4, y = G;ifx = 5, y = 4:ifx = 7, y = 
and so on. > . a 


Example S. The rule y =- ± Vx defines y us a function of x 
If X = 4, y = ±2; if X = 9, y = ±3; if x = 2, y = ± V2, and 

80 on. 


II tne scheme or rule assigns just one value of y to each value 
of X. the function is called single-valued; otherwise, many-valued. 
Thus, the functions given in examples 1 and 2 are single-valued 

functioIT’ '*** function given in example 3 is a many-valued 

If V is a function of x, tve call x the independent variable, and 
y the dependent variable, and we say that y depends on x It 

dnt^irable to restrict the possible 
salues of the independent variable somewhat; if this is done the 

tot^ty or set of values which x may assume is called the rMge 

h, be all numl^rs for which there U a*corresp:;:ding 

we wmh y to be a real number, then the range of x must be restricted 

it-eit v"!*“ r numliers. A function is said to be defined for 
6\ery value of x m the range. 
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We may also consider functions of two or more independent 
variables. Thus, the variable 2 : is said to be a function of x and 
y if a scheme or rule is given whereby to every given pair of values 
of X and y there corresponds one or more definite values of z. For 
example, the rule z = + y defines z as a single-valued function 

of X and y. If x = 2, and y = 3, then z = 7, and so on. 

If a function is defined by letting the values of the dependent 
variable be obtained by substituting values of the independent 
variable (s) in a polynomial, or rational integral expression, ic the 
independent variable (s), we say that the function is a polynomial 
or rational integral function of the independent variable (s). If 
a rational expression is used, we call the function a rational fimc- 
tion of the independent variable (s). If a linear polynonual is 
used we call the function a linear function of the independent 
variable (s). If a quadratic polynomial is used, we speak similarly 

of a quadratic function. . r i 

Thus, example 1 defines y as a linear function of x. Example 

2 defines y as a rational function of x. Also, z = 2x -|- 3y — 4 

defines z as a linear function of x and y; and y = — 2x -|- 3 

defines y as a quadratic function of x. . . 

Note that the word “function” is used in mathematics in a 

technical sense quite different from its everyday meamng as m 
the statements “pumping blood is the function of the heart, 
“passing bills is a function of the legislature, or the Semor 

Prom was the outstanding function of the school year. 

A function may not always be defined as simply as oy an 

algebraic expression. For example, log x and sm x are no 
Functions may be defined for a hmited number of values of the 
independent variable by means of a table whose entnes may be 
obtained from experimental or observational data. Other ways 
of defining functions may be discussed elsewhere. In this book 
most of the functions will be defined by algebraic expressions. 


EXERCISES 

Find the value of each of the following functions when x = 


8 

1. y = 2x^ -Zx + l. 2. y = x» -b 2x\ 3. y - g _ j.' 


Find the value of each of the following functions when - - 'handy 3 

i.z^xy- 6. J - I + 9 + I- 
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For what values of x is each of the following functions not defined? 


6. 2 / = \/x. 


l.y = 


8 


X 


8 . 2 / = 


8 


9. y = 


1 


X 


4 


(x - 2){x - 3) 


A given function of x, such as 


32. Functional notation. ^ mucuon oi x, such as 

t conveniently denoted by a symbol such as i(x), 

read / of x,” or “the /-function of x.” If f{x) = 2x -b 1 then 
/p) stands for the value of the dependent variable, or value of 
the function, when x = 2. Note that/(x) does not mean a number 
/ times a number x, but is simply a compact symbol for a func- 
tion of X If a IS a constant, then /(a) stands for the value of the 
function fix) when x has the value a, or when a is substituted for x 
Hence in the above example, /(2) = 5, /(3) = 7, f{a) = 2a + 1. 

If two functions have to be discussed in the same problem 
we may use similar symbols, such as Fix), gix), D^x) Rix^ Pfo ’ 
to avoid confusion. Hence, if F(x) = + i and /(x) Jt ^ 


5, /(3) = 7, FiZ) = 10, fi-2) 


3, 


we have /(2) = 5, F(2) 

^(—2) = 5, and so on. 

A function of two variables may be similarly denoted by a 

ibol of thp. form ii? ^ * J ^ 

+ 3i/, then 


symbol of the form fix,y). Thus, if fix,y) 

/(2,1) = 7,/(3,2) = 15,/(1,1) = 4,/( 


If Fix) 


IjO) — and so on. 
we shall say that Fi2) does not exist, or is 


X — 2 

not defined, since 2 is not in the range of x. 


EXERCISES 


Given that fix) = 2x -f- 6, find: 

1 - /( 2 ). _ 

6. /(O). 


2. /(3). 
7. fin). 


3./(-I) 

8 . fia). 


Given that d(x) = - 9, find: 


11. d(2). 


12. di-2). 13. d(3). 


4 . fi-2). 

9 . fi-T). 


Given that Fix) = 3x^ ~ 2x + 1, find: 

16. Fi2). 17. Fi~2). 18. Fir). 

20. Fi~ 21. F(1.2). 


6. /(-3) 
10. filOk) 


9 

14. d{ 3), 16. d(r) 
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Given thatG{x) = — find: 

23. G(5). 24. 26. G{— i). 26. G(f). 27. 0(4). 

Given that Q{x) = x — S’ 

28. Q(l). 29. Q(4). 30. QC^). 

33. Applications of functions in science. Form'Jias. The 
study of functions came to be of overwhelming unportance in 
the 17th century, when scientists became greatly interested in the 
study of varying quantities. If y is a function of x, we say 
that the value of y depends on the value of x. Speaking loosely, 
we might say that y varies with x, or that a change in x induces a 
corresponding change in y. This statement is not strictly true, 
for we might well have a function which assigns the same value 
to y no matter what value is given to x, such as the function 
y = 3. Such a function is called a constant function. But it 
will do no great harm if you think of the value of y changing as 
the value of x changes, provided it is agreed that the change in y 

may be zero. 

Every formula, whether taken from geometry, physics, or 
other subjects, expresses some variable quantity as a function of 

other variable quantities. 

Example 1. The area A of a square of side x is given by the 

formula A = x^. ^ • u 

Example 2. The perimeter P of a square of side x is given by 

the formula P = 4a:. . i i 

Example 3. The distance s, measured m feet, through wluch 

a body falls in t seconds is given approximately by the formula 

8 = 16f*, air resistance being neglected. 

Example A. The area of a triangle is given by the formula 

A = ^hh, where b is the base and h the altitude. 

Example 5. The area of a trapezoid is given by the formula 
^ ^ 6'), where h is the altitude and b and b' are the bases 

Example 6. The simple interest I on P dollars at the rate 
R (expressed as a decimal) per year for T years is given by e 

formula I = PRT. u j. U 

Examples 1, 2, 3 arc functions of one variable, example 

a function of two variables, and examples 5 and if are functions 
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of three variables. It is clear that examples of functions abound 
in many different subjects. They may be exact, as in examples 
1> 2, 4, 5, and 6. or approximate, as in example 3. 



EXERCISES 

1. Using the formula of example 3, above, how far \vill a body fall in 
(a) 3 seconds? (b) 4 seconds? 

2. Using the formula of example 4, above, what is the area of a 
triangle with base 3 feet and altitude 4 feet? 

3. Using the formula of example 4, above, what is the area of a 
triangle with base 6 feet and altitude 4 inches? 

4. Using the formula of example 5, above, what is the area of a trape¬ 
zoid mth altitude 6 inches and bases 3 inches and 7 inches, respectively? 

6. Using the formula of example 6, above, find the simple interest on 

$124.00 at the rate of 4% per year for 3 years. {Hint: express the rate 
as a decimal, that is, as 0.04.) 

6. The time T measured in seconds, required for a complete oscillation 
of a smple pendulum of length k feet is given by the formula T = 

‘^yk/g where tt = 3.14 approximately and g = 32.2 approximately. 
If « — 2.34 feet, find T correct to the nearest tenth. 

7. If F is the temperature in degrees Fahrenheit and C is the temper¬ 
ature in degrees Centigrade, then F = | C -h 32. Find the Fahrenheit 
temperature corresponding to 40° Centigrade. 

^ volume F of a sphere of radius r is given by the formula 

4 Find the volume of a sphere of radius 3 feet, correct to the 
nearest tenth, using tt = 3.14 approximately. 

^9,^ The s^face area Sofa, sphere of radius r is given by the formula 

^ -STir . l-lnd the surface area of a sphere of radius 3 feet, correct to 
the nearest tenth, using tt = 3.14 approximately. 

34. Rectangular coordinates. Choose two perpendicular lines 
in a plane. Call one the x-axis and the other the y-axis. The 
point 0 where they intersect is called the origin. It is customary 
to consider the x-axis horizontal and the y-axis vertical. Choose 
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a unit of length and lay it off repeatedly on both axes. Choose 
a positive direction on each axis; it is customary to make the 
positive side of the x-axis the right side, and the positive side of 
the ?/-axis the upper side. Assign real numbers to the points of 
the axes in the usual way. Then to each point in the plane we 
may attach a pair of real numbers, called the x-coordinate (or 
abscissa) and the y-coordinate (or ordinate) of the point, respec¬ 
tively. Together these coordinates of a point P constitute 


y-axis 


S{-2,3) R 


{0.3) Q{2.3) 


T{-2.0) 

H-♦- 


P{3.2) 


1-1-♦- X - axis 


( 0 . 0 ) 


(3.0) 


U{-3.-2) 


(0.-2) (3,-2) 


Fig. 12. 


directions for getting to P from O. The x-coordinate tells us 
how to proceed from O along the x-axis, and then the y-coordinate 
tells us how to go in the direction of the y-axis. The x and y 
coordinates are indicated by a symbol of the form (x,y), the 
x-coordinate always being given first. Thus the point P in Fig. 12 
has the coordinates (3,2) whde Q has the coordinates (2,3). Simi¬ 
larly, R has the coordinates (0,3), S the coordinates ( — 2,3), and 
so on as in Fig. 12. Note that every point on the x-axis has y-coordi- 
nate equal to zero. Marking a point with given coordinates is 

called plotting the point. 

Use of these so-called rectan^ar coordinates was developed 
by the great French mathematician-philosopher Ren6 Descartes, 

who founded the important subject of analytic geometry* on this 
basis in 1637. 


• For further indications of how these coordinates enable us to make huge st 
in geometry, and for a discussion of other types of coordinates, see M. Richaraso , 
Fundamentals of Mathematics, Macmillan, 1941, Chapter IX. 










Ch. IV, 535] 


FUNQIONS AND GRAPHS 


79 


EXERCISES 

1. Plot the points whose coordinates are (1,2), (2,1), (-1,2), (2,-1), 

(- 2 ,- 1 ). 

2. Plot the points whose coordinates are (2,0), (0,2), (-2,0), (0,-2), 

( 0 , 0 ). 

3. What is the y-coordinate of any point on the x-axis? 

4. What is the x-coordinate of any point on the y-axis? 

36. The g;raphs of equations and functions. By the graph of 

an equation in two variables x and y we mean the set or totality 

of all those points, and only those points, whose coordinates 

satisfy the equation. Only real numbers will he considered. To 

plot the graph of an equation we may substitute various real 

values for one variable in the equation, calculate from the equation 

the corresponding value of the other variable, and tabulate the 

results; then we plot the corresponding points and join them with 
a smooth curve. 






Fig. 14. 

Example 1. Draw the graph of the equation x + v 
obtain the tahlA ^ 


7. W. 


X 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

y 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0 

-1 

-2 

-3 


puilloa, we geii Tine straignt line m Fig 13 
It will be shown later that every linear equation in i and 
mth real coefficients, represents a straight line. With this know 
edge, It would have sufficed to plot two points, with a piZblfthh 
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point as a check. In general, however, many points are necessary 
to get the shape of the graph. 

Example 2. Draw the graph of the equation x* + = 25. 

We get the table 


X 

0 

±5 

+3 

-3 

+4 

-4 

y 

±5 

0 

±4 

±4 

+ 3 

±3 


Plotting these points, we get the circle in Fig. 14. 



y 



Fi3. 1 5. 



Fis. 16 . 

By the graph of a function/(x) we mean the graph of the equa- 

^^^^ExampleS. Plot the graph of the function x* + a: - 6. Froi» 
the equation y = x* + x — 6 we get the table 


X 

0 

1 

-1 

2 

-2 

3 

-3 

4 

-4 

y 

-6 

-4 

-c 

0 

-4 

6 

0 

14 

6 



Plotting, we get the parabola in Fig. 15. 
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Example A. Draw the graph of the function - Sx^ - x 3 

— 3x^ — a; 4- 3 we get the table 


From the equation y = x 


X 

0 

1 

-1 

2 

-2 

3 

4 

y 

3 

0 

0 

-3 

-15 

0 

15 


Plotting these points, we get the graph of Fig. 16. 

Much information concerning how the quantity y varies as x 
varies can be obtained at least approximately from the graph. 
Thus, one might infer from the graph of Fig. 15 that y has a mini¬ 
mum value of something less than —6 and assumes t his mini 
value for a value of x about midway between x = - 


1 and X 


um 
= 0 . 


EXERCISES 


Plot the graph of each of the following functions and estimate from the 
graph for what (real) values of x the function assumes the value zero: 


1. 2x 

6. X* 
10. X* 


6. 2. 3x -f 6. 
9. 7. x2 + 1. 

4x 4- 3. 11. x3 


3. ^x + 1. 4. ^x - 1. 6. x* - 4. 

S. + X + 1. 9. x2 - X - 6. 

2x2 - 5x 4- 6. 12. X® 4- 2x2 - 5x - 6. 


Plot the graphs of each of the following equations: 


13. 2x + 4y = 5. 

16. 4x2 _|_ 9y2 = 30 

19. xy = 1. 


14. 3x — 2y = 1. 
17. x2 — = 1. 

20. y{x - 2) = 1. 


16. x2 4- = 100. 

18. 4x2 — = 36 


36. Continuous functions. In plotting the graph of a function 
f{x) we join the points actually plotted by a smooth curve when 

y 



X 


we have enough points to judge the shape of the curve This 
involves the assumption, among others, that the curve does not 
behave wildly between the plotted points, as in Fig. 17. This 
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assumption, although rash at this stage of the game, can be 
justified for polynomial functions by advanced analysis, beyond 
the scope of this book. By a continuous ftmction is meant, speak¬ 
ing very roughly,* one whose graph can be drawn with one con¬ 
tinuous stroke of the pencil, that is, without taking pencil from 
paper. It can be shown that polynomials in x are continuous at all 
points of their graphs, and that rational functions in x, expressed as 

where f(x) and d{x) are polynomials, are continuous except at 

the roots of the denominator polynomial d(x). 

37. Graphical solution of equations. Let f{x) be any fuiiption 
of X. If the value of /(x) is zero when the number r is substitih ed 


y 



for X, that is, if /(r) = 0, then r is a root of the equation /(x) - 0. 
If the root r is a real number, then the graph of the function 
y z= f{x) must have a point in common with the x-axis at x — r 
since 2 / = 0 at x = r (Fig. 18). Therefore the real roots of an 

equation fix) = 0 are the x-coordinates of the points of intersection 
of the graph of y = fix) with the x-axis. Consequently, the real 
roots of an equation may be estimated from the graph. Imaginary 
roots cannot be found this way, since the x- and t/-coordinates on 

our gi’aph are real numbers. 

An important property of all continuous functions, and hence, 
in particular, of all polynomials, is the following. 


* ThU is highly inaccurate, but will suffice for present purposes, 
precise discussion of continuity, see M. Richardson, Fundamentals of 

Macmillan, 1941, p. 296. 


For a more 

Mathematics, 
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If f(x) is continuous, and if f{a) and f(b), {where a < b), have 
opposite signs, then there is at least one real root r of the equation 
j{x) = 0 between a and b {that is, a < r <b). 

This principle is intuitively clear from Fig. 18, but is too 
difficult to prove here. 

Example 1. The real roots of + a: — 6 = 0 are 2 and —3. 
See Fig. 15. 

Example 2. The real roots of x^ — — a* + 3 = 0 are ±1, 

and 3. See Fig. 16. 





Example 3. Estimate graphically the real roots of x^ — x^ — 
5a: + 5 = 0. Plotting the function y = x^ — x"^ — bx + b, we 
find the table 


X 

0 

1 

2 

3 

-1 

-2 

-3 

y 

5 

0 

-1 

8 

8 

3 

-16 


and the graph of Fig. 19. Hence the roots are 1, something 
between 2 and 3, and something between —2 and —3. 

This method will be elaborated further in Chapter XV. 
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EXERCISES 


Estimate from the graph the real roots of each of the folloiving equations: 

1. 2x - 8 = 0. 2. 3x + 6 = 0. 3. + 1 = 0. 4. 1 = 0. 

6. x* - 4 = 0. 6. x*^ - 9 = 0. , 7. x2 - 4x + 3 = 0. 

8. x2 — 5x + 4 = 0. 9. x2 — 2x — 3 = 0. 10. x^ + 2x — 3 = 0 

11 . X® — 4x® -j- X -p 6 = 0. 12. X® /X 6 = 0. 

13 . 6x® — 5x — 4 = 0. 14. 6x® — 7x — 3 = 0. 

16. X® — 2 = 0. 16. X® — 3 = 0. 

*38. Infinities of a rational function. The function y = - is not 

defined for the value x = 0. But the graph of the function 




the following table: 


X 

± 1 

± 0.1 

± 0.01 

± 0.001 

± 0.0001 

• • • 

0 

y 

±1 

±10 

±100 

±1000 

±10000 

• • • 

1 

not 

defined 


It is clear that as x gets nearer to 0, y increases in absolute value 
without limit. In technical language we say that y becomes 
infinite as x approaches 0. In symbols, y « as x -► 0, read 

“y becomes infinite as x approaches 0,” or lim - = <«, read ‘ the 


* Tliia section may be omitted on first readinR without disturbing the continuity 
of the book. 
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limit of l/x as x approaches 0 is infinity.”* The graph (Fig. 20) 
indicates what this means. 

Similarly y = ~ ^ becomes infinite at x = 2 (Fig. 21). It 

can be shown that a rational function 2/ = where f(x) and 

d(x) are polynomials, becomes infinite at every root of d(x) which 

is not also a root of /(x). A value of x for wliich a function 

y = F(x) becomes infinite ma}’’ be called an infini ty or infinite 
discontinuity t of the function F(x). 


EXERCISES 


Plot the graph of each of the following functions and find its infinities: 


1. y = - 


2. y = 


2x 


3. y = 


1 


3 


4. y = 


1 


6. y = 


1 


2x - 3 


3x -|- 2 


6 . y = 


1 


3x 


7. y = 


1 


8. y = 


1 


9 


9. y = 


1 


11 . y = 


2x 


12. y = 


(x - 1 )(j: - 3) 


2 


10 . y = 


2x 


13. y = 


.T^ - 

- 4 


1 

x(x 

- 2) 


- 2x 


2 




















CHAPTER V 

Elementary Operations with Polynomials 

39. Integers and polynomials. Hindu-Arabic notation. It 

has already been remarked (section 26) that integers and poly¬ 
nomials (or rational integral expressions) have many similar 
properties. There are deep-lying reasons for their similarity which 
are beyond the scope of this book. But even the elementary 
operations of addition, subtraction, multiplication, and division 
are much alike for integers and polynomials. These similarities 
may be traced to the fact that an integer, written in the usual way, 
is nothing but a particular value of a polynomial in x, namely the 
value for x = 10. Thus 2345 is the value of the polynomial 
2x® -b 3a;2 -f 4x + 5 when x = 10, or 2 • 10® + 3 • 10^ -b 4 • 10 
-b 5. Similarly 5078 is the value of the polynomial 5x® + 7x + 8 
when X = 10; and -407 is the value of the polynomial -4x* - 7 

when X = 10. 

Our way of writing integers is called the Hindu-Arabic notation 
because it was invented by the Hindus about 500 A.D. and brought 
into Europe by the Arabs when they overran Spain in the 8th 
century. It represents a great advance over the Roman numerals, 
as one can see by multiplying 1626 by 62 in the usual way and then 
trying to multiply the same numbers MDCXXVI by LXII, using 
only Roman numerals. In practice, the ancients used the abacus, 
counting-boards with pebbles, and other devices. (The word 
“calculate" comes from the Latin “calculus" meaning “pebble. ) 
Despite its obvious superiority over previous methods, the Hindu- 
Arabic notation was not widely used in Europe until the 15th 
century, after a long struggle against the repressive forces of 
tradition and resistance to change. In fact the new notation was 
adopted by the enlightened merchants long before the “learned 
authorities became reconciled to it. The importance of the 
Hindu-Arabic notation for the operation of our complicated 
modern industrial and commercial civilization is indicated by the 
fact that it made it possible for the general public, instead of 

experts only, to learn arithmetic. 
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The Hindu-Arabic notation is called a decimal notation because 
each digit in a number represents the coefficient of a power of 10 . 
It is called a positional* notation because the position of each digit 
tells us the power of 10 of which it is the coefficient. Thus, in 

school, the student learned to speak of the units column, the tens 
column, the hundreds column, etc. 

40. Addition and subtraction of polynomials. In discussing 
the elementary operations of addition, subtraction, multiplication, 
and division of polynomials, it will be understood that all poly¬ 
nomials will first be written in standard form, f This is a convenient 
practice, although not absolutely essential. 

To add two polynomials, we write like terms under each other and 
then add by columns, as in the following example. 

Example 1. To add 2x^ + 5x + 8 and 3x^ + Qx + 5 we write 

2x2 + 5^. 8 

3x2 _[_ 5 

5x2 


Hence the sum is 5 x 2 ^ _|_ jg 

Justification of the procedure. The sum ( 2 x 2 _}_ 53. _j_ _l_ 

(3x2 -I- 6 a; _|_ 5 ) can be written as ( 2 x 2 ^ 33 . 2 ) _|_ ( 5 ^ ^ 

(8 + 5) by using the associative and commutative laws for addi¬ 
tion. This is accomplished in practice by writing like terms under 
each other in columns. Adding up by columns amounts to using 
the distributive law wliich enables us to write 2 x 2 _j_ 3^.2 _ 

(2 + 3)1’ = 5i’, and 5x + 6x ^ (5 + 6)x = lli. Thus the sum 
is 5x2 ^ J 3 

Comparison with adding integers. To add 258 and 365 we 
write ^ 


258 (= 2 • 102 -t- 5* 10 + 8 ) 

^ (= 3 . 102 + 6 • 10 -}- 5) 

623 P 5 • 102 -b 11 • 10 -f- 13). 


Sima 


or o • 4- 11 • 10 + 13, but must be written 

allow only coefficients from 0 to 9 inclusive. 


10 , 


trick of ‘‘carr 3 dng.” 


write 


Therefore we use the 

102 4- 11 • 10 + 13 = 


“ 

nd<mentaU of Mathematics, Macmillan, 1941, Chapter VII. ’ ' 

See section 26 for the definition of standard form of a polynomial. 
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5 • 10* + (10 4- 1)10 + (10 + 3) = 5 • 10* + 1 • 10* + 1 • 10 + 
1-10 + 3 = 6 • 10* + 2 • 10 + 3. 

To subtract a first polynomial from a second, we write the first 
under the second, placing like terms under each other, change the signs 
of the terms of the lower polynomial, and add. 

Example 2. To subtract 2x* — 3x + 5 from 5x* — 2x — 3, we 
write 

5x* — 2x — 3 

— + ~ 

02x* e 3x 0 5 

3x* + X — 8. 

Justification of the procedure. By the rules for removing 
parentheses (section 25), (5x* — 2x — 3) — (2x* — 3x + 5) = 
5x* — 2x — 3 — 2x* + 3x — 5. The rest of the process is merely 

addition. 

Checking. A convenient way to check is to substitute x = 10, 
say, in the polynomials involved in the process, and perform the 
corresponding arithmetical operations. Thus,, to check example 1, 
we do what was done above in the paragraph marked “Com¬ 
parison with adding integers.” To check example 2, we similarly 
substitute x = 10 and verify that 

5 • 10* - 2 • 10 - 3 = 477 

-(2 • 10* - 3 • 10 + 5) = -175 

3 ■ 10* + 1 • 10 - 8 = 302. 

Such a check by substituting a particular value for x cannot, of 
course, prove that the relation among the polynomials involved, 
is an identity, but it will usually catch any error. Any number 
may be substituted as a check, but it is advisable to avoid 0 and 
± 1 because they are more likely to fail to reveal common errors, 
such as wrong exponents, since all powers of 0 are 0 and all powers 

of 1 are 1. 

Subtraction of course may be checked by applying the definition 
of subtraction (section 5) and adding the result to the polynomial 
in the second line, obtaining the polynomial in the first line. Thus 
example 2 can be checked as follows; 

3x* + X — 8 
2x* — 3x + 5 
5x* - 2x - 3. 

The procedures for polynomials in more than one variable are 
similar. 
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EXERCISES 

Caleidaie, and cKtck by subttitxdion: 

L Add 2x* - 3x + 5 and 3x* + x — 2. 

2. Add 6x' — 4x — 2 and x* — 3x -j- 6. 

3. Add -lx* — 3x*i/ + 6y* and 2i* -|- 2ry* — 2y*. 

4. Add 2x* + 3xy — 2y* and x* — 5xy -f- 5y*. 
t. Subtract x* — 2z + 4 from 3x* — 5x + 1. 

6. Subtract 5x* + 3x — 4 from 2x* — x + 2. 

7. Subtract x* — 2xy -f 3y* from 3x* — xy — 2y'. 

8. Subtract 2x* + 3xy — 4y* from x* + xy + y*. 

9. Subtract x» — 3x + 4 from the sum of 2x* + 5x — 3 and 3x* — 

8x + 2. 

# 

10. Subtract the sum of 2x* — 5x + 3 and -3i* + 2x - 5 from the 
■um of X* + 3x + 7 and x* — 2Lr — 5. 

11. Subtract the sum of x* + 4xV - 2y* and 2x* - 5x*y + 5y« from 
aero. 

12. Subtract the sum of 2x» - 3xy* + 4y» and x* + 4xy* - 2y* from 
•ero. 


41. Multiplication of polynomials. To multiply two numomtaU, 

we multiply the coejunentt atid combine the variable factors according 
to the rules for exponents {section £3). 

Example 1. The product of 2x* and 3x* is 6x‘. 

Justification of the procedure. The product (2x*)(3x*) may be 

written M (2 • 3)(x* • x*) by the associative and commutative laws 
for multiplication. The rest is obvious. 

To multiply a first polynomial by a second polynomial, we 
multiply each term of the first polynomial by each term of the second 
and take the algebraic sum of these products. The work may be 
wranged as in the following example. 

EzampU i. To multiply 2x* - 3x + 4 by 5x - 6, we write 


2x* - 3x 4- 4 

5x — 6 

- 12x» + 18x - 24 
lOx* - 15x* -f 20x 
lOx* - 27x* + 38x - 24. 

Jusiificatum of the procedure. By the distributive law we may 
write 
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{2x^ - Sx + 4)(5x - 6 ) 

= (2x2 - Sx 4)5x + (2x2 _ 3 a; + 4)(-6) 
= lOx* — 15x2 _|_ 20x — 12x2 — 24. 


The rest is obvious. 

Comparison with multiplication of integers. The comparison 
is clear from the following example in which the right side is 
obtained from the left by setting x = 10 . 


Example 3. 

2 x 2 4 . 53 . ^ 3 

253 


4x 4- 2 

42 


4x2 _j_ 0 

506 


8 x 2 + 20 x 2 + 12 x 1012 

8 x 2 24x2 _|_ 22 x + 6 10626. 


Checking. To check the multiplication of polynomials in x, we 
may substitute x = 10 , say, and perform the corresponding arith¬ 
metical process. We should obtain for the answer the value of the 
product polynomial when x = 10. Thus the right side of example 
3 is a check for the left side. 

The rules for polynomials in more than one variable are similar. 


EXERCISES 

Multiply, and check by substitution: 


1. 2x(6t/ + 32). 2. 3x(27/ 

4. -32(-2x + Ay). 5. 2x(x^ 
7. 3x(2x2 4- xy — 27/2). 

9. -3x2(5x2 - 2y). 

11. (x - 2)(x - 5). 

13. (x - 3)(x + 4). 

16. (2x - l)(3x - 2). 

, 17. (x - 3)(x2 -h X -b 5). 

19. (2x - 3)(3x* - 2x -b 4). 

21 . (x -b 27/) (x2 — xy -j- J/2). 

. 23. (x -b y)(x2 — xy -b J/2). 

26. (x -b y)(x + y). 

27. (ax” -b b){ax‘‘ — b). 

29. (ax“ — b){ax‘’ — b). 

31. (2x2 _ 2x -b 3) (3x2 


— Aw). 3. —2y(3x — 5z). 

— 3x -b 4). 6 . 3x(2x2 -b 2x — 4). 

8 . 2y(3x2 — 2 x 7 / + 5y*). 

10 . 5x2?/( 2 x 2 32 ^ 2 )^ 

12. (x - 3)(x - 2). 

14. (x -b 2)(x -b 4). 

16. (2x + 3)(4x - 6 ). 

18. (x -b 2 )(x 2 - 3x -b 4). 

20. (3x - 2 ) ( 2 x 2 -b 5x - 3). 

22. (2x — 3t/)(x2 — 2 x 7 / -b 3 y 2 ). 
24. (x — 7 /)(x 2 -b xy + y*)- 
26. (x -b y)(x — y). 

28. (ox® -b 5) (ax® -b b). 

30. (x — y)(x — y). 

2 ). 

xy -b 3y2). 

To divide a quantity o by a 

a. To divide 


32. (3x2 + 2xy - y2)(2x» - 

42. Division by monomials, 
juantity b means to find a quantity c such that be = 
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a monomial by a monomial, we divide their coefficients and treat 
the variable factors according to the laws for exponents. 

Example 1. 6x^/3x^ = 

To check, we multiply 3x^ • 

To divide a polynomial by a monomial, we divide each term of 
the polynomial by the monomial and take the algebraic sum of the 
results. 

Example 2. + 15x^ + 12a;® + 9a;®) 3a;® = 2a;® + 5a;® + 

4x + 3. 

To check, we multiply 3x®(2a;® -|- 5x® + 4x + 3) = 6x® + 15x^ 
+ 12x® + 9x®, or else check by substitution. 

The justification of this process is obvious, since division has 
been defined as the inverse of multiplication. However, the 
quotient may not always be a polynomial or rational integral 
function, although it is necessarily a rational function; just as the 
quotient of two integers may fail to be an integer although it is 
always a rational number. For example, 4x/2x® = 2/x® and 
5 3 = 5/3. Another concept of division for both integers and 

polynomials will be introduced in the next section. 

EXERCISES 

Divide and check: 


1. 10xV2x®. 

3. -7- 8x®y®. 

(21x® 2/® + 18x^2/®) ^ (3x7/®). 

„ 12x* - 8x8 _|_ 43-2 
#• ----- 

—4x® 

g 15x®y8 — 12x®7/® — 9xy® 

— 3xy® 


2. 18x®/3x<. 

4. 28x* 7/» 7x2/*. 

6. (15x»® - 25x«) ^ 5x». 
g 4x8 — 16x® + 8x® — 4x 

4x 

20. 18x*2/® — 27x® 2/® + 15xy8 


43. The division algorithm.* It is a mildly unpleasant fact 
that the word “division” is used in two different senses in con¬ 
nection with integers, and in the same two senses in connection 
^th polynomials. In the sense already taken up, to divide an 
integer/ by an integer d Q) means to find a number q such that 
f = dq. In this sense the quotient q = f/d may not always exist 
m the system of integers but always does in the system of rational 
numbers. Thus 7 -r- 2 = 7/2. In this sense, dirision is the 


• The word “algorithm” means "a process of computation” and is derived from 
mathematics^ ^he 9th century, who wrote a book on 
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7 

inverse of multiplication; thus 2 • ^5 = 7. But there is another 


sense given to the word division, in wliich division of integers 
always can be performed within the system of integers, namely, 
division with a remainder. This may be defined as follows: 

Definition 1. To divide a positive integer /, the dividend, 
by a positive integer d, the divisor, {d ^ /), means to find a positive 
integer q, the quotient, and a non-negative integer r, the remainder, 
such that (a) / = dq r, and ( 6 ) 0 ^ r < d. 

Example 1. Dividing 7 by 2, we obtain the quotient 3 and the 
remainder 1, so that 7 = 2 • 3 -b 1 and 1 < 2. 

Note that also 7 = 2 • 2 -b 3, but we would not say that in 
dividing 7 by 2 we get the quotient 2 and the remainder 3, because 
the remainder is required to be less than the divisor. 



—I-1-1 III— 

O d-2 2d 3d f 4d 

f-dg +r 
7-2-3+t 

Fis. 22. 

This sense of “division” is also a reversal of multiplication. 
Multiplication by a positive integer is repeated addition, and this 
kind of division amounts to repeated subtraction as far as it can be 
done. Thus we can subtract three 2’s from 7 and have 1 left over. 
In general / = -b r is equivalent to f — dq = r and we subtract 
as many d’s (q of them) as we can until a remainder less than d is 

left. 

It is intuitively clear from Fig. 22 that q and r always exist and 
are uniquely determined; this could be proved but the proof will be 

omitted. 

The process of long division is really repeated subtraction, as 
can be seen from the following example. 

23 = 5 ' = 20-b3 

d = i2'?s r = / 

24(0) = 20 • d 
4 1 = / - 20 • d 

3 6 = 3d 
5 ^ r = f - 23d. 


Example 2. 
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Hence 281 = 12 • 23 -h 5. Thus when 2S1 is (li\'ided bv 12, the 


remainder 


may be written 


/ 


5 + The 


expres>ion 9 + j the “quotient^’ in the earlier sense of division, 

since if we multiply it by d we get f. The former sense of division 

IS sometimes called ejrad dinsion. If r = 0, then d is a factor of /, 

or/is exacUy divisible by d, and the two senses of division coincide 

m this case. Fortunately, confusion is unlikely to arise because 
of this double use of the same word. 

As i^ual, polj'nomials are similar to integers. As the inverse 
of multiplication, exact di'ci>ion of a polynomial F(x) by a poly¬ 
nomial JJ(z) would mean finding a function Q(j) such that F(x) = 

■ Q(*)- But exact dix-ision of pol.xTiomials is not alw’ays 

posable within the sx-stem of pioIxTiomials, although it is witliin the 

system of rational functions, since Q(x) = F(x)/D(x) is always a 
rational function. Thus 


(2j:» + 5x* -+- 7x + 4) (z* -f X 4- 1) = Q(x) 

can be written as a rational function 

2x» - f- .5x» + 7x -I- 4 

X* 4* X H- 1 


... a as win oe seen below. As in the case of 

inters, we define division of pol>*nomials within the system of 
polynomials as follows: 

DEriNiTiON 2. To dmde a poljTiomial F(x), the dividend, by 
- - - V-,, the dixTsor, means to find a polj'nomial Q(x) 

the quotient, and a po^-nomial /?(x), the remainder, such that 

^ ^ degree of Ji(x) is less 

than the degree of Z)(x). v y ^ icss 

This is also repeated subtraction, since (a) is equivalent to 

= R(x) and we subtract as “great” a multiple of 


^(x) - D(x) • Q x) 

remainder_ 

may be arranged similarly to long divi^on 


than D(x). 
of integers 


Example S. To divide 2x* -f 5x* -j- 7x -f 4 bv x* 

write 



X -}- 1, we 
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2x 

+ 

3 





= Q{x) 

x^ "b X -b 1 

2x3 

+ 

5x3 

+ 

7x 

+ 

4 = 

= F{x) 

2x3 

+ 

2x3 

+ 

2x 



= 2x • D{x) 



3x3 

+ 

5x 

+ 

4 = 

= F{x) - 2x • D(x) 



3x3 

+ 

3x 

+ 

3 = 

= 3 • D(x) 





2x 

+ 

1 = 

= R{x) = F(x) 


- {2x + 3) • D{x). 


To check division, we may apply definition 2 and verify that 
D(x) • Q{x) + R{x) = F(x). Thus in example 2 we find by multi¬ 
plication and addition that 

{x^ X -\- \){2x -b 3) -f (2x + 1) = 2x* -b 5x* -b 7x -b 4. 


Or we may check by letting x = 10, say, and performing the corre¬ 
sponding arithmetical division. Thus, in example 3 we get 


D{10) = d = 


23 = 

= q = 

= Q(io) 

2574 = 

= / = 

= F( 10 ) 

222 



354 



333 



21 = 

= r = 

= R{10). 


Note that in example 3 we do not say after the first subtraction 
that the quotient is 2x and the remainder Sx^ + 5x + 4, because 
the remainder is required to have lower degree than the divisor so 
that further subtraction is impossible. As for integers, we may 
write F{x) = D(x) • Q(x) -b R(^) S'S 


function 


F(x) 

D(x) 

R(x) 


Q{^) + 


If R{x) = 0, then D{x) is a factor of F(x) or F(x) is exactly 
divisible by Dix), and the two senses of division coincide in this 


C3^S6« 

It can be proved that the quotient polynomial Q(x) and 
remainder polynomial R{x) always exist and are uniquely deter¬ 
mined as long as the divisor is not zero. The process of determin¬ 
ing them, that is, the division process, is called the 
algorithm. Recall that it is intended that all polynomials are to^ 
written in standard form before beginning the division process. ® 
procedure for polynomials in more than 1 variable is similar. 
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EXERCISES 


Divide and check. 


1 . 

3. 

6 . 

6 . 

7. 

9. 

10 . 

11 . 

12 . 

13. 

16. 

16. 

17. 

19. 

20 . 
21 . 
22 . 

23. 

24. 
26. 
26. 
27. 


— 7a; _|_ 10 ) (x 

(2x‘* + 4 — 9x) ~ (x 
( 2 x* - 3x2 _|_ 53 . _ 2 ) 
( 6 x* + 11 x 2 _ 3 . _|_ 2 ) 
(x 2 - llx + 6 )-v-(x- 

- 6 x - x 2 + 2 ) - 


4x2 _j_ 93. 


6 ) 

8 ) 


2 x + 2 ) 


29. 

30. 

31. 

factor. 


(3x* 

( 6 x 2 

(2x'‘ + 2x2 + 4x 
(ex'* — 3x® + 7x2 

(x2 + 8 ^ 2 ) (a; 4 . 2y). 

(2x2 - 7x^y + 12 x 2/2 - 

(x2 + x^y - X2/2 + 22/2) 

(x 2 — 5x + 10) (x - 
(2x2 + x2 - 5x - 3) 

(x 2 + 6 x 2 _j_ 73. _ 3 ^ ^ 

(2x2 - 7x2 _ I63. _ 

(x2 + 2x2 + 3x + 4) 

{x* - 5x2 4- 2x + 5) -5- 

(x^ + x2 + 3x 4- 1) 

( 2 x 2 - 3x2 + 8 x + 3 ) 

6 x + 5) -7- (x2 + 3a: 

(a:2 - 4). 


2 ). 2 . 

4). 4. 

- ( 2 x - 1 ). 

■ (x + 2). 

3). 8. 

(x2 — 2). 

(2x2 + 3). 

(x2 + X — 


(x2 — a: — 

(3x2 73. 


12 ) 


6 ) 


(x + 3). 

• (3 -f- x). 


(x 2 + 5x2 — 12 ) -E- (x + 2 ). 


2 ). 


x + 1). 


( 2 x 2 

14. (x2 - 27^/2) . 
92 / 2 ) - (2x - 32 /). 

(a; + 22/). 

- 2 ). 18. (a :2 + a; - 6 ) 

- {x + 2 ). 

- (x + 3). 

~ (x 5). 

- + 5). 

■ (x 2 - 2 ). 

(x^ + 3). 

- (x2 - X + 2). 

2 ). 

28. (x^ + 2 x 2 — . 12 ) 


(x 3y ), 


(x - 3) 


(x2 - 3). 


(x 2 — 

(X^ - X 2 - 10 ) ^ __ ^ 

Show that (x + 2 /) is a factor of (x* + ^ 2 ) ^nd find another factor 
Show that (x + 2 /) is a factor of (x® + y®) and find another factor 
Show that (x ~y) is a factor of (x® - y^) and find another 

32. Show that (x - y) is a factor of (x® - y®) and find another factor. 

. Show that (x + y) IS a factor of (x* - y*) and find another factor 
4. Show t^t (x + y) IS a. factor of (x« - y*) and find another factor. 

find anotWf^^.^ + 2x + 4) is a factor of (x‘ + 2x. - &r - 16) and 


36. Show that x2 4- X + 1 is a factor of (x* 
nud another factor. 


X 
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CHAPTER VI 

Factorins of Polynomials 


Prime 


LCtors. A polynomial D{x) is said to be a factor 
of a polynomial F{x) if there exists a polynomial Q{x) such that 
f’(x) = 'd{x) • Q(a:); that is, if F{x) is exactly divisible by D(t); or 

if the remainder is zero when F{x) is divided by D{x). 

Thus, if two polynomials are multiphed together, either one is 

said to be a factor of the product. 

To factor a polynomial means to express it as a product of other 

polynomials. 

For example, x^ - I = (x + l)(a: - 1), as we c^ verify by 
multiplication. But although x — 1 = (Vx + l)(Vx 1), this 
is not considered factoring, since the quantities in parentheses are 
not polynomials, that is, not rational integral functions. 

In multiphcation, we are given two factors and asked for the 
product. In (exact) division, we are given the product and one 
factor and asked for the other factor. In both situations we have 
a routine procedure for accomplisliing our task. In factoring, we 
are given the product and asked for the factors from which it was 
compounded. Factoring, or unmultiplying, is consequently more 
difficult than the other two tasks, just as unscrambling eggs is 
more difficult than scrambling them, and chemical analysis of a 
compound is harder than compounding a substance from its com¬ 
ponents. In fact, we shall have to lean on our experience with 
multiplication in order to recognize factors, and shall develop no 
systematic procedure for factoring (except for one theorem to be 

taken up in Chapter XV). 

In fact, the question whether a polynomial has factors 
other than plus and minus itself and ± 1 is not a simple 
question and depends on what kind of coefficients are to be per¬ 
mitted in the factors. Thus by multiphcation we can verify tha 

= x^ + 1. Hence x^ + I has these hn- 


(x -f V^l)(x 


ear factors if imaginary numbers are permitted m the factors. 

X* - 2 has the factors (x -f \/2)(a; - V2) if irrational 
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Similarly 
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FAaORING OF POLYNOMIALS 


numbers are permitted in the factors. Finally x + 1 has the 

factors 2(^x + ^)i etc., if fractions are allowed in the factors. 

But neither x* + 1| x* 2, nor x -h 1 has any factors at all except 

plus and minus itself and ± 1 if we insist on integral coefficients 
in the factors. 

In thx present chapter,* tee shall usually consider only poly¬ 
nomials icith integral coejfficients and shall require factors to be 
polynomials unth integral coefficients only. 

A polynomial may be called prime if it has no factors other 
than plus and minus itself and ±1, To factor completely a poly¬ 
nomial means to express it as a product of its prime factors. 
Under the circumstances mentioned these are uniquely determined 
just as for integers (compare section 6), except for trivial changes 

of sign.t 

We shall not liave any sj’stematic procedure for determining 
whether or not a polynomial is prime. It is not hard to see that 

7 2. a: + 1, X* -}- y*, X -4- y, X* -I- xy + y*, X* — xy -f y*, 

etc., are prime. If we permitted coefficients other than integers, 

our concept of prime pol>'nomial would l)e altered, but our 
procedures would not. 

Factoring always should be checked by multiplication. 

46. Specif products. Since factoring will l)e done largely from 
experience with multiplication, it is advisable to Ijecome familiar 
with the following t>-pes of products which are of frequent occur¬ 
rence. Each can be verified by multiplication. 


(1) a(u — — x) = au — av aw — ax. 

l2) (a -b 6)(a — b) *= a* — b*. 

(3j (a + 6)» » (a -b 6)(a + 6) = a* -b 2a6 -f 6*. 

(4 > (a - by = (a - - 6) = a* - 2a6 -b 6*. 

(5) (X + 6)(x -b d) =. x» -b (6 + d)x -b bd. 

(6) (ox -b b){cx -b d) * OCX* -b (od -b 6c)x -b bd. 

It will be found convenient to memorize formula-s (2), (3), and 
i. In the case of (5) and fC) one can think mentally of the usual 
form of the work of multipUcation. Thus in the product 

0^6 

ci^d 


• la Chaptar XV 

t X 4- 3 « 


w« ahal] parmit any complex ooeffieienta 

- 2). 
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(Ch. VI, |46 


it is seen that the term {ad + bc)x may be called the sum of the 
“cross-products.” Formula (5) is merely the special case of ( 6 ) 
in which a = c = 1 . 

Note. It is important to realize that in formulas such as those 
listed above, the letters a, b, etc., unlike your instructor, will stand for 
anything (more precisely, for any quantity). For example, 

(2x -h 3y){2x — Sy) = — 9y^ 


is of the type (2) where a stands for 2x and b for 3y. Much of 
the superiority of algebra over arithmetic is due to the generality 
which is due to the fact that letters often may be used to represent 
any quantity whatever. 

EXERCISES 

Multiply each of the following by inspection: 


1 . 

3. 

6 . 

7. 

9. 

12 . 

16. 

18. 

21 . 

24. 

26. 

28. 

30. 

32. 

34. 

36. 

38. 

40. 

41. 

42. 

43. 
46. 


3a(2x -f by). 

— 2a^&(3a® — ah). 

(x + 3?/)(a: — 3y). 
(1 - 3 x 2 ) (1 33 - 2 ). 


2 . 

4. 

6 . 

8 . 

( 2 x -b 5i/)2. 
(3cx — ay) 2 

(5X2 _|_ y)2_ 


(3x -f- 2 ) 2 . 10. 

(2ax -f 6)2. 13. 

(4X2 _ 3 ^ 2 ) 2 . 16. 

(x -b 2)(x -b 6 ). 19. (x 

(w - 3)(u - 4). 22. (y 

(3x - 2) (4x -b 5). 

(x -b 2y)(3x — 2y). 

(4x - 3) (2x -b 5). 

(x2 - 3y)(5x2 2y). 

(2x2 - 3y2)(4x2 -b 5y2). 

[(x -b 2y) - 3][(x -b 2y) -b 31. 
[(2x + 1) - 3y]2. 

(x -b 2y -b 3z)(x + 2y — 3z). 
(2x - 3y - 4)2. 

[(a; -b y) 4- (w — *')][(a; + y) • 

[(x — y) — (« + r)][(a: 

(x“ -b y*)^ 

(x“ -b y*) (x** - y^). 


2 )(x -b7). 


5)(y - 

26. 

27. 

29. 

31. 

33. 

36. 

37. 
39. 


— 2a(x — 3y). 

26(x - 3y -b 2z). 

(2x -b 5y)(2x — by). 

(3 — 5xy)(3 -b 5xy). 

(5x - 3y) 2. 

(x2 - 3y2) 2. 

(x -b 2)(x -b 5). 
(x -b 2)(x - 7). 
(2x — l)(x -b 4). 
y) (2x -b 3y). 

(2x -b 5y)(3x — y). 

(2x2 - 6) (3x2 _|_ 2). 

(4x2 - 3y2)(x2 -b 2y2). 

[{x -by) - 2z][{x + y)+ 2z] 

[(x -b 3) -b 2y]2. 

(x -b y + ^)(x + y - z). 

(x — y — 3)2. 


3). 

( 6 x 


11 . 

14. 

17. 

20 . 

23. 


r)l. 


- (m - 

y) -b (u -b r)]. 

44. (x“ — y‘)2. 

46. (ax‘ -b cy-O*. 


46. Simple types of factoring. The examples of factoring 
taken up in this section are done merely by recognizing the type of 
product which fits the given expression. Tc check the factor- 
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ing, we multiply out the factors and see if we get back the original 


expression 

Case 1. 


Monomial common factor. Since a (6 


e) 


c d 

ah — ac ad — ae, we may take out the greatest possible common 
factor from an algebraic sum of terms. 

Example 1. 2x^y‘^ - 6x^y^ + 4x^y^ = 2x^y\x - Zy 2). 

Case 2. Difference of two squares. Since (a + 6 )(a - 6 ) = 

fl* til® difference of the squares of two quantities may be 

expressed as the product of the sum of the two quantities by 
their difference. 

Example 2.^ Ax^ - %y^ = (2a:) ^ - {ZyY = {2x + Zy){2x - Zy). 
Case 3. 

2ab + and (a — b)^ = a^ — 2ab + 6 ^, we may factor these right 
members by setting them equal to the left members. 

Example 3. 4^* + 12a: + 9 = (2x)^ + 2(2a:) • 3 + 3^ = (2a: + 3 ) 2 . 

Example 4 . 9x^ - ZOxy + 25y^ = (3a:) 2 - 2 • (Zx)(5y) + (5yY 

= (3x - 5?/) 2 . 

Case 4 .. Sum and difference of two cubes. By multiplication we 
find that (a + 6 )(a 2 — ofi + 62 ) = < 3^3 _j_ ^3 a,nd (a — 6 )(a 2 + a 6 + 62 ) 


Trinomial perfect squares. Since (a + 6)2 = a 2 + 


= a 


6 ®. Hence we may factor the right members by setting 


(32/) 


{2x + 3?/) (4a: 


them equal to the left members. 

Example 6 . Sa:® + 27y^ = ( 2 a:)® + 

6 xy + 92/2). 

Example 6 . 8 x» - 27y^ = (2a:)» - ( 32 /)® = ( 2 a: - Zy)( 4 x^ + 

6 xy + 9 ^ 2 )^ 

Case 5. Combination of different types. It is advisable to take 
out the greatest possible common factor first, and then apply 
whatever t 3 q 3 es of factoring seem appropriate. 

Example 7. 


2 x-’y^ - 2 x® 2/2 = 2 x^y\x* - 1) = 2 x^y\x'^ + l)(x2 _ i) 

= 2x®2/2(a;2 + l)(a: + l)(x _ i). 

It is important to note that the letters a, b, etc., in the typical 

formulas above may stand for any quantities. See the note of 
section 45. 


EXERCISES 

Factor each of the following completely, and check: 

1 . 2 ax - 6 a 2 . 2 . %x^ + 10 a:y 2 

3. 4a:*y — Bzy® 4 10 x»y 2 _ 14 ^ 52^2 _ 
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6 . 16a;® — Qy®. 


6 . 25x® - 4. 

7. 9 — 64x®y®. 


8 . 1 - 36a®x®. 

9. 144w® — 25i;®. 


10. 49m® - 121n®. 

11. 4x® + 12xy + Oy*. 


12. 25x® + 20x + 4. 

13. 16x® - 24xy + 9y®. 


14. 9x® - 30x + 25. 

16. 64x®y® — 16xy + 1. 


16. 1 - 6 x + 9x®. 

17. 4a®x® + 4a6x + 6 ^. 


18. a®x® + 2abxy + b®y®. 

19. X- + ''^ + 

a 4a® 


20 . 121 x® - 88 x + 16. 

21. 9x® — 4xy®. 


22. 8 x® - 50y®. 

23. 32x< - 18x2y®. 

24. 144x®y® 

- 643®. 26. X* - 16. 

26. 16x^ - 81y«. 

27. 27x® + 8 y®. 28. 8 p®g® + 1. 

29. 64x* — y®. 

30. 1 - 27y®. 31. x« - 64y«. 

32. 729x® - y«. 


33. 2a(x + y) + b{x + y). 

34. 3(x — 2y) — 5a(x ■ 

- 2 y). 

36. (x + y)® — 9. 

36. (2x - 3y)® - 162 ®. 

37. 25x® - 

— (y — 2 )®. 38. 4x® — (2y — 32)®. 

39. (x — 2y)® — 6 (x — 

2y) + 9. 

40. (2x — y)® + 4(2x — y) + 4. 

41. (x - 2y)® - (3x + y)®. 

42. (2x — 3y)® — (x — y)®. 

43. 2x®y® — 16x®y. 


44. 192x®y — 3x®y^. 

46. (x® + 6 x + 9) - ( 2 / - 1)"- 

46. (4x® - 4x + 1) - (3y + 2)®. 

47. (x + 2y)® + 8 y®. 


48. (2x - y)® - 8 y®. 

49. (x + 2)(x - 3y)® - 

- (x + 2 )( 2 x - y)®. 

60. ( 2 x 4 - y) ( 2 x — y) ® 

— (2x + y)(x — 3y)®. 

61. 5x®y — 80xy®. 


62. 2 x®y® - 12 x®y® + 18xy®. 

63. 3x®y + 24x®yL 


64. 2x®y2 - 162xy®. 

47. Factoring by grouping. Sometimes various terms may be 


grouped together in such a way that one of the preceding types 


then applies. 

Example 1. ax hx — ay — hy = (a + h)x — (a + 6 )z/. Now 
(a -}- &) is a common factor, so that the original expression may be 

factored into (a + h){x — y). 

Example 2. X“ + 4x + 4 — y^ ^yz — + 4a; + 4) 

- (?/2 _ Qyz + 93 ^) = {x + 2y - {y - = I(t + 2 ) + (2/ - Sa)] 

[(a; + 2 ) - (2/ - 32)] = [a; + 2 + 2/ - 32 ]f.a* + 2 - 2/ + S^]. 

It is sometimes possible to add and subtract the saitie quantity 

so that the preceding method may then be applied. 

Example 3. To factor + x^y^ + y^ we add and subtract 
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iV*, obtaining + 2x^j/^ + - x^t/^ = (x^ + - x^y^ •= 

(x® + 2 /® + xy){x^ + — xy). 

EXERCISES 

Factor each of the following, and check: 


1. ax Zx — ay - 

- Zy. 

2 . 2 cx + 2cy + dx -|- dy. 

3, x^ — Zx — xy + Zy. 

4. X® + 3x2 _ 2xy — 6y 

6 . 2 x* + 3x2 _ 43 . 

- 6 . 

6 . X® -h 4x2 + 3x + 12. 

7. x2 - 4?/2 + x - 

2y. 

8 . x^ — y^ — Zx Zy. 

•9. x2 -}- 6 x + 9 — t/2. 

10 . 3x2 _ _|_ 3 . _|_ 

11. Zx y — 6x2 _ 

2xy. 

12. 3x® -f 3x2 - X - I. 

13. x* + 4 x 1 / -h 4^/2 

— w 2 . 

- 2 « — 1 . 

14. x* — x^y + 3 xy 2 

— 3?/® 

1 

• 

16. X* — 3 x 2 y 2 -f- ^4 


16. X* — 7x22/2 _|_ y*^ 

17. X* — 6x2y2 _|- y*^ 


18. x< + x 2 + 1 . 

19. X* + 2x2 + 9. 

20 . 

X* + 3x2 _|_ 4 21. X* + 4. 

22. X* + 64. 

23. 

X* — 7x^y^ 4- 9y*. 24. 64x^ -f- y*. 

26. a(x — y) b(y - 

- x). 

26. 3a (2x — y) — 5(y — 2x) 


48. Quadratic trinomials. If a quadratic trinomial is not 
prime, it may be factored by trial, as follows. 

Example 1. To factor x® - 5x + 6 we realize that, if it can 
be factored, it must have factors of the form (x + h){x + d). 

Since (x + 6 )(x + d) = x^ + (6 + d)x + hd, we must find integers 
b and d whose product is 6 and whose sum is —5. Trying various 
pairs of factors of 6, we arrive at (x — 2 )(x — 3 ). 

Example S. To factor 4x2 - llx + 6 we realize that, if it can 

be factored, it must have factors of the form (ax + b){cx + d). 

Since (ax + 6 )(cx + d) = acx^ + (ad + bc)x + bd, we must find 

integral values of a, b, c, and d such that ac = 4 , fed = 6 , and 

ad + fee = — 11 , After trying various possibilities, we find the 
factors (4x — 3)(x — 2). 

It is important to check by multiplying out the factors, paying 
careful attention to the sum of the cross-products. 

Note. Examples of this type may be done also by the method 
of grouping. Thus, x^ — 5x + 6 may be factored by writing 

a:* — 5x + 6 = x2 — 3x — 2x + 6 = x(x — 3) — 2(x — 3 ) = 

(x — 2)(x — 3). Similarly, example 2 can be done by observ¬ 
ing that 4x2 - iix Q = 4x^ - sx - Sx Q = (4x - 3)a: - 
(4x - 3)2 = (4x - 3)(x - 2). 
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EXERCISES 

Factor each of the following, and check: 


1. X 


lx + 12 . 


4. X* — 4i — 12. 
7. x» + 9x - 36. 


2. X® + 7x + 6. 

6. x’* + 7x — 18. 


8 . _ iQk 


36. 

48y2 


10. p* + 14p + 24. 11. X* - 22xy - 

13. X* - 8x2/ - 48?/2. 14. x- - 16?/ + 48y®. 


16. 4 x* + 8x — 5. 


17. 6x2 _ 191 -I- 3. 


3. 

1 

H 

1 

H 

12. 

6. 

x2 - 17x - 

- 18. 

9. 

m2 — 10m 

- 24. 

12. 

x2 + 2x2/ ■ 

- 482/2 

16. 

6x2 _j_ 7a; 

- 5. 

18. 

6x2 4_ 5a. 

- 4. 


19. 8x2 _ 22 x+ 15. 20. 2x2 + 7x + 3. 


21. 21x2 5a.y _ 4y 


36. 


22. 3x2 _ i9xy + 20 y2. 

24. x2 - Zxy - 28?/2. 

26. (x -f 3)2 - 7(x + 3) + 12. 

28. (x + ?/)® + 9(x + y) 

29. (2x - 2/) 2 - 10 (2x - y) - 24. 

30. (3x + 4)2 - 8(3x -f 4) - 48. 

31. (x2 - 

- 10 x 2 / + 252/2) 


23. 12x2 _ 8x2/ — 152/2. 

26. (x + 2)2 + 5(x + 2) + 6. 

27. (x + yy + 7(x + y) - 18. 


6x + 9) — 5(x — 3) + 6. 


32. (x2 - 

33. 12x^y^ + 2x2y» 

36. 2xV — 10x»2/® 

37. X* + 7x2 _|_ 12. 
39. X* + 7x* — 8. 
41. X* - 8x*2/^ 


7(x — 5y) 4- 12. 


Axy*. 

12 x 22 / 2 . 


9y*. 


34. 2x2 4a;2 _ 30x. 

36. 6 x* 2/ — 27x22/2 + 12x2/*. 
38. X* - 8x2 + 12. 

40. X* — 3x* — 40. 

42. 4x" - 6x21/2 _ isy*. 


*49 Sum and difference of two like powers. The followmg 
theorems can be proved by methods taken up later; see exercise 21 , 

section 101, and exercise 19, section 142. ^ 

Theorem A. If n is any positive integer, x" - ?/” has the factor 


* Theorem B. If n is an even positive integer, - y” has the 

factor X y- - , « i 

Theorem C. If n is an odd positive integer, x + 2 / has the 

■^^^The^em D. If n is an even positive integer, neither x + y nor 

X y is a factor of x^ y"*- j u « 

Another factor, in each case, may be found by division. 

* This section may be omitted without disturbing the continuity of the chapter. 
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Example 1. x‘ 32y* has the factor x + 2y by theorem 
C. DiWding x‘ -h 32|/* by x -H 2y, we find that (x‘ + 32y‘) =• 
(x -F 2y)(x* — 2x*t/ + 4x>y* — 8xy* -f 16y*). 

Example 2. 64x* — y‘ has the factor 2x -f- y, by theorem 

B, and the factor 2x — y by theorem A. Hence, dividing by 
r2x -F y)(2x — y) =» 4 j* — we obtain the factors (2x -F y) 
i2x - y)(16x* -F 4xV + y*). The last factor can be factored 
further as follows: 16x* -F 4x*y* -F y* — 16x* -F 8x*y* + y* — 4x*y* 

- (4x» + y*)* - 4x»y* - (4x* + y* - 2xy)(4x» -F y» + 2xy). Hence 
64x» - y‘ - (2x -f y)(2x - y)(4x» -F y* - 2xy)(4x* 4- y* + 2xy). 

This example could be done also by writing tvLr* — y* =* 

(Sjt' -F y*)(8x* — y*) and factoring each of these factors by 
theorems A and C. 

Some expreasions of the form x* -F y" with even n can be fac¬ 
tored, as in the following examples. 

Example 3. x* + y* - (x*)* -F (y*)‘ » (x* -F y*)(x« - 
Example 4- x* + 4y* - x* -F 4xV 4" 4y‘ — 4x*y* « 

- 4x*y« - (x* 4- 2y* 4- 2xy)(x* -F 2y« - 2xy). 


(x*+2y*)* 


EXERCISES 

Pador tack of the foUotnng, and check: 


1. r* 4 y*. 

4. 32a»x‘ 4 y*. 
7. x*|» 4 243 
10. X* 4 64y*. 

13 


2 . 

6 . 

8 . 

11 . 


X* — y*, 


x« - y*. 
16x* - y«. 
x* - 128. 

X* - (Fly*. 

14. 


3. X* - 32y» 

8 . x* 4 32. 

9. X* 4 64. 
12. x» 4 y^ 

256y*. 


50. H.C.F. and L.C.M 


The highest common factor (H.C.F.) 
of several polynomials (with integral coefiicienta) ia the poly¬ 
nomial of highest degree, with the largest coefficients in absolute 
value, which Ls A fftctor of ftll tho (pv6n polynomi&Ls. 

To find the H.C.F. of several pol^momials, we may first express 
each of them as a {Htxiuct of its prime factors. Then the H.C.F. 
u the product of ail the different prime factors common to all the 
given polynomials, each taken the least number of times it occurs 
in any of the given pol>'nomialB. See section 6. 

Example 1. To find the H.C.F. of Gx*y* — 6xy* and 10x*y 4- 
2ar*y‘ 4* IQxy* we write fix^y* - fixy* - 6xy*(x* - y*) - 6xy(x 4- 
K)(x — y) and lftr*y 4 20i*y* 4* lOxy* — 10xy(x* 4- 2xy -F y*) — 
IQxytx 4 y)(x 4 yl. Hence the H.C.F. is 2xy(x 4 y). 
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The lowest common multiple (L.G.iM.) ol several polynomials 
(with integral coefficients) is the polynomial of lowest degree, with 
the smallest coefficients in absolute value, of which each of the 

given polynomials is a factor. 

To find the L.C.M. of several polynomials we may first express 
each of them as a product of its prime factors. Then the L.C.M. 
is the product of all the different prime factors occurring m the 
given polynomials, each taken the greatest number of times it 

occurs in any of the given polynomials. 

Example 2. The L.C.M. of the two polynomials m example 1 

is ?>0xyKx + yYix - y). w r 

The H.C.F. and L.C.M. are unique except for a factor ± i. 

The definitions and procedures here described are analogous to those 

for integers discussed in section 6. As proved there for integers, 

we mav prove the following theorem. , -j. rr • • 

If L is the L.C.M. of two polynomials A and E and if H is their 

H.C.F.,thenLH = ±AB,orL = ±AB/H. Jhis may be used as a 
check; thus iu examples 1 and 2 above we find that LH - AB 

60 x ®!/*( 3 : + ~ y'>- 

EXERCISES 

Find the H.C.F. and the L.C.M. of each of the following sets of poly- 


1 . 

4. 

6 . 

6 xV- 

8 x*j/®, 
4x + 

4 x?/ 2 . 2 . Gx^y^ 

12x22/*, 4 x*2/*- 

8 , 5x + 10. 

^ 3xy*. 

6 . 

7. 

2 x 

2 x 

3. 

— 6 , 3x 

— 4, x2 

8 . 

4x — 

12 , 2 x 2 _ 18. 


9. 

X^ 

- J/S x 2 

10 . 

12 . 

x 2 _ 

x 2 - 

9, x 2 — 6 x + 9, 

X - 2, x2 + X - 

1 

— 6 . 

11 . 

13. 

x^ 

x^ 

— 4, x* 

- 9, X* 

14. 

X* + 

8 , x2 - 4, x* - 

4x + 4. 


30. 

16. 

2 x 2 _ 

- 12 x +18, 4x2 

— 36, 2 x 2 + 4x - 

16. 

6 x 2 _ 

- 4x, 9x2 _ 4 ^ 9 x 2 _ i2x + 4. 


- 4xy. 

17. 

8 x» - 

- 2 x 1 / 2 , 12 x* + 2 x 22 / - 

4xy^, 6 x^ -+ 

18. 

3x2 _ 

- 6 x 2 /, x* — 42 / 2 , 

2x2 _ 

8xy + 

82 /^ 


19. 

3x - 

6, 4 - x2, x2 - 

- 4x + 

4. 20. 

6 ■ 

- 2x, x2 

21. 

x» - 

2 /», x2 - 2/’, 

— 2xy 




22. 

x» + 

y*, x2 - y*, x2 

— xy - 

- 2y2. 



23. 

X* — 

y\ x 2 + y2, x 2 

+ xy - 

- 2y2. 



24. 

X* — 

yS x2 - y®, x2 

+ 2xy 

- 3y2. 



26. 

9 - 

4x2, 2x2 + X - 

6, 6x2 

— 9x. 



26. 

8 r' 

- 27y*, 4x2 _ 9 y 2 , 6xy 

— 4x2. 




9. 

4. 


5.Z + 6 . 

27, - 


9, X 


2 


X 


6 


6 . 


CHAPTER VII 


Elementary Operations with Fractional Exp 


ressions 


Mnce a fractioiiAl expres>non or (fractional) rational function 
becomea a number for any allowable value of the variables, all 
definitiona concerning and operations wth fractional expressions 
are similar to those for numerical fractions. Therefore the student 


»nouia review carelully sections 7 to 11 inclusive before proceeding 

with thw chapter. Fractional expressions are also referred to as 
algebraic fractions or simply as fractions. 

61. Reduction to lowest terms. In Chapter I it was pointed 

out that a »Mm-«ero comnum facior may be either introduced itUo or 

atneeUed from both numerator and denominator of a fraction- in 
symbols, 


1 ) 


ac 

& 


provided c 9* 0. 


The same statement therefore may be made for fractional expres 
uons. \N hen all common factors except ± 1 have been cancellei 
from numerator and denominator of a fractional expression, it L 
^d to be reduced to lowest terms or expressed in simplest form 
Hence to reduce a fractional erpreeeion to lowet terms, expres, 

and denominator as products of their prime factors anc 
cancel common factors. 


Example 

Example 


(ix*yx* 


ay 


> + 1 2 (x - 4)(x - 3) 


4 


x*-.v + 6 (X - 2){x - 3) ’ 

- ote that the expression obtained by reducing to lowest terms 
» not always quite the same function as that with which we start 
^us m ex^ple 1. the reduced fractional expreedon is defined, and 

* V expre.- 

m m undefined for such values of the variable. Similarly in 

vahie**^rf**** fractional expression is defined and has the 

r - a onginal expression is undefined for 

•’'•riookad without fear by the beginning student. ^ ^ 
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Recall that 


a 


a 


^ while 
0 


a 


a 


__ „ - _ r (see (4), section 

jj -b b -b b ^ 

10). It follows that, if we think of three signs attached to every 
fraction, one before the numerator, one before the denominator, 

and one before the entire fraction, as + any two of the three 
signs may be changed without altering the value of the fraction. 

^ X ~ y X - y 1 

Example S. 


x) 


X 


y 


2(x - y) 

EXERCISES 


2 ? since 


{y - 


Reduce to lowest terms, leaving the answer in faxtored form: 


1 . 


6 . 


10 . 


12x 

15x 

16xj/^ 

20xy®’ 

16 x 2 y( 2 x 


2 . 


7. 


12xj/*(2x — y) 


12y 

7(a + b) 
8a (a + b) 

11 . 


3. 


15x^1/ 


4. 


18x*j/ 


ISxy^ "■ 22x1/ 

Aa\x + 2y) 

8 . - 


6 . 


2lax^y* 
24a *xj/ 

12 x* 2 /(x — y) 


13. 


X 


y 


14. 


8a (x + 2y) 

3x + 3xy 
4 + 4i/ 

2x2 _ 2y^ 


12 . 


19. 


22 . 


26. 


3x + 3y 

3.2 — 64 t /2 
+ I6xy + 64i/2 

2x2 _ 7a; + 3 

2x2 — \2x + 6 

x» + 8y2 

— 4i/2 

— 2xy + 2/® 


17. 


20 . 


23. 


X 


28. 


31. 


xy - x 2 

X* - y * 

(x2 + 2/2) (y 
2x2 8 y 2 


26. 



29 


24y 


3 


3x2 


32. 


3x - 

32/ 

4x2 

- 12x 

- 

X — 6 


- 7x - 3 

12x2 

- 16x - 3 

2y - 

2x 

— 

y^ 

— 

7x + 12 

8 

- 2x 

6x2 

- 35 + af 

15x2 4 - 14 - 41x 

15 - 

■ 13x + 2x2 

2x2 - 

- 16x + 30 


16. 


9x2/(x — 
Ax^y — 2x7/ 
6x — 3 
x2 - 6x + 9 


y) 


18. 


X '^ - 
X2 + X 


9 


12 


2x2 8x 


21 . 


X 


y 


X 


3 


2 / 


24. 


27. 


30. 



By 


62 . MultipUcation and division of fractional expressions^ 
deanition 4 (section 7), lU product of two /roctions M 

derwmiruUor is the product of the two gtvert denomxnatore, m s>'inbo 
2 . ' = Hence to multiply two fractional expressions we have 

only to follow this procedure, and then, in order ^ “tjol 
in simplest form, reduce to lowest terms as m the preced g 
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2 y 

Example 1. j 


9 

4 


2 • 3 

3 • 2 


3 

2 


3 

2 


Example 2. 
Example 3. 


2x*y^z Qxyz 


Sy 


Sxy^z^ 4x^z 2z^ 


X 


5x -|- 6 x{x — 3) 


X 


6x + 9 X 

(x - 


— 4x + 4 
2)(x — 3)x(x 


3) 


2 ) 


(x - 3)(x - 3)(x - 2)(x - 
By theorem 2 (section 7) the quotient of two fractions 
obtained by inverting the divisor and multiplying. 


X - 2 
may be 


Example 4 . | -5- ^ = I ’ T 


4 


9 


2 

3 


9 

4 


3 

2 


E^mpieS. = 


1 


Example 6. 


4z® 

X® 


2z 

5x + 6 


4e* Qx’^y 


Ayz 


4 


X 


X 


X 


6 


{x 


X 

2)(x 


* + 4x + 4 

- 3) (x + 2)( x + 2) 

^^- -- ~ — 


(x - 3)(x + 2) -(x* - 4) 

_ (x - 2)(x - 3)(x + 2)(x + 2) 
(x - 3)(x + 2)(x + 2)(x - 2) 


1 . 


EXERCISES 

Perform the indicated operations and simplify: 




15 

12 




12 
5 


6. (3 + 6x) • I 


7. 


9. 


4 


3. 4 - - 

ab + ac 

2a2y 


2 4 A 

3 10 
36 + 3c 


6 . 6 . 


2x 


(x + 2). 


10 . 


Aay* 
2x* 


8 . 


2x 


4xy 9z^ 
3z 8x*y* 
6 3x — 9 


6 


18 


3x 


(x + 3). 


11 . 


2 


13. 


x2 - 5x + 6 

15a»62c 50*630* 


(x - 3). 


12 . 


2x*i/ 3x* + 15x 


X + 5 


15. 


17. 


2xyz^ 

X + y 

X A-2y 

X- + X 


6x*y2* 
‘ - 4y 


14. „ 


Qx^yz 


35a*6*c 


X 


2 


y- 


16. 


X 


2 


6x»y* 
SQxy'z^ 
14a * 60 * 
3x* 


6 


X* — X 


2 


X* + 3x* x» - 5x + 6 


X" - X - 12 X 

X* + 5xy + 6«/* 


18. 


3x — 4 


9j/* 


19. 


- y 

xy 


x- 


6y 


4y 


2xy — Zy^ 

- Sxy + 15y* 


3 


2x*j/ 
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2x - 3 


+ 5x 


20. 


• 

- 9 

x2 + 8x + 15 




21. 

1 

— 4x2 

2x — x2 

9 

2x2 

- 4x 

2x2 _ 

- 7x + 3 

6x2 + I3x + 5 

• 

CO 

H 

1 

H 

1 

22. 

X2 — 

xy — 20y‘ 

^ x^ + 5^2/ 

x^ 

- xy — 

22/2 

X2 + 

2xy — 8 (/' 

2 x2 _ 252/2 • 


X + y 



3.3 _ 

- 2 /® 3x^ 

+ xy — 22/2 

(X' 

2 - 1 - ri/ 4- 

23. 

9x2 . 

- 4j/2 

x2 — 2/2 


1 M ^ 

24. 

X2 + 

7x + 10 

x2 + X - 6 

x2 

+ 5x + 6 

X2 - 

- 5x + 6 

x2 - 25 ■ 

x^ 

- 3x - 

10 


X2 - 

- 4x + 4 

“ 6x + 9 

X 

% 

2 - 5x + 6 

26. 

X2 — 

lx + 12 

X2 — 4 

1 

X 

2 - 2x - 

- 8 

26. 

4x2 . 

— 4x H" 1 

x2 — 4 


2x2 

■ 3x + 

3x2 + 4a; _ 4 

3x2 + 13a; _ 10 

^ 9x2 _ 

12x + 




2x2 

— 

3x - 2 


27. 


2x2 3a; 


x^ 

- 4 


x2 - 

4 ’ x2 ■ 

- 3x - 10 




x2 — 3x 

- 10 







2x2 

— xy + 

y* 


28. (a) 


2x* — xy — y 


X 


y 


Q>) 


y 


2i2 + Zxy + y 


29. 


2x2 + Jxy + J/2 

6x2 _|_ xy — 2t/2 
4x2 _ 7jy — 2y2 

4x2 _ y2 


30. 


X 


4?/ 


2ax2 .j- 2bx 

3ax2 _ 6abx + 3a5* 

ax2 + abx + bx + 

- 62 


63 Addition and subtraction of fractional expressions. By 

section 8, to add or subtract two or more fractions hanr^ tfw same 
, ..... iho irnriinii. whosc numerator ts the alyebraic 


numerators 


denominator. 

Example 1. 
Example 2. 


Example 3. 


2 + 3 
6^6 
2 3 

6 6 
3 

X + 3 


2 + 3 



5 

6 


6 


3x 


X + 3 




X + 3 


X + 3 
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To add or subtract two or more fractions having different denomi¬ 
nators, we express the given fractions as equal fractions having a 
common denominator, by multiplying their numerators and denomi¬ 
nators by suitable factors, and then proceed as above. 


Example 4- 
Example 5. 


1,1 1 • 2 3 • 1 

3'^2 3-2'^3-2 

1 1 _ 1•3 2-1 

2 3 2-3 2-3 







( 


Example 6. 



2 

X + 2 



X - 2 x + 2+(a;-f- 2)(x - 2) 

x{x + 2 ) 2{x - 2) -8 

{x - 2){x + 2) (:r - 2){x + 2) + {x + 2){x - 2) 

x{x + 2) - 2{x - 2) - 8 _ a;* - 4 

+ 2) {x - 2) “ {X + 2){x - 2) 

{x + 2)(a; - 2) _ 

{x + 2){x — 2) 


By the least common denominator (L.C.D.) of several fractions 

IS meant the L.C.M. of their denominators. It is usually desirable, 

although not essential, to use the L.C.D. in obtaining the algebraic 

sum of fractional expressions. In any case answers should be 
reduced to lowest terms. * 


EXERCISES 

Perfarm the indicated operations and simplify: 


*• ^ + n “ 

7. i + A _j_ £, 

a ^ 3a ^ 3 

10.3 + 21 

X y z 


8 

15 


2 . 


5 


7 


8 . 


13. 


— 1 3x 

^ + T 


11 . 

2x - 3 


2x 


16. 


17. 


X 

X 


2 

2 


+ 


2 


2x - 1 


+ 


X - 5 

X 


X 


1 


3 2x 


12 

12 12' 

3. 

X 

5a: 

2x 


2 ■ 

■■6 + 

3 

6. 

2a 

5 

3 


3 

6a 

2a 

9. 

4 

3 

X 


3x 

2x2 

6x^ 

12. 



2x — 

1 3 


14. 

3x2 

^ 2x 


16. 

X 

1 

2 

X + 1 

X — 

[ 

■ 18. 

1 

, 1 

- 1 

X - 1 

+ 

X — 


2^4 

^ X 

4 "’■g 
1 _ 1 
a b 

2 X 

— -f- - 
3x ^ 3 


3 

8 


3x 
2 


1 
2x2 


3 


2x2 


2 


2 
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19. 


y X + y 


21 . 


X + y X — y 
' + ' 


20 . 


2x — y _ X + 2y 
X — 2y 2x — y 


{x + aY ' x^ — 

1 1 


23. 


2 . 3 

22 . —^ + 


5x 


X — 3 x^ — 5x + Q 


26. 


3 


2 


X 


X 


2 X 


1 


+ 


24. 

1 


X + 2 
1 


X 


2 3 

1 


4 


X 


4 X 


7x + 12 


X 


26. 


1 


1 


+ 


3a: + 2 

1 


X 


4 x^ + 2x — 8 x^ + 6x + 8 


27. 


29. 


30. 


1 

^ 9.R 

x2 - 15x 4- 54 

36 

— 

* 

1 


^ - 1 - 

x^ - 3x2/ + 2y^ 


— 4 x 2 / + 32/“ 

X -2y , 8 x 2 / 

1 

I . .0 

X + 2y 


+^+ ' 


X® — 4 


2 — X X + 2 


1 


X 


2 — 5xy + 6j/ 


X + 22/ X 


42/ 


X 


31. 


32. 


33. 


34. 



1 


1 

1 

2 


x2 

— 5x -}- 

6 

+ x2 

- 3x + 2 

— 4x + 3 

4a^ 

X 

+ a 

a — X 




- -2 + 

a 

— X 

X + a 




x-2 



X 4- 4 

X — 

4 

x* 

- 2 x - 

24 X 

2 + 8 x + 16 

" x2 - 2 x 

- 8 


X + y 


1 

y + 1 

+- 

X + 1 

(y 

- 1)(2/ 

— 

X) + 

(x - 1)(2/ - 

1) ^ (X - 

■ y){x 




1 ) 


64. Complex fractions. By a complex fraction is meaixt a frac¬ 
tion whose numerator or denominator or both contains one or more 

fractions. 


Example 1. 


2+0 

-- is a complex fraction. 

1+1 


To evaluate a complex fradion, we vmy perform tlw indMed 
operations in the numeralar and in the denominator, and then divioe 
the resulting numerator by the resulting denominator. 

Thus in example 1, we may write 


7 

3 

5 

3 


7 3 
3*5 


7 

5 
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Note that, to avoid ambiguity, we make some fraction lines 
longer or heavier than others. Thus 



while 




a 1 _ a 
b c be 


a c _ ac 

I'b ~~b 



1 _ 1 y — X 

ExampU e. f-?_ . _JV_ ^ V-x 

i -j_ _ y + ^ xy y X y + x 
X y xy 

Another procedure, sometimes expedient, is to multiply both the 
entire numerator and denominator of the given complex fraction by a 
suitable Quantity. Thus in example 2 we may write 


1 _ 1 

^_ y . ^ ^ y - X 

11 xy y + x' 
x'^ y 

This amounts to multiplying the given complex fraction by 1. 

The algebraic sum of one or more integral rational expressions 

(or polynomials) and one or more fractional rational expressions 
is often called a mixed expression.* 

2 

Example 3. x + 3 + "is a mixed expression. 

To evaluate a mixed expression, we may write the integral part 

over the denominator 1, and proceed in the usual wav Thus in 
example 3 we write 


X + 3 
1 





(x + 3)(x — 

X — 1 

x^ 4- 2x — 1 

X — 1 




sxpi^ion should be distinguished from the look on s student’s fsc. 

“P" ot-wLed’’ 





















1 12 OPERATIONS WITH FRACTIONAL EXPRESSIONS tCh. vii, §54 


EXERCISES 


Reduce each of the following to a simple fraction in lowest terms: 
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26. Find the value of 


y. 


X ->r y 


m terms of a if x 


a 


1 + a 


ana y 


1 — a 


a 


27. Find the value of 


y . 


X + y 


in terms of a and 6 if z = 


a 


a + 6 


and 


h 


V = 


a 


28. 1 + 


1 


a + - 
a 


29. 1 + 


2 


a + 


3 


30. 1 


2 


a + - 
a 


a + 


3 


4 

a - 

a 













CHAPTER VIII 

Linear Equations and Linear Functions 

66. Solution of linear equations in one variable. A root of 
an equation in x is a number which satisfies the equation, or con¬ 
verts it into a true statement when substituted for the variable x. 

To solve an equation means to find all its roots. 

Note. Not every equation has a root. Thus x = x 4- 1 and 

- = 0 have no roots at all. 

X 

A linear equation in x is one that can be written in the standard 
form* ax 4- 6 = 0, a 5 ^ 0, where a and b are constants. 

The technique of sol\4ng an equation is to manipulate it so 
that the variable or unknown stands alone on one side of the 
equation. In the case of a linear equation, this can always be 
done with the help of axiom XIV, section 17. That is, if equals 
are (a) added to, (b) subtracted from, (c) multiplied by, (d) 
divided by equals, the results are equal. (See section 29.) 

Example 1. Solve 


( 1 ) 


3x — 1 = X -b 13. 


We reason as follows. 


this 


2x = 14 


will also satisfy 

( 2 ) 

which is obtained by transposing, or by adding one to both sides 
and subtracting x from both sides. But this root will also satis y 
+.hp. pmiation obtained by dividing both sides of (2) by 2. Ihus 


X 


7. 


(3) 

We have thus proved that if x satisfies (1), then x must be 7. 
This means that 7 is the only possible candidate for the position 

of root. But does it prove that 7 is a root of ^ ^ 
the proposition “if x = 7, then it satisfies (1).” But this is t 
converse of what we proved, and it is well known that a corre 
proposition may have an incorrect converse. For example, 

* See section 30. 
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is a donkey, then x is a mammal’^ is true,’ but the converse 
a: is a mammal, then a: is a donkeyis false, as every reader can 
testify personally. Therefore we must prove the converse- This 
can be done either by verifying that each step of the reasoning 
above is reversible (see sections 28 and 29), which is the case in 
example 1, or, more simply, by substituting 7 for x in the original 

equation (1). Thus, 3 • 7 - 1 ^ 7 + 13, or 20 = 20. Hence 7 is 

a root and certainly the only root. 

The process of substituting the candidate or candidates for the 
title of root in the original equation is often called checking the solu¬ 
tion. This unfortunately suggests that it is a superfluous operation 
designed only to allay the insecurity of the student. We have seen 
that it is an essential part of the work, unless all steps used are known 
to be reversible. The student should check every solution. 

bX X 

Example 2. Solve ^ — 3 = ^ -f- 10. Multiplying both sides 


by the L.C.D. 6, we obtain Ibx - 18 = 2x -|- 60. Transposing, 
we get 13a; = 78. Dividing both sides by 13, we get a; = 6. 
Hence 6 is the only possible root. Checking, we find that 6 is a 

+ • 5 ■ 6 „ 6 

root, since -3 = ^ -1- 10, or 12 = 12. 


EXERCISES 


Solve and }sheck: 

1. x + 3 = 7. 


2. X - 3 = 7. 


6. 3x + 2 = 

7. 3® -f 5 = 
9. 3 - 2® = 

11. 2® -f- 4 = 

12. 3(® + 4) 

13. 2y - 15 

14. 62 -t- 4(z 

16. 2(® -I- 3) 

17. = 

2^4 


= ® -f- 6. 

= 2(® -f- 7). 

= 3(5 - 2®). 

^ 3(-2® -I- 5) - 27. 
= 2(2 — 3®) -f- 6® ■ 
= 5y - (y + 5). 

- 1) = 3(2 -b 3) - 
= 4® -b 1. 


6 

8 

10 , 


3. 3® = 12. 


6 ® — 3 


® 


4. ;r = 4 


3 


= 9 — ®. 
5(® - 2) = 2® + 5 
2 + 3(® + 2) =4® 


1 . 


20 . 


16. 5(® - 2) = ® + 2(® -f- 1). 


2 ®-b 


18 


® -b 


19. 2(® - [2x -b 1] 


3)=2-bl. 


21 . 


3® 


20. ® -b (2® - [3® - 4]) 


1 X 


4 2® -b 1 


® 

3-b2 


-- X 2x 

22 .--b- 


1 


2 


4 


2 


6 


X — 5. 









r 
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27. X - 
29. 3x — 


5 

12 " 
0.2 




24. 


28. 


5x 
6 


1 

2 


3 

2 


X 

6 

2 x 


26 + 2 
3 + 2 - 3 


3x 


2 


2 x 

3 


= 3 


1 

6 


2 


30. 4.08 - 6x = 5.2 - 4x. 



66. Equations leading to linear equations. Frequently an 
equation, not linear itself, leads to a linear equation. 


Example 1. 


Solve g + i 


-• Multiplying both members 


by the L.C.D. 30x, we get 5x + 3x = 30, or 8x = 30, or x = 

30 15 15 

This proves that is the only possible root. To show 


8 


4 


1 


that it is a root, we check by substitution: g + 


1 


1 


10 15/4 


or 


A _ ± 

30 15’ 

Example 2. Solve _ 2 = x — 2 Multiplying both sides by 

the L.C.D. X — 2 we get 2x = 4, or x = 2. This proves that if x 
satisfied the original equation, then x could only be 2. But check¬ 
ing by substitution reveals that 2 does not satisfy the original 
equation, since division by zero is excluded. Hence the given 
equation has no root at all. 

Recall that multiplying both sides by a quantity involving 
unknowns is not always a reversible step and may lead to non- 
equivalent equations as in example 2. Compare section 29. 
Therefore checking is an essential part of the solution in such a case 
and not merely a superfluous operation designed to reassure the 

student. 


Solve and check: 


EXERCISES 



1 2 

3 

2 . 

5 

1 . 

—1 -h 

- = 2. 

— 


X X 

X 


X 


2x - 1 

3 1 

4. 

2 

3. 

2 x 

= x + 2 

X 


1 

2 

6 . 


6. 




1 


6 

1 = - 
X 

12 -h X 


9x 


3 


2 


4 

I 

9 


X 


2 X - 3 
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7. 

9. 

10 . 

11 . 


13. 

16. 

16. 

17. 

18. 

19. 


20 . 


21 . 


2 x 

10 

• 

o 

6 x 

18 

X — 

5 X 

- 5 



X — 3 ’ 

■ X - 3‘ 

x(x 

- 3) + 4 = 

= x2 - 2(x + 4) 

• 



(x - 

- iKx 

-2) 

= (x + 3)(x - 

4) - 

- 3(x — 

1 ). 

X + 

X — 

1 z 

2 ” X 

- 3 

- 4 

1 

12 . 

2 x - 1 

X - 3 

2x + 4 

X + 4 

3 

-4- ■ 

6 

5 

1 A 

1 

2 

2x + 3 ‘ 1 

6 x + 

9 “ 9' 


x2 — 4 

~ 2x2 - 3x + 4 

(x - 

- 2)2 = 

^ (x - 

- 3)2. 



(x + 2)2 = 

(x - 

- 5)2. 




3(x ■ 

- 2)2 = 

= (x 

- 2 )(x + 2) + 

2 (x 

+ 3)2. 

• 

(2x ■ 

- 3)2 - 

- (x 

- l)(x - 3) = 

3(x 

+ 2 )2. 


2 , 

a; + : 

2 

4 




x + 

x(x — 

2 ) ~ 

• 

cq 

1 1 




2 


1 

1 _ 1 


1 


X — 

1 2 (x - 

1 ) ' 2 (x - 3) ■ 

~ (x 

- l)(x • 

-3)‘ 


2 


5 




22. - 


5 


7x +3 
2 


5x2 - I7x + 6 


3 


X + 1 


24. 


X 

X + 2 X + 3 


1 


23. 


7 


9 


2 


X 


2 


3 


X 


9 


26. 


X + 3 
3 


X + 2 

3 


+ 


x2 + 5x + 6 
5 


26. 


27. 


X + \ x + 2'2x + 2 
4y - 3 ^ 7y - 2 
y + 2 y — 3 

4 3 3 


0 . 


3. 


28. 


1 2(x 

4 


3 


1 ) 

+ 


2 (x + 1) 
4 


X 


1 


1 


~ 2)(x + 3) 5(x — 2) 


X 


+ 


4 


2 5(x + 3) 


67. Literal equations and formulas. The operations of adding 
-'mbtracting, multiplying, or dividing equals with equals may be 
used to solve linear equations with literal* coefficients. 

Example 1. Solve ax — b = cx + d for x. 

Solution. Adding h to both sides of the equation and sub¬ 
tracting cx from both sides, we obtain ax — ex = h -{■ d, ov 

(fl c)x = 6 -}- cZ, 

obt^ffing ^ ~ ^ ^ ® ^ divide both sides by a - 

* That is, coefficients which are unspecified quantities. 


C, 
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b + d 

X -- 

a — c 

The reader should check this solution by substituting in the 
original equation. 

This sort of manipulation will arise frequently in the student’s 
scientific studies when it is desired to rearrange formulas connect¬ 
ing two or more quantities so as to express a certain one of them in 
terms of the others. 

Example 2. Let F be the number of degrees Fahrenheit and C 
the number of degrees Centigrade. Then F = f C + 32. Solve 

this formula for C in terms of F. 

Solution. Subtracting 32 from both sides, we have 

= F - 32. 

Multiplying both sides by f, we have 

C = UF - 32). 


EXERCISES 

Solve the following equations for x, stating any conditions which become 
p.ssarv to avoid division hu zero. 


1. 2 ax 
3. 3a - 
6 . 3ax 


■ Zab 
2 x = 

■ 2 b ■■ 


7. 2(ax — Zb) 
x + 5 2 


■ lab. 

■ — 66 . 

7b - 1 - 6 x. 

= 6 (x - 5). 


9. 


„ = - + a, where a 9 ^ 0 . 

3a 0 


11. 2 ax + b^ = 

X — 6 X 

13. - 


4a^ bx. 


a 


a 


b 


1111 
16.-“ - - T 

a X X o 
16. (x -b a)» 

1 


2. Zx — c = X + 5c. 

4. 6 ax “b 3ab = 3ax -b 606 . 

6. ax + c = d + bx. 

8. 3ax — 4a’“ = I2a^ — 5ax. 

3a — X X — 3a 

10 . ^ - 3 

12. 4ax -b 6 * = 16a* -b bx. 

14. a(a — x) = 6 (x — b) — 2 ab 


(x — 6 )* = 2 a(a -b b). 


17. 


+ 


1 


b 


0 . 


18. 


X — a X — 

Solve each of the following for y: 

= 4. 


X 

ab 


X 1 

t 

be ac 


19. 2x + Zy ^ 

21. 2x + 52/ - 2 = 3x - 2r/ -b 5. 

22. 5x - 2y + 1 = 3x -b 3i/ -b 11 ■ 


20. 3x - 22 / = 6 
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23. Ax + By = C. 


^ V 

a 0 


1. 


Solve each of the following formulas for the indicated letter, all letters 
being understood to represent positive quantities: 


25. pv - 
27. A = 
29. P = 
31. C = 
33. V = 

36. F = 


■ c for p. 
kbh for h. 

21 + 2 w for w. 
|(P - 32) for F 
krrr'^h for h. 

r, ‘inim2 . 

tr „ for mi. 


n 


39. nE = 7(P + nr) for r. 


41. 


43. 

46. 


diWi = d 2 W 2 for W 2 . 

P - 


c = 


V 


pt 

P = Pi — c{h 


for t. 


46. T 


= r.( 


— hi) for h. 
n — 1 h\ 
n Ao/ 


26. 

28. 

30. 

32. 

34. 


36. S 


I = PRT for T. 

A + B-\-C = 180 for C 

d = fQj. g 

A = ^h{B + h) for B. 

A = P(1 + rt) for r. 
a — rl 


1 


for r. 


3T. 5 — 2 [2a + (n — l)d] for d. 38. 


Vi P 


V 


40. I = 


Pi 

E 


for Pi. 


r + 


R 

n 


for n 


42. S = 2irr(r + h) for h 

P 

44. ^ H— = H for c. 

c 


for h 


1 


5 “ + c, 


48. V 


€o \ri 


T 2 



for ra. 


^68. Graph* of a linear function. Consider a Hnear function 
y - + h (a 0) with real coefficients. It can be proved! 

that the graph of a Unear function in x with real coefficients is an 
obhque straight Une, that is, one which is parallel to neither axis. 
{xi,yi) and {X 2 ,y 2 ) be any two points on its graph; that is 


2/1 

2/2 


ciXx “f~ 6 

CIX 2 H” 6. 


student should review sections 34 and 35. 

section Fundamentals of Mathematics, Mac 

n oO, or textbooks on analytic geometry. 


Lilian, 1941, 
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Then yz — yi = a{x 2 — Xi), or* 



yt Vx 

X2 — Xi 



The constant a is called the slope of the line, since it represents 
geometrically the ratio of vertical rise over horizontal progress 
toward the right (Fig. 23), or the vertical rise per unit of horizontal 
progress toward the right. 


y 



Fi3. 23, 

Example 1. The graph (Fig. 24) of the function y = 2x + 4. 
rises 2 units per unit of horizontal progress toward the right. 

Example 2. The graph (Fig. 25) of the function y = - ix + 4 
sinks 1 unit (rises — 1 unit) for every 2 units of horizontal progress 

toward the right. 

These examples indicate the fact that a line with positive slope 
rises as it goes to the right, while a line with negative slope sinks 

as it goes to the right. 

The constant h is called the y-intercept of the line y = ax + o, 
since, by substitution, it is clear that (0,6) are the coordinates 

• Since a linear function is single-valued, two different points on ite graph must 
have different i-coordinates. Thus x, or x, - x. ^ 0; hence dmsion by 

it permissible. 
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of the point where the graph intersects the 7 /-axis. See Figs. 

23, 24, 25. 



Fis. 24, 

Let two oblique lines have the equations y = aix + h and 
y = a 2 X 62 respectively. If ai = 02 and 61 = 62 , then the two 
lines are clearly the same. If ai = a 2 and h\ 9 ^ 62 , the two lines are 


y 



parallel. The proof is left to the reader. {Hint: consider the 
geometrical meaning of slope as vertical rise over horizontal 
progress toward the right.) 

The solution or root of the equation ax b = 0 is x = —b^a 
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which is the x~coordinate of the 'point at which the graph of y = ax b 
intersects the x-axis. See Figs. 23, 24, 25. This point is called the 

x-intercept of the line. 

Example 3. Solve the equation 2x + 4 = 0 graphically. 
Solution. From the graph (Fig. 24), the solution is x = -2, 

since the line crosses the x-axis at x = — 2. 

Example J^. The solution of the equation - -|-x + 4= 0is 

seen similarly to be x = 8 (Fig. 25). 

It can be seen from the graph that equation (1) above means 

that the linear function y = ax 4- 6 indicates that the variable y 

has a constant rate of change a with respect to x. That is, the 

change in y induced by a change in x is always the same constant 

a times the change in x. 

Since a straight line is determined by two points, plotting two 
points suffices to draw the graph of a linear function. A third 
point is desirable as a check; if the three points do not lie on a 

straight line, an error has been made. 


EXERCISES 


Plot the graph of each of the following functions: 


1. y = 2x 1. 

3. 2/ = + 1- 

6. y = — 2x -f- 1. 

7. y = — ^x -t- 1. 

9. y = X. 

11 . y = 2x. 

Solve each of the following 
the graph: 


2. 2/ = 2x — 1. 

4. y = — 1. 

6. 2/ — —2x — 1. 

8. y = — \x — 1. 

10. y = —X. 

12. y = — ix. 

equations algebraically and check by plotting 


13. 2x - 6 

16. + 3 

17. 5 - 2x 


19. 

21o 

22 . 

23. 

24. 


3 


4x 


0. 

14. 

3a: 

- 6 

= 0. 

0. 

16. 

■ 

- 2 

= 0. 

0. 

18. 

1 - 

- 3x 

= 0. 

0. 

20. 

1 

■ XX 

= 0. 


—I— ^ - A. 

ax + 2 passes through the point (2,6). 


Find h. 
Find a. 


The line y = 

The line y = — . . - a r-i q\ 

Find the slope of the Une passing through (1,2) and 

Find the slope of the line passing through (-1,2) and (1,4; 
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Write an equation of the line satisfying each of (he following conditions: 


26. Passing through (3,2) ^nith slope 4. 

26. Passing through (2,3) with slope 1. 

27. Passing through (-1,-3) with slope 

28. Passing through (-3,3) with slope -1. 

29. Passing through (1,2) and (3,8). 

30. Passing through (-1,2) and (2,-1). 

31. Passing through (0,4) and parallel to y = 2x — Z. 

32. Passing through (0,-3) and parallel to y = + 1 . 

33. Passing through (-2,0) and parallel to y = - + i. 

Passing through (3,0) and parallel to y = - 1. 

Ha\ing x-intercept 3 and ^/-intercept —6. 
na\ing x-intercept —3 and y-intercept 6. 

37. ShoH- that the points (1,2), (3,8), and (4,11) are on the same 
Straight hne. 


34. 

36. 

36. 


38. Show that the points ( 
straight line. 


1,-2), (1,1), and (3,4) are on the same 


69. System? of two linear equations in two unknowns. The 
general linear equation in x and y may be written in the form 

Ax By = C where A, B, and C are constants and where A and B 
are not both zero. A solution of such an equation is a pair of 
values, one for x and one for y, w'hich satisfies the equation In 
genera.] a single equation in more than one unknown may have 
i^nitely many solutions. For example, x + y = 7 has the solu- 
tio^ (x = 1, y = 6), (x = 2, y = 5), (x = 3, y = 4), (x = -l 

y o), etc. No matter what value we choose for x, that value 
together rrith the value y = 7-x will con.,titute a solution. 
Therefore there is httle point m asking one to “solve” such an 
equation. But if we have two such equations, one ma/ask 
whether they have a common solution, and, if so, w^hat it is. A 
common solution of two or more equations in two - ...-i— . 

IS caUed a solution of the system of equations, 
of equations 


Thus the system 


( 1 ) 

( 2 ) 


^ y 

X - y 


7 

1 


bas the .solution (x = 4, y = 3) and no other solution 
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The technique of solving a system of two linear equations hi 
two unknowns is to reduce it to one equation in one unknown by 
eliminating one of the unknowns. This may be done by substitu¬ 
tion, as follows. 

Example 1. Solve the system of equations (1) and (2). We 
reason as follows. If x and y satisfy (1), then they also satisfy 
y — 7 — X. Substituting tliis in (2), we have x — {7 — x) = 1, or 
X — 7 + X = 1, or 2x = 8, or a; = 4. Then y=7-x = 7- 4 = 3. 
This proves that if {x,y) satisfy the system, then x can only be 4 
and y can only be 3. The converse is also true, since all steps taken 
are reversible. Nevertheless, it is desirable to check the converse 
by substitution in both equations. Thus 4 + 3=7 and 4 — 3 = 
1. This illustrates the first method for solving systems of two 

linear equations in two unknowns x and y. 

Method oj elimination by substitution, (a) Solve one equation for 

one unknown in terms of the other, (b) Substitute this expression 
in the second equation, thus obtaining an equation in the other 
unknown only, (c) Solve this equation for the other unknown, (d) 
Substitute this value in the expression obtained in step (a), thus 
obtaining the value for the first unknown, (e) Check by substitution 

in both given equations. 

Example 2. Solve the system 

(3) 2x + 3?/ = 13 I 

(4) 5x — 2!/ = 4. I 

_ 2x 

Solution, (a) From (3), we obtain y = - 3 -(&) Substi¬ 


tuting this in (4), we obtain 5x 


13 — 2x 
3 


15x 


26 + 4x = 12, or 19x = 38, and x — 2. id) y 


4 . (c) Then 

13 - 4 _ 
3 


3. (e) Checking, 2 • 2 + 3 ■ 3 


13 and 5 • 2 


(e) LJnecKing, • z, -r o u — ^ 

A second method, often more convenient, will be illustrated by using 

it to solve example 2. , . , ^ „ 

We obtain equations equivalent to (3) and (4) by multip ying 

them by any constant except 0. Let us multiply both sides of (3; 
by 2 and both sides of (4) by 3, obtaining 


and 


4x + 6 , 7 / 
15x — 67 / 


25 \ 

12 . ) 


Since if equals are added to equals the results are equal, we may 
add the left members and right members of these equations ann 
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oteija tlie eqaatioD 

Idx - 38. 

H«o«e X » 2. 

SuniUr ijr, multi{d>'inc (3) ainl (4) by 5 and —2 re»perti\*ely, we 

obtain 

lOtr ISy - 85 I 

-lOx + 4y - -8. I 

Addinc tbeoe oquatioos, we fet 

l«y - 57. 

Heoec y «• 3. The ehnrk if ae above. 

Thie lUustrataa the aeeaod method for aolWny »>'stems of two 
linear eqtiatiotia in two unknown*. 

l/ctW of oiiminaium by and adding, (a) MuUipty 

Utk og%ttdum» by eonatanf* ckooon to that tht corjlrtenix of ono 
unknown hfecmo mogatiees of oaek ofAer. (b) Add tko reoulting 
•gn Mi omo, tkaa titminaiing ono unkmntn. (r) Scim tko roouUing 
ognahomfor tko aikor nnbuotm. (d) Ropoat tko proeoot wifA tAe roloo 
^ tko nnk nmono tniorokangod, ooking for tSo jirat unknown, (e) 
Ckodt by oukotUuting in both oguationo. 

Another UM^hod of eolvinf • 3 rstMn« of iincar equation* will be 
taken up in Chapter XVI. 


EXERCISES 



L 


A 


7. 


A 


2r ^ Sy 

Ix + y- 

ir 4- ay 
X 4- ay • 

2x -ly 

&r 4- ay 

ax-Jy 

X 4- 7 — 


4. 

13. 

I. 


13. 

A 

13. 


IL 


r-V. 

X 4- ay - 1, 

4»-ay4-a 


13. 



r 

a 

y 

A 


7 

r 

I 

? 




A 


2^ - 3y - 1, 


A 


A 


a* 4- y 
f3x4-4y 

|x4-ay . 

2r -3y 
3r 4' 3y 


7. 


A 


a. 


2 


A 


2x 4- 6y 
* 4- ay « 

3x - y - 
A* 4- y ■ 


to 


a. 

2 - 0 . 

4x - ay 
2r 4> ay 


A 

8. 


a 


lA 


3y 

2x 


5X-2, 
«y 4- 7. 


lA 



X 4- 


U 


h 

4 


4^2 


A 


1 . 

2 . 

a 


1 

4* 


I 
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16 


^ 4 _ 

2 5 


1 , 


2 x 

3 


1 + 3 


17. 


0 . 



3j/ + 2. 


18 


20 . 


2+1-2. 

3-1 + 3 


X + y 
2 

X — y 


X 


19. 


X 


0 . 


y 


22 . 


4 

2x + 3 
2 

2x - 3 
2 


-F 


2 

X + 2 / 


-F 


2 

3i/ -F 2 
3 

32/ - 4 


2 , 


5. 


21 . 


2 

-F 

3 

= 7, 

x + 3 


y -F 2 


3 


2 


X 4" 3 


y - 3 


3 

-F 

3 

= 2, 

X - 2 


2/ — 4 



4. 


2 


4 


6 . 


2 , 


23. 


3 


1 . 


X + y 
X — y 


5a, 

a. 


« 

1 


24. 


26. 


29 


31 


32. 


33. 


2x + 5y = 
3x — 2y = 

2x + y = 
7x — 2y = 

— 4 - ^ = 

4a 3a 

— - 1 - ^ = 
3b 5b 

ax + b?/ = 
bx — ay = 

ax by - 
bx ay = 

aix + bi2/ 

a2X -F bit/ 


a, 


8a. 


25. 


3x + 2 / = 
2x — 32/ 


5a, 

: 11 


4a. 


9a, 

: 4a. 


27. 


X — 3y 
2x + 2 / 


7b, 

7a. 


1 
12 
1 


, (a 0), 


30 


28. 

5x + 2 / 
7x — 2 / 


X + 2 / = 2a, 
X — 2 / — 2b. 

4a, 

2a. 


15 


, (b 0). 


a* + b*, 

a* -F b*, (o* + b* 0). 

a^ - b^ 
a* - bS (a* 

= fci, 

= hz, (flibj — 


b 



0 ) 


ajbi 0) 


34 


ax — by = c, 

dx + ey = f, (ae -{- bd 9 ^ 0). 


60. Graphical interpretation. Inconsistent and dependent 
equations. It can be proved* that every linear equation 


( 1 ) 


ax by = c 


with real coefficients a, b, and c, not both a and b equal to zero, has 
a straight line for its graph; and conversely every straight Une m 
the plane has such a linear equation. If a = 0, 6 0, we may 

• For a proof, see M. Richardson, Fundamentals of Mathematics, Macmillan, 1941, 
or textbooks on analytic geometry. 
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c 

write the equation (1) as y = y which clearly represents a hori¬ 
zontal straight line through the point ^0, If 6 = 0, a 0, 

c 

then equation (1) becomes x = -y which clearly represents a vertical 

CL 


(S’ °) 


If neither a nor b is zero, then 


Cl c 

^ X -f- w'hich represents 


a 


equation (1) may be written as y = 

an oblique straight line with slope — ^ and ^-intercept To 

plot the graph of a linear equation, therefore, requires plotting only 
two points; a third point may be desirable as a check. 

Consider two linear equations, as' 

(2) x-^y = 7, 

(3) X — y = 1. 

Every point in the plane whose coordinates satisfy equation (2) 
lies on the graph of equation 

(2) (Fig. 26). Every point ^ 

whose coordinates satisfy (3) 
lies on the graph of equation 

(3) . Hence a common solu¬ 
tion of the system of equations 
{2) and {3) must he the coordi¬ 
nates of a point of intersection 
of these two lines, and con¬ 
versely. Usually two linear 
equations have one and only 
one common solution, but not 
always. Two equations 
which have a unique com¬ 
mon solution are often called 
simultaneous. 

Not every pair of linear equations in x and y have a common 
solution. For example, it is clear that the equations 



X 


(4) 

and 


x + y = 7 


V 


5) 


* + 2/ - 5 
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can have no common solution, since the sum of two numbers x and y 
cannot be both 7 and 5. Two equations which have no common 
solution are called inconsistent or incompatible. The graphs of 
inconsistent equations are parallel lines, since they have no point 
of intersection. 

On the other hand, the system consisting of equation (5) and 
equation 

(6) 2 x -\- 2 y = 10 

have all their solutions in common. That is, they represent the 
same hne, since any pair of numbers satisfying (5) also satisfies (6) 
because 2 x + 2y = 2(x y). Two linear equations in x and y 

which represent the same line are called dependent on each other. 


EXERCISES 


Decide which of the following systems are simultaneous, inconsistent, or 
dependent; solve if possible, and check by graphing each pair of equations: 


1 . 


4. 


7. 


10 . 

*13. 


2 x + Zy 
Ax + &y 
2 x + by 
Q)X + \by 
3x — 


4, 

5. 

7, 

21 . 


2 . 


6. 


8 . 


-2/ = 7, 

6x + 3?/ = 9. 

2 x + by = 1, 

\by = 3 — 6x. 

Show that the equations 


11 . 


3x — 2 / = 4, 
9x — 3r/ = 8. 
2x — 3y = A, 
4x — 9?/ = 8. 
2 x + by = 1, 
by — 2x — 9. 
bx + Ay = 8, 
2y = 2 — 3x. 


3. 

6 . 





X - 

-32/ = 

5, 

2x 

- by ■■ 

= 10. 

3a: 

+ y = 

3, 

6 x 

+ 32/ ^ 

= 6. 

4x 

— by ■■ 

= 2, 

32/ 

= 2x ■ 

- 1. 

4x 

- 82 / 

= 6, 

Ay 

= X — 

■ 1.5. 


{ aix + biy = Cl, 
a2X + biy = C2, 


are dependent if — = = -b {Hint: Let the value of this common ratio 

^ 02 02 C2 

be k.) . ■ 1 . 

*14. Show that the equations in exercise 13 are inconsistent u 


02 





£l. 

C2 


16. Solve each of the systems in exercises 1-10, section 59, graphically, 
and check by solving algebraically. 

61. Systems of three linear equations in three unknowns. If 
the system of three linear equations 


* May be omitted without disturbing continuity. 
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+ hiy + ciz = ki, 

Qjx + 6.1/ -f- c»z = ki, 

OjX + hty + CiZ = kz, 

in X, y, and z has a unique common solution, as is usually the case, 
it may be found by an extension of the methods used in section 59 . 
To solve a system of three linear equations in three unknowns, we 
may proceed as follows: 

(а) Between any two of the three equations, one unknowm may 
be eUminated, resulting in an equation in the other two unknowns. 

( б ) Between any other pair of the tlmee equations, the same 

unknovMi may be eliminated, resulting in a second equation in the 
other two unknowns. 

(c) The two equations in the same two unknowns obtained in 
steps (a) and ( 6 ) may be solved. 

(d) The values obtained in step (c) may be substituted in any 
one (the simplest) of the three given equations, which then may be 
solv’ed for the third unknown. 

(c) The solution should be checked by substituting in the three 
given equations. 

Example. Solve the system 


(1) f X + 2z/ + 3z = 9, 

^2) j 2x - y + 20 = 11, 

(3) I 3x + 4?/ — 20 = —4. 

(a) Multipljdng equation ( 1 ) by 2 and equation ( 2 ) by -3 we 
Ret 


2x + 4r/ + 60 = 18, 

— Gx 4- 3?/ — 60 = —33. 

Adding (4) and (5), we eliminate 0 , obtaining 

-4x + 7r/=-15. 


( 6 ) Adding ( 2 ) and (3), we eliminate 0 , obtaining 


(7) 

( 8 ) 
(9) 


5x 4- 3y = 7. 

(c) Sohdng ( 6 ) and (7) by the methods of section 59 , 

X = 2 and y = 

(d) Substituting in (1), we get 2 — 2 + 30 = 9, or 

0 = 3. 


we get 
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(e) Substituting (8) and (9) in the three given equations, we 
find that they check. 

The same procedure can be used to solve a system of 4 linear 
equations in 4 unknowns, and so on, by successively reducing the 
number of equations and the number of unknowns by one. Thus a 
system of 4 equations in 4 unknowns may be reduced to a system 
of 3 equations in 3 unknowns by eliminating the same unknown 
between 3 different pairs of the 4 given equations. The resulting 
system of 3 equations may be solved for the 3 unknowns as in the 

above example. 

Another method for dealing with systems ot linear equations 
will be taken up in Chapter XVI, where the theory of such systems 

will be discussed in greater detail. 


EXERCISES 


Solve and check: 


1 . 


3. 


X + y T z = ^ 

2x — y + 3z = 9 
3x + 2y — 2z = 1. 

X + z + 4 = 0 

x + j/ = l 

3x + 2y - z = 4. 

+ i; + ai = 0 


2 . 


4 


6 


u 
2u 


3 


0 . 


7 


— t; + bw = 

— u — 2v-\-v} 

3A + + C = 4 

2C - 3B = 2A + 5 
2A-ZC = B - 3. 


6 


0 


8 



11 . 


X + y — 2 = ® 

X — y + 2 = 3a 

— X + y + z 

X + y + 2 = 

2x - 2 + < = 3 

3x + 2y + i = 
3 j/ + 2z -h 2f = 


5a. 



2 


4 


12 . 


7. 


13 . 


X — z = t 

2x + y + 2u 

3z + ti + ^ = 

X + 2 = y 

x4-y + 2 + t + “ 


3t = 2 


2 


14 . 


5. 


X + y 4- 2 = 1 

X - 2z e 

y + 2z = 0. 

2r - 3s + < = 8 

r “F 3s “t~ = 3 

2r — s 2t — 2. 

2u — Sv + 2w = 0 
4m+ v — ttJ + 3 = 

2u — V + 2w = 2. 

3x + 3y + 2z = 7 
2x — y + 2z = 4 

1 

X — 5y + 2 = 2' 

X + y + 2 = 0 

X — y + 2 = 2(c - 
X + y — 2 = 2(a • 

2f — 2x + y + 4 = 0 
U=y—z- 
X + 2y = 3z 

+ 13 = 3x — 2y. 

x + y + 24-< + « = 3 

2x 4- f = 0 

2x — M = 0 
X — y — z — t = 2 
— — t = 2. 


b) 

c) . 


3 


14 


y 


Equa- 


G2 Systems of equations reducible to linear equations. 

tions which are not Unear themselves may lead to Unear equations. 
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Example 1. Solve the system 


y 


X 


2x — 4 l 
x + 3 

xy + 4x 


1 

2 


1 

y 


Solution. Clearing fractions in each equation by multiplying 
both sides by the L.C.D., we get 

— 2x = ‘2x — 4 


or, 


2y - 

xy 4- 3y 
4x — 
4x — 


= xy 4- 4x, 

2y = 4 
3y = 0. 

3, y = 4, which checks in both 


Solving this system, we get x = 
given equations. 

If the given equations are linear in the reciprocals of the unknowns, 
it is better not to clear fractions hut rather to regard the reciprocals 
as the unknowns temporarily. 

Example 2. Solve the system 


( 1 ) 

(. 2 ) 


^ + 2 
X y 

3 1 


X 


y 


5 

6 

3 

4 


Solution. Multiplying (2) by 2 and adding to (1), we get 

Multiplying (1) by 3 and subtracting (2), we 


28 

X 12’ ^ - 

. 7 7 

set - or y 


3. 


4. 


The reader should check by substituting in 

both equations. 

^ote. If desired, the solution of example 2 may be obtained 
by letting w = ^ and t; = ^. Then (1) and (2) become 


X 


u + 2v 


3u 


V 


5 

6 

3 

4 


respectively. Solving this system for w and v, we get w 


r — 14. Hence 


X = 3 and y = 4. 


1/3, 
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EXERCISES 










6x - 4 ^ 2y + 2 

~ Ay — 7 

8x + 1 


12x + 3 
4x + 5 
2y + ^ 

X - 2 


y 


Ay + 7 
- 1 


X — 1 
X + 2 


y + I 
- 1 


y 


X 


3 





9 


3 


6x + 16 


4 _ 2 
X y 

X y 

1 _ 

X 

- -F 

X 

- 4 

X 

2 _ 

X 

3 


14 


5. 


5 + 

X 


1 

— 

1 


y 

7 

— S 

5. 


y 

2 

3 

= 9 

-h 


2/ 

z 


1 

2 

= 11 

—h 


2/ 

z 


4 

2 



— 

= 

2/ 



1 

1 


- + 


s — 

X 

z 


2 

1 

= 0 

- + 


X 

y 


2 

1 

= 4. 


— 

2/ 

z 



4. 


4 






4x + 5 _ 

6x — 2;/ 

2x — Zy 1 
4x + 7y 15 

X — 4 X 

y + 2~ y - 2 

X — 4 X — 3 

y — A ~ y - 2 

9x — y — 8 _ 
7x + 2j/ - 9 “ 
2x — 5y = 


3 

4 

-25. 



17 . 
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19 


21 


23 


- + - + - = 3 

X y z 

2 _ 1 _|_ 3 _ _ 

X z~ 

2 + ? + i.4. 

X y z 


5 


y - 1 


= 4 


^ H-^ = 13. 


X - I ■ y - I 
1 1 


S^x - 1) 2(y + 1) 

1 1 
3U - 1) “ G(tf + 1) “ G 


fi 

1 


20 


22 


24 


2 

3 

X 

y 

4 

1 

h 


X 

y 

2 

1 

T 

y 

2 


X — 

1 

1 


X — 

1 


1 

X 

— 

1 

Mx - 


2 

z 

1 

z 

2 


3 


+ 


5 


+ 


y + 1 
2 

y + 1 


= 4 


3 


+ 


= 1 . 

3 


+ 


Hy - 2) 
1 


3) 2iy - 2) 


_ 1 

“ 4 

= 1 . 


63. Verbal problems. Many problems written in prose, prac¬ 
tical and otherwise, lead to linear equations or systems of linear 
equations. The most important part of the work of solving such 
a problem is that of translating it from the clumsy language of 
everyday prose into the more convenient language of algebraic 
symboli.^m. Hence for each problem the student should write out 
a careful list or vocabulary of all symbols to be used and express all 
quantities to be considered in terms of those symbols.* If you 
fail to write down what your symbols stand for, you are writing 
in a secret code, thus defeating the purpose of written language, 
which is to communicate ideas clearly. In particular, be careful 
to make note of the units in which the quantities mentioned are 

expres.sed and to convert them to similar units before working 
out the problem. 


The following procedure should be used in solving all problems; 

(a) Read the problem, to get the general idea. 

[b) Read it again, paying attention to the relationships among 
the various quantities involved. 

u-; Choose 8\Tnbols for what appear to be the basic quantitiej 
wluch have to be found (the unknowns). 


or otK " j'®”**^^*™** pt airangement of this vocabulary’ on the page, such as “boxes ’’ 
to ^ problems, they are restricted to cerUin types and tend in eeneral 

lu, W-r ^ they It is ^tter S the 

daarifv ‘*‘**^^’ .t®''' student to learn to translate problems into algebra apart from 

'JW » th., h. wiU to .„.c\ 
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(d) Read the problem again, phrase by phrase, and \NTite down 
the list or vocabulary of all quantities involved together with their 
expressions in terms of the unknowns chosen in step (c). 

(e) Read the problem again, paying careful attention to the 
parts which express relationships among the quantities which can 
be translated into equations. 

(/) When you have as many equations as unknovms, solve the 
equations. 

(g) Check the answers against the language of the original 

verbal problem, not in the equations obtained in step (c). 

Step (/) may take the most room on paper, but steps (a)-(e) 

merit at least as much attention. 

Example 1 . A man is 24 years older than his son. Eight years 

ago, he was twice as old as his son was. What are their present 

ages? . 

First solution. Let x be the age of the son now, expressed m 

years. Then x + 24 is the father’s age now, in years. Eight 

years ago the son was x - 8 years old, and the father was x + 24- 

g = a; _1_ 16 years old. The second sentence of the problem may 

be translated into the equation 


X + 16 = 2(x — 8). 


Hence 


32, the son’s present age. 

Checking, we find that 8 


Solving this equation, we get x 

a; 24 = 56, the father’s present age. 

years ago the son was 24 and the father 48, or twice 24. 

Second solution. Let x be the father’s age now, m years and 

Eight years ago the father 

8 years old. Then the 


let y be the son’s age now, in years. 

8 years old and the son was y 


first sentence of the problem may be translated into the equation 


( 1 ) 


X = 1/ + 24. 


The second sentence of the problem may be translated into the 


equation 
( 2 ) 


X 


8 = 2 ( 2 / - 8 ) 


56 and 


Solving the system of equations (1) and (2), we get x 

y = 32. The check is as before. 

Example 2. A can do a job in 6 days alone, and B can do it 

alone in 10 days. How long ^ill it take them to do the job 

Let X be the number of days required f<», bo* ‘o do 
the job together. In one day, A can do 1/6 of the job, B can do 
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1/10 of the job, and both together can do \/x of the job. There¬ 
fore, we have the equation 

i + - 1 

6 ^ 10 “ X 


To solve this equation, we multiply both sides by the L.C.D. 30a:, 
obtaining 5x 3x = 30 or x = 30/8 = 15/4 = 3^ days. The 
check is left to the student. 

Example 3. How much acid must be added to 48 grams of a 
solution 75% pure in order to obtain a new solution 76% pure? 

Solution. Let x be the number of grams of acid to be added. 
The total weight of the new solution therefore will be 48 + x grams. 
The number of grams of acid in the original solution is 0.75 X 
48 = 36. Hence the number of grams of acid in the new solution 
is 36 -f- X. Since the new solution is to be 76% pure, we have the 
equation 

36 4- X = 0.76(48 4- x). 


Solving the equation, we get 36 4- x = 36.48 -F- 0.76x, or 0.24x = 

0.48, or X = 2 grams. The check is left to the student. 

Example 4- A boat, operating uniformly at full power, goes 

5 miles downstream in 60 minutes and returns in 90 minutes. 

What would be the speed of the boat in still water, and what is the 
rate of the current? 

Solution. Let x be the speed of the boat in still water, and let 

y be the speed of the current, measured in miles per hour. Then 

the speed of the boat downstream is x 4- 2/ and the speed upstream 

is X — 2 /.* Since rate times time is distance, for uniform motion, 
we have the equations 

1 • (x 4- y) =5 

1.5 ' {x - y) =5. 


Solving this system of equations, we find that x = ^ miles per 
hour and y = 5/ 6 miles per hour. The check is left to the student. 

One reason for checking against the wording of the problem and 
not against the equation (or equations) is that the student may 
have solved the equation (s) correctly but may have formed the 
wrong equation (s). Another reason, apart from mistakes, is that 


laeauzes the actual situation and is in fact onlv a crude firet 
awouS'^ftC u ^ discussion, one would have to take 

Therefore we shaU always make the above idealization hL in aU aSar problSns- 
It IS good enough for our purpose. aumiar prohlems, 


136 LINEAR EQUATIONS AND LINEAR FUNCTIONS [Ch.viii, §63 

a number may satisfy the equation but not the problem; for when 
we form the equation we assert that if the unknowns satisfy the 
conditions of the problem, then they must satisfy the equation. 
But this does not imply the converse proposition, that if a number 
satisfies the equation, then it must satisfy the problem. (The 
converse of a correct proposition may be incorrect.) Thus the 
solutions of the equation are the only possible solutions of the prob¬ 
lem, but whether they are in fact solutions of the problem remains 
to be seen by checking. Thus checking the problem is an essential 

step. 

Note. In practice, it can even happen that the problem asked 
is insoluble, although the resulting equation may have a solution. 
The information that the problem is insoluble may well be valuable. 

Example 5. An absent-minded professor has a certain number 
of students in his class, but has forgotten how many. However, he 
does remember clearly that if he had three times as many, he would 
have seven more than he now has. How many students has he. 

Solution. Let x be the number of students he has. Then 
3 ^ = 3 - 7 . Solving this equation, we get x = 7i2, or 6^ 
students. While 7/2 does check in the equation, it cannot 
possibly be an answer to the problem since the answer must-be 
an integer, of necessity. But our reasoning has proved that //2 
is the only possible answer. Hence the problem has no solution, 
and we can only conclude that the professor’s memory is worse 

^^^A^ore^significant example of this phenomenon wiU be given 

in superiority of algebraic methods o^^r 

those of arithmetic, one has only to try to soh^ the prob ei^ 
in the exercises below without using algebraic symbols. Until the 
16th century no adequate algebraic symbolism was used. 

EXERCISES 

1. The sum of two numbers is 30. Five times the smaUer exceeds 
twice the larger by 24. Find the numbers. 

M ml-s age ia four-aevenths of what it will be 15 yeara from 
now. How old is he now? 

3. One-third of a man’s age 6 years ago equals one-fifth of his ag 

10 vears hence. How old is he now? j 

4. The sum of two numbers is 66 and their difference is 8. Find 

numbers. 
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6. A collection of nickels and quarters totals $2.80. The total 
number of coins is 20. How many of each kind are there? 

6. A collection of nickels and quarters totals $4.10. The total 
number of coins is 30. How many of each kind are there? 

7. A rectangular field is four times as long as it is -wide. If it were 
5 feet shorter and 2 feet mder, its area would be increased by 20 square 
feet. Find its length and width. 

8. A rectangle is 30 feet longer than it is wide. If its length were 
increased by 50 feet and its width Avere diminished by 8 feet, its area 
Avould be increased by 200 square feet. Find its dimensions. 

9. A man invests part of $5000 at 4% interest and the rest at 6%. 
His total annual income is $280. Hoav much has he invested at each 
rate? 

10. A student has quiz grades of 62 and 78. What grade must he 
achieve on a third quiz in order to have an average of 80? 

11. A student has an average grade of 78 on three quizzes. What 
grade must he achieve on a fourth quiz in order to have an average of 80? 

12. A lady goes shopping and spends half her money in the first shop 
she visits. In the second shop she spends 1/3 of Avhat remains. In the 
third shop she spends $5. She then has $11 left. How much had she 
at the start? 

13. Find three consecutive integers whose sum is 84. 

14. Find three consecutive even integers whose sum is 102. 

16. Find three consecutive odd integers whose sum is 117. 

16. Three years from now a man vdll be three times as old as his son 
will be. Two years ago he was four times as old as his son was. How 
old are they noAv? 

17. A can do a job alone in 6 days and B can do it alone in 4 days. 
How long Avill it take them to do the job together? 

18. A can do a job alone in 6 days, B can do it alone in 4 days, and C 

can do it alone in 8 days. How long will it take them to do the job 
together? 

19. A can do a job in 6 days, and A and B together can do the job in 
2 days. How long would it take B to do it alone? 

20. One input pipe can fill a tank alone in 6 hours, another input 
pipe can fill it alone in 4 hours, and a drain pipe can empty the full tank 
alone m 8 hours. If the tank is empty and all three pipes are wide open 
how long Avill it take to fiU the tank? 

21. How many gallons of cottonseed oil must be added to 45 gallons 

of a solution of olive oU which is 90 % oUve oil in order to make the 
resultmg solution 80 % olive oil ? 

22. A mixture contains 3 pounds of sugar and 5 pounds of flour, 
now much flour must be added to make a mixture that is 75% flour? 

H aw- ^ sht train, running at the rate of 20 miles per hour, leaves 
tauon 3 hours before an express, which travels in the same direction 
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at the rate of 50 miles per hour. How long after the express leaves will 
it catch the freight, and how far from the station ^vill they be? 

24. AchiUes races A^dth a tortoise, giving the tortoise a handicap of 
990 yards. Achilles runs at the rate of 500 j^ards per minute while the 
tortoise runs at the rate of 5 yards per minute. How long will it take 
AchiUes to catch the tortoise? 


25. How much water must be evaporated from 100 pounds of a 12% 
solution of salt in order to obtain a 20% solution? 

26. How many ounces of each of a 50% solution and a 10% solu¬ 
tion must be mixed to obtain 24 ounces of a 25% solution? 

27. Two boys balance one another on a teeterboard. The first 
boy weighs 60 pounds and is 4 feet from the fulcrum. The second boy 
is 3 feet from the fulcrum. How much does the second boy weigh? 
{Hint: If weights Wi and wz are .on opposite sides of the fulcrum of a 
teeterboard or lever, at distances di and da respectively from the fulcrum, 

then Widi = Wzd 2 .) 

28. How far from the fulcrum of a teeterboard must an 80-pound 
boy be to balance a 120-pound boy who is 2 feet from the fulcrum? 

29. A boat travels 8 mUes downstream in 20 minutes and makes the 
return trip in 30 minutes. Find the speed of the boat in still water and 

the rate of the current. 

30. A man walks 31 miles, partly at the rate of 2 miles per hour and 
the rest at the rate of 5 miles per hour. If he had walked at the rate of 
5 miles per hour for the same time as he actually walked at the rate of 
2 miles per hour, and vice versa, he would have covered 15 miles more 
than he did. How long did it take him to walk the 31 miles? 

31. At what time between 3 and 4 o’clock do the hands of a clock 


coincide? 

32. The age of Diophantus, a brilliant Greek mathematician of about 
250 A.D., may be calculated from an epitaph which reads as foUows: 
Diophantus passed one-sixth of his life in childhood, on^twelfth in 
youth, and one-seventh more as a bachelor; five years after his marnage 
was bom a son who died four years before his father at half his father s 

33. If the length of a rectangle were increased by 2 feet and the width 
decreased by 2 feet, the area would be decreased by 12 square feet. It 
the length were decreased by 1 foot and the width were incre^ed by l 
feet, the area would be increased by 13 square feet. Find the dimensions 

of the rectangle. , 

34. An airplane travels 990 miles in 3 hours ivith the wind, and 
makes the return trip against the Avind in 3 hours and 40 minutes. 
Find the speed of the plane in still air and the speed of the wind. 

36. A boat travels for 2 hours with a current of 2 miles per hour an 
returns the same distance against the current in 3 hours. How far did 
it travel each way and what is its speed in still watex? 
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36. An airplane bucks a head mnd of 40 miles per hour for 4 hours 
and returns the same distance assisted by a tail wind of 40 miles per 
hour in 3 hours. How far did it fly each way and what is its speed in 
still air? 

37. A confectioner wishes to mix candy worth 70 cents a pound with 
candy worth 40 cents a pound to make 42 pounds of an assortment 
worth 50 cents a pound. How much of each kind should he use? 

38. Three pounds of flour and 5 pounds of sugar cost 94 cents. Six 

pounds of flour and 2 pounds of sugar cost 76 cents. Find the cost per 
pound of flour and of sugar. 

39. A certain two-digit number is equal to five times the sum of its 

digits. If 9 were added to the number, its digits would be reversed. 

Find the number. {Hint: If u is the units digit and t is the tens digit, 
the number is 10^ + m.) 

40. Find the angles of a triangle if one angle is half the second, and 
the third is twice the sum of the first two. {Hint: the sum of all the 
angles of a triangle is 180 degrees.) 


CHAPTER IX 

Intesral and Fractional Exponents 

64. Negative integers and zero as exponents. In section 12 
and section 23, we defined positive integral exponents as follows: 
Definition 1. Tf n is any positive integer, x — xx 

where there are n factors on the right of the equals sign. 

With this definition, we proved, in section 23, that positive 

integral exponents obey the following laws: 


X 


I. x^x** = 

■■ x“+^ 

Example. 

x^x® 

11 . {x^f -- 

= x“^ 

Example. 

(X®;® 

III. {xyY 

= x“7/®. 

Example. 

(xyY 

IV. Ifyr^O, 


/^\ 3 


XX • XXX = x°. 

(x^) (x^) (x^-) = X' 
xyxyxy = xxxyyy 




X 


Example. 


XXX 


X 


V. 


\y/ y 

If X 9^ 0, 

(j) ^ = x°'~* if a >6. Example. 


y y y u 


X® xxx/jt 




rr® 

(») 3 


1 


X 


if a < 6. Example. 


X 

X 


2 




X®. 


1 


(m) 


x“ 

x*" 


1 if a = 6. Example. 


X 

X 

X 


//XXX 


2 


1 . 


The occurrence of three different cases in F is a source of 
inconvenience, especially it we wish to use 

Let us boldly use V(i) mechanically even when a <b. For 


X 


_ ^2-6 = X ® 


But a negative exponent has no 


example, 

meaning under definition 1. The symbol i- cannot P^sibly be 

!“s ThI symbol ir- does not come under the jurisdiction of 
definition 1 at all and is at present a completely undefined sj-mbo^ 

ar7free to give it any meaning that suits our convemence without 

fear of contradicting previous results. It will be conv eni 

140 
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assign to the symbol as its meaning the right answer to our 

problem, that is for then we can dispense with V{ii) altogether. 

Hence we are led to make the following definition. 

Definition 2. If —n is a negative integer, 


X 


Example 1. 5 

JU 


X 


,—3 


1 

1 


(x 9 ^ 0). 


_ 1 _ 1 

“ 2 » “ 8 ‘ 

Similarly let us apply V (i) when a = h. For example, we may 

2 


Example 2. 2~® 


write 


X 


X®. But the symbol x® has no sense under 


either definition 1 or definition 2 , since 0 is neither positive nor 
negative. This is again fortunate, since we are free to assign to the 
symbol x° any meaning that suits our convenience. Again we 
choose the right answer, 1 , since this allows us to use V{i) in all 
cases. Hence we make the following definition. 

Definition 3. // x 0, x® = 1. 

Example 3. 5® = 1. 

We can now replace V(i){ii){Hi) above by the single law: 

V. p = x^. (x 0). 


It can be proved that the laws I, II, III, IV, and the new V 
hold for all integral exponents, positive, negative, or zero.* 

EXERCISES 

Simplify each of the following by removing nonr-positive exponents: 


1. 

2i-\ 

2. (2x)-*. 

3. 

3x®. 

4. 

(3x)«. 

6. 2x~^y*. 

6. 

2a-^b’>. 

7. 

a-V6-L 

8. 

9. 

a-i -1- &-1 

a~^ — b~^ 

10. 

z~* 

11 


X y 

i-‘ + y-^‘ 

2a-i - 6-1' 

12» 

x-i’ 


* For indicataons of the proof, see M. 
MacmilUn, 1941, pp. 178-9 
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Evaluate each of the following: 

13. 2-K 14. 6“. 16. 



16. (-2)-*. 



18. 2 • 3-‘. 19. (2 • 3)-L 20. 3 • 10“. 

Simplify, using the laws I-V for exponents: 

22. (3x2y»)(2x-»y-*)- 23. (x"*)"*. 


21. (3 • 10)®. 



2 xV 

4x-*jr*‘ 



(x^* 



iab^)-\a-^b-^V 


26. x-*(a:* + 2x* + .3x*). 


28. 10» • 10“ • 10-*. 



10 * ■ 10 -® 
io-» 




10 ^ • 10 -® 

10 * 

(3 • 10^) (4 • 10-^) 
6 - 10 * 


31. (2x''y*)*(ir*)*(^*l/*)°- 



(2 ■ 10*)*(6 • 10 - 1 )* 
2 • 10 * 


Simplify: 



36. (ar* + y-i)(x + y) \ 



1 

x-i + y-^ 



66. A use of powers of ten in scientific writing. When very 
large or very small numbers are used in scientific writing, it is cus¬ 
tomary to express them in terms of powers of ten, as follows. e 
WTite 1,000,000 = 10®, 256,000,000 = 256 X 10® or 25.6 X 10* or 
2.56 X 10®; we use the X sign for multiplication to avoid confusion 
wdth the decimal point. Similarly, we write 0.0001 = 10"^ 
0.000256 = 256 X 10“® or 25.6 X 10“® or 2.56 X 10“®. Multiplj- 
ing a number by 10* moves the decimal point four places to the 
right, while multipl>dng by 10"® moves the decimal pomt four 

places to the left. 

It can be proved that every positive real number can be 
expressed as a number between 1 and 10 multipUed by a smtable 
integral power of 10; when this is done, the number is said to be 

expressed in standard form. o -« v in»- 

For example, 256,000,000 has the standard form 2.o6 X lu , 

0.000256 has the standard form 2.56 X 10"*; and 2.56 has t e 
standard form 2.56 X 10®. 

This standard form is more compact and comprehensible t 
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the everj’day way of writing such numbers with large numbers of 
zeros before or after the decimal point. It also lends itseK to 
calculations \N’ith cumbersome numbers, large or small, which are 

made easier by the use of the laws of exponents. 

^ . 256,000,000 X 0.0004 

Example. Calculate-2000 


We write 


2.56 X 10* X 4 X 10 


—4 


2 X 10* 


5.12 X 10*-"-* = 5.12 X 10» = 51.2 


While the powers of ten are combined according to the laws of 
exponents, their coeflBcients are multiplied and divided in the 
ordinarj" way. How this may be avoided by expressing them too 
as (fractional) powers of ten will be discussed in the chapter on 
logarithms. 


EXERCISES 

Express each of the following in standard form: 

1. 300,000. 2. 240,000. 3. 65,700,000. 4. 234,000,000. 

6. 0.341. 6. 0.0357. 7. 3.52. 8. 41.3. 

9. 0.0569. 10. 0.00034. 11. 0.000000561. 

12. 0.00000000341. 

Express each of the following in ordinary decimal {positional) notation: 

13. 10*. 14. 10*. 16. 10-L 16. 10-C 17. 6.54 X IOC 

18. 5.63 X 10*. 19. 3.42 X 10-». 20. 8.72 X 10"*. 

21. 7.53 X l0-«. 22. 8.54 X 10*. 

Calculate, using the laws for exponents, and express the result in ordinary 
positional {decimal) notation: 



(8 X 10^) X (3 X 10-^) 

2 X 10« 



(5.2 X 10*) X (4 X 10-*) 

13 X 10-" 


26. If c represents the velocity of radiant energy in a vacuum, L its 
wave length, and / its frequency, then / = c/L. Suppose c = 3 X 10'° 
centimeters per second and L = 6 X 10-« centimeters. Find /. {Hint: 
write 3 X 10'° = 30 X 10».) 


26. angstrom is a unit of length equal to 10“® centimeters. If 
one centimeter equals 0.3937 inch, express in inches the wave length of 
red light with a wave length of 8000 angstroms. 

27. A light-year is a unit of length equal to 5.88 X lO'* miles. The 
distance of the cluster of stars called the Pleiades is 1.2936 X 10'* miles 
How many light-years is this? 
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28. The Great Nebula in Andromeda is approximately 5.292 X 10'» 
miles away. How many light-years is this? Use the data of exercise 

27. 

29. If a gram equals 0.002205 pound and the mass of the earth is 
5.97 X 10“^ grams, ^d the mass of the earth in pounds. 

30. The mass of the sun is 1.98 X 10” grams. How many pounds is 
this? Use the data of exercise 29. 

31. One coulomb equals 3.00 X 10* statcoulombs. The charge on 
an electron is 4.80 X 10-‘° statcoulombs. How many coulombs is this? 


66. Fractional exponents. In section 64 we extended the 
concept of exponent to include all integers as exponents. It i.s 
natural to try to extend it still further, to include fractions. In 
making such an extension (since, if we do it at all, we do it for our 
own convenience) we wish to preserve the validity of the basic laws 
I-V of section 64; just as in extending the concept of number itself, 
in chapter I, from positive integers to other kinds of numbers, we 
wished to preserve the validity of the basic laws such as the asso¬ 
ciative, distributive, and commutative laws. 

The symbol has no meaning under any of the previous 
definitions of exponent, since i is not an integer. Therefore we are 
free to give it any meaning that suits our convenience. If law 11 

(section 64) is to operate, then (x^)- vnll have to >deld - x - x. 
Hence x^ will have to stand for some quantitjpv'hich when sq^red 

yields X; but this can only be -h Vx or - Hence we choose 

the definition: J This fits ako with law I (section 64), for 

= a; 2'*'2 = 2.1 = X represents the fact that Vx Vx = x. More 

generally we define x« = so that law II will operate correctly; 

thus, (x^)^ = = X. Finally, if law II i.s to operate, we 

must have 

= j** = (X«> = 


and 




1 


(xP)« = 


as we are led to make the following definition. 
Definition 4. If p/q « any rational num^ 

Hive denominator q, we define x*"’ - (\ xY 


pressed with 
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* 

1 




(v x) 


1 


particular 


(vS) 


—1 


2 - 


1 . X 

1 1 
* 2* “ 4* 

Not* that any rational number can be expresied with poaiti 

3 -3 


- Ti 


J or 


denominator 


2 


that tiiis is no reatnctiou 


i* 


It can now be pro>ed* tliat fractional exponent* obey la^ 
amt aW* that any fractioiial exponent may be replaced 

equal fraction. Thu* -■ 

It i* deairable for tlie present to confine oureelvea to non- 
nerauve valuea of x in fractional powera of x in order to avoid 
diflkttltie* in\'oivinjt imaginary numbers and oilier difficulties 
vhoae explanation is beat left for more advanced courses. E'or 
example, from «■ ( —1)** are might tempted to con¬ 

clude that v^-1 - \ (-lj*or v^l - v'+l, or -1 - -f 1. 
Kraclional exponents may be used to simplify radical expres- 
in the following example, but tlieir real importance lies 
in the fact that they form a baras for Uie tiieory* of logarithms, 
dtMniaMcd in chapter \X111, wliieh may be taken up next if 
draired. 



EtmmpU t. \ X* • \ x 
< \>x)‘*. 

While posttit-e integral exponents were used by Ren^ Descartes 
r French. 1596 1650), negative and fractional exponents were not 
used exlmaitwly until the time of Isaac Newton (Ruglish, 1642 
1727/. The concept of exponent can be extended furtlier to 
inchidr all real and even all complex numbers as exponents, but 
this » beyond the scope of this book. 

EXERCISES 


s a 
x*x^ 


x» 


'i 


It/ii 






L 

t. 

11 . 

U. 

17. 

If. 


n 

100 ^“* 
lO*** X 

10 *^* y 


1 . 

T. 

13. 

10 ^. 

10 ^* 


16 “. 
IQO * 


itr* 



<y) 



8. 16-“. 4. 16-“ 

6. S"*-*. 9. 100“, 

13. 27«^«. 

16. 10^1/10“. 
10“^X KP'* 
I 

3L 

U. SU-kmr^mm. Ft, 


6 . 8 »"«. 

10 . 100 -“ 
14. 27-^». 


18. 


22 


U tf kfmtkrmtX^ 
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Simplify each of the follounng: 


23. 


24. (8a*) 1''*. 

26. (x*z*^)-*. 

26. 


/ai/i54/.Y 

V a-^b ) 

28. (4X-V)*'’- 

29. 

/ 9x*7/ 


31. -</7*(\/^) 

32. 


33. 

V X* 

34. •V''xV'V^*- 






CHAPTER X 

Radicals 


67. Basic laws for radicals. If x" = a, where n is an integer 
greater than 1, then x is called an nth root of a. It will be proved 
in chapter XIV that e\'ery complex number has n distinct nth 
roots. To avoid confusion, we single one out, to be called the 
principal nth root, as follows. 

If a is a positive [real) number, the principal nth root will be 
the positive nih root. If n is odd and a is a negative [real) number, the 
principal nth root xvill be the negative nth root. For the present no 
other cases will be considered. It can be proved that the principal 
nth root is uniquely determined. 

The radical shall stand for the principal 7ith root. The 
quantity a is called the radicand, n is called the index or order 
of the radical. The index 2 is usually omitted from the symbol. 

Examples. VQ = 3, not —3. To desi gnat e —3 we would 
write — Thus ± VQ = ±3. Also, = — 2. 

Radicals obey the following laws: 



iv'a)- = a. 

= v^a v^. 


III. 


"fa x'^a 

Vi - 


Example: (“^)* = 6. 
Example: v'^ = -^8 • 3 


Example: ^ = 


= 2 v/3. 

2 


ly. \ = x/a. Example: yj x/a = 

V. = (v^a)" = a”''*. Example: 

To avoid difficulties with imaginary numbers, we shall hereafter in 
this chapter suppose that all letters represent positive (real) numbers. 
Proof of I. By definition. 

Proof of II. If X = x/a and y = v^6, then x* = a and y" = 6, 

Thiw (xy)" = x“y" = ah. But x and y are positive; hence xy is 
I^tive. Therefore xy is the principal nth root of ab, or xy = 

X This completes the proof. If a or 6 or both are negative 
and n is odd, a similar proof can be given. 
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Proof of III. Similar to proof of II. We leave this to the 
student as an exercise. 






. __ . Then x" = a. I^t y = v^. 

X. Raising both sides to the Tith power, we have 
x", or 2 /*"" = a. But y is positive and hence Js the 


Proof of IV. 

Then y 

principal Tnnth root of a, or y = Va. By substitution, \ vc 

mn/~ 

V a. 

Proof of V. This is left to the student as an exercise. 

68 . The simplest form of a radical. A rational number is called 
a perfect nth power if it is the nth power of some rational number. 
A rational expression is called a perfect nth power if it is the nth 
power of some rational expression. 

Examples. ^ is a perfect square because | ’ Smularly, 

8 ais a perfect cube because 8a®6® = (2a*6®)®. 

An irrational nth root of a rational number is sometimes called 

a surd. If the index of the root is 2, the surd is called a quadratic 

Thus, V3 and are quadratic surds. 

The following are the msual ways in which radicals are simplified. 
(A) Removal of factors from the radicand. To remove factor 
from a radicand, express the radicand as a product of factors which 
are, as far as possible, perfect nth powers. Then u.se law II and 

extract the nth roots of all perfe ct nth pow ers. 

Example 1. VIsHV = = V9a*6- ^ - 


surd 


3a62 


= v^(-l)x® • 5x = 


^i/bx 


Example 2. 

"'^'it^sometimes possible to compute a root approximately by 

factors as above, and then using table I. 
removing _ = 5 VS. From table I we find 

Vl fTlse appToJmrte^ Hence V® - 5C2.236) - 11.180 

^^^(R^aloLhzfn^ the denominator. It is usually more con- 


denommators 


2 x 


Example 4 


I 



5 
2 x® 



5 
2 x® 


if 

4x 




</20x 

2 x 


To 


This process U called rationali^g the denomtoton ^ 
rationalize the denominator of a radicand of in , 
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numerator and denominator of the radicand by the simplest 
expression that will make the denominator a perfect nth power. 
Then use law III, as in the above example. 

Example 5. Compute by use of table I. 

Solution. = = | (2-«9) = 0-816 

approximatelj'. 

(C) Lowering the index of a radical. This can sometimes be 
done by expressing the radicand as a power of some quantity and 
using law 

Example 6. ^ = 3 ^ = 3 ^ = VS. 

A radical will be said to be in simplest form if we have 

(а) reduced the radicand to a single fraction in lowest terms; 

(б) rationalized the denominator; 

(c) removed all factors which are perfect nth powers, where n 
is the index of the radical; 

id) lowered the index of the resulting radical as far as possible. 

ExampU 7. -yfi + (2 + a) = .JL+JS^ = ' I 

1 4- a y- 

=-Va. 

a 

EXERCISES 

Reduce to simplest form: 


1. 


2. 

3. 

V 2 • Vs. 

4. 

Vs • Vs. 

6. 

Vs VT2. 

6. VI • Vd. 

7. 

V2 Vi. 

8. 

Vi-Vs. 

9. 

v"3 

in ^ 

10. 

V2 

11. 

V72 

V2' 

12. 

V^ 

Ve' 

13. 

Vn. 

14. ViS. 15. 

VEo. 

16. V^. 


17. Vi^. 

18. 


19. V32. 20. 

V54. 


22. Jl 

23. 

4 


26. 

il^2. 

26. 

* % ^ 

ijvi. 

27. 

Vbi. 

28. VT*. 

29. 

Vs. 

30. 


3L 


/‘ 

32. yj- 

2 

33. 


-(#)'■ 
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•\/' “ ( 1 ) ■ 

36. V^. 

37. V-32. 

38. V-243- 

40. Vl6a^®x^. 

41, \/ 

43. V-27x82/®. 

44. Vl6a®b8. 

46. V64x*i/‘®. 

/a« 

\968’ 

49 J . 

\4x®2/^ 


/72x82/8 

82- V 76.. • 


56. 

66. 

68. Vl6x2 - 64. 

69. + (6 + 9a). 


8*- Vi ■ 


Compute by use of table I: 



36. 


39. \/9x*j/®. 


42. -y - 8a*b9 


46. \/5-ix^0y«. 


48. 



8 i^ 


y 


10 


51. 



321^ 


9 j / 


54 



16 a ® 


y 


8 


67. VQx* + 9 


60 


•Vi 


+ (4 + a ) 


12 4" 9(1. 



69. Addition and subtraction of radicals. Two or more radicals 
are called similar if they have the same index and ra^cand. An 
algebraic sum of terms involving radicals may be simplified by 
reducing each radical to simplest form and collecting terms with 

similar radicals, as follows. 

Example . VS + VTS - = 2 \/ 24 - 3 V 2 - 4 V 2 = 

(2 + 3 - 4 ) \/2 = V 2 . 

EXERCISES 


SitTiplify CLud collect terms^ 

1. 2 Vs + 4 V3. 

3. 3V5 + 4V5-2 Vs. 

6. Vs + Vis. _ 

7 . - Vis + V75. 


2 . 6 V 2 - 2 V 2 . 

’4. 7 V2 + 4 V2 - 3 V 2 . 

6 . V^ - Vs. _ 

8 . V5O - VTS 4 - V 98 . 
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9. \/72 



11. 3 Vl2 - 2 + 

13. - V^. 

16. V32o2x - VS^. 



17. IGa^x + 'V^546®x. 


10. Vis - V^ + -y/l' 



14. VT^* + VSx*. 


16. V^ - Vl8a*». 




23. \/l2 + Vis + 2 



24. V36x®i/ + Vl6xy® + VlSx2/ — VSx®y. 


26. Ifri 


6 + Vb* — 4ac 
2a 


and 72 


b — Vb 


4oc 


2a 


find ri + rj 


70. Multiplication with radicals of the same index. This is 

done by means of law II, section 67, together with the usual rules 
of algebra. 

Example 1. Vix V2x^^ = V 8x^y* = 2xy V]/. 

Example 2. Multiply (2 V3 + V2)(V3 — 3 V2). 

Solution: 2 V3 + V2 

V3 - 3 

- 6 V6 - 3 Vi 

2 Vq + V6 _ 

6 — 5 V6 — 6 = —5 VB. 


„ . EXERCISES 

Multiply and simplify: 

1. Vs-y 2. 2. v^v^. _3. VfiVs. 4. VIoVe. 

6. (2 V3)(5 V2). 6. (3 V2)(7 V3). 7. (2 V6)(3 VS). 

8. (3 ;^)(V5). 9. (V4)(2 V6). 10. (3 Vl2)(2 Vo) 

11. Vl2i ■ 12. (4 V;)(Vl2xS), 13. (3 Ve^)^ 
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14. (2 V3x*)2. 


16. (iVSx^t/)* 


16. (5 V2xhf-)\ 


17. (3 Va^ + h^y. 


18. (4 Vx 2 - y 2)2 


22. (3 v^)». 


19. {{x + y) Vx + y]-. 

21 . 

24. Vs (V6 - V2). 

26. 2 V2 (Vg - \/3). 

28. (3 - -/2)(2 - V3). 

30. (3 V5 - V2)2. 

32. (5 Vs - 2)2. 

34. (2 Vs - 3)(3 V2 + 2). 

36. (2 V3 - V2)(3 V2 - VS). 


20. Vx + y • Vx — y. 

23. V 2 (Vs + V5) 


26. Ve (V2 - V3). 

27. (2 + V3)(2 - V3). 

29. (2 Vs - 3 V2)2. 

31. (3 Vs - 2)(V5 + 3). 

33. (V2 - 2 V3)(3 V2 + VS). 
36. (3 V2 - V6)(V3 + 3). 


Find the value of: 


V2 


x2 + 2x + 4, when x = 3 + V2 
x2 — 2x — 1, when x = 1 
x2 — 4x — 1, when x = 2 — Vs 

— 3, and x = 

3xy, when x = V2 
3-2 _j_ y 2 _ ^xy, when x = 1 — V2, y 

— 6 + VS^ — 4ac - —h 
If ri = - 


37. 

38. 

39. 


40. 2x2 _ 53 . 

41. 2x2 

42. 


43. 


V3 + 2. 


V 2 - 3. 

= 1 + V 2 


2a 


and r 2 


a/6 


4ac 


2a 


find rir 2 


44 . Simplify (3 - Vx - 2) 


71. Division with radicals. Rationalizing denominators. Di¬ 
vision of two radicals of the same index can be done by law III, 
section 67, and simplifying. 

_ .. _ _ . V6 

Example 1. 


V3 


V2 






2 


An alternative procedure is to rationalize the denominator 
directly by removing radicals from the denominator by means of 
multiplying by whatever is needed to make the radicand in the 
denominator a perfect power. Thus in example 1, we could write 

V3 V3 V2 V6 


Example 2. 


1 


V2 V2 V2 
1 V2 V2 


2 


4 


Vs Vs V 2 

The rationalized form, having no radicals in the denominator, is 
considered simpler, because it is more convenient for computing 
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decimal values. Thus to compute directly requires long divi- 

V2 . , 

sion of 1 by VS = 2.818 approximately, while requires only 

mental division of V2 = 1.414 approximately, by 4. Thus the 
answer is ^(1.414) = 0.354 approximately. 

A denominator consisting of a binomial quadratic surd \/a + 
Vb can be rationalized by multiplying by the conjugate surd 
Va — Vb, and vice versa. 

1 1 V5 + \/2 V5 + V2 

Examples. ^ = ^ _ '^5 + V2 “ 3 

E^amvlei » = .. I-. . ^ - .^3 , 7 - 

hxamplei. ^ 7 + ^3 7 - 46 


EXERCISES 


Rationalize denominators and simplify, leaving answers in radical form 
unless directed otherwjse: 


1 . 


V5 

V2 


2 . 


V7 


V3 


3. 


Vlb 

VI 


7. 


V 5xy 


8 . 


12 . 


16. 


19. 


22 . 


25. 


4 + Vs 

Ve - V 2 
Vs 
Vs - 1 
V 2 + 1 ' 

Vs - Ve 
2 Vg - Vs 

Va; — 1 


13. 


V 6x^y 

V 18xy' 
3 


9. 


Vs + V 2 


4. 


Vi 


14. 


Vg 


5 . 




V2i 


6 . 




10 . 


2 Vlla;=^ 

V^ 


11 . 


Vs 

1 


X 


S - V2 


2 


Vs - V 2 


16. 


V2 


Vs — Vs 


17. 


20 . 


23. 


V7 -}- Vs 
_V2 
Vs - 2 
3 - Vs 
Vs + Vs 
2 Vs - Vs 


18. 


21 . 


Vs - 2 
Vs + 2 ’ 

2 Vs - V 2 

3 V 5 + 2 V 2 


24. 


V7 


V2 


V7 


26. 


Vi 


a 


b V X 


a 


1 — Vx — 1 

27. Compute, by use of table I, the answers to the first four exercises. 


72. A use of fractional exponents. Certain operations with 
radicals are best done by means of fractional exponents. For 
example, to multiply or divide two radicals of different orders, we 
may convert these radicals to fractional powers of the radicand. 
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change the exponents of those fractional powers to equivalent 
fractions with their least common denominator, convert back to 
radical form, and simplify. 

Example 1. Simplify We write 







10 .,» 


y 


Vg ^ . 6 ^* 

Example 2. Simplify We write ^ITi 


6 »' 


^6* 


2»^‘ 



Simplify: 


EXERCISES 





Vx • aTx. 2. 


VIo 


6 . \/2^ 


10 . 




13. -v^ x^y -y/y*. 


3. v^. 

7. Vs/<^. 


11. ^y32/v^. 












CHAPTER XI* 


Quadratic Equations and Quadratic Functions 


73. Solution of quadratic equations by factoring. Every 
quadratic equation in x can be written in the form 


( 1 ) 

or, dividing 

( 2 ) 


both mei 


• f 


ax^ + 6x + c 
bers by a, as 

x^ px -jr q 




0 

0 


(a 9^ 0) 


where p = b/a and q = cfa. 

If the first-degree term is missing, the equation is called a pure 
quadratic. To solve such an equation is easy, for the roots of 
x^ = N are obviously x = + "s/N. Thus the roots of — 9 = 0 
are ±3. The roots of — 10 = 0 are ± \/l0. The roots of 
X* -j- 4 = 0 are ± V—4 orf ±2i. 

If the left member of (1) or (2) can be expressed as a product of 
two factors of the first degree, the equation may be solved by 
setting each factor equal to zero separately, as in the following 
example. 

Example 1. Solve — 5x -f- 4 = —2. 

Solution. We write the equation as x* — 5x -b 6 = 0. Fac¬ 
toring, we get (x — 2)(x — 3) = 0. Setting each factor equal to 
zero, we get X — 2 = 0 and x — 3 = 0. Hence x = 2 and x = 3. 
Checking, by substitution, we get: for x = 2, 2* — 5*2-l-4 = 
—2, or —2 = —2; for x = 3, 3* — 5 ‘ 3 4 = —2, or —2 = —2. 

Justification of the procedure. By theorem 1, section 11, the 
product of several factors can be zero when and only when at 
least one of the factors is zero. To solve the equation x* — 5x -b 
6 = 0 (to which the original equation is equivalent!) means to find 
all values of x for which the left member has the value zero. But 
the left member can be expressed as the product of (x — 2) and 
(x — 3). This product therefore is zero when and only when 
^ — 2 = 0 or X — 3 = 0, that is, when x = 2 or 3. Therefore if 

• The student should review sections 12-16 at this point. 

t The student should review section 16. 

{ See section 29 for the definition of tquivaJefU equations. 
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X satisfies the original equation, then x can only be either 2 or 3. 
The converse “if x is either 2 or 3, then x satisfies the original 
equation” is certainly correct because all steps taken are reversible, 
but it is advisable to check by substitution in any case. 

A quadratic equation has two roots, one arising from each factor; 
if the roots arising from both factors are the same, we still say there 
are two roots, and their common value is called a double root of the 

equation. 

Example 2. The equation - 6 x + 9 = 0 has the double 
root 3, since the left member is {x — S){x — 3). 


EXERCISES 


Solve and check: 


1 . 
3. 
6 . 
8 . 
10 . 
12 . 
14. 
16. 
18. 
20 . 
22 . 
25. 
27. 

29. 

30. 
32. 
34. 
37. 

39. 

40. 

41. 
44. 
46. 
48. 
60. 
62. 


— 

3.2 _ 

*2 - 
25x2 _ 4 

x2 4- 7x • 


X ■ 
X ■ 
16 


6 = 0 . 
10 = 2 . 
= 0 . 

= 0 . 

- 18 = 

- 20 = 

- 50 

- 5 = 


6 . X 


x2 - 8x - 

- 20x 
4x2 + 8x 

% 

6x2 _ I9x + 3 = 
8 x2 — 22x + 15 = 

4 x 2 _ 5 = 0. 

x2 — 2fcx + A;2 = 
21 x2 _ 4fc2 

- 13x2 + 36 = 
x« - 29x2 + 100 

- 11x2 + 18 = 


0 . 

2x + 4. 

: 2 x - 2 . 

0 . 

= 0 . 

= 0 . 

23. 9x2 

: 0 . 

= 0 . 

0 . 

= 0 . 

0 . 


2 . 
4. 
49 = 
9. 
11 . 
13. 
16. 
17. 
19. 
21 . 

- 10 = 
26. 
28. 

{Hint: Let 

31. 


x2 + 7x + 6 = 0. 
x2 — 3a; — 12 = X. 

0. 7. 4x2 - 


9 = 0. 


x2 + 9x - 36 = 0. 

x2 = 16x + 36. 

x2 + 17x + 29 = 3x + 5. 

6x2 + 7x - 5 = 0 . 

6x2 + 5x - 4 = 0 . 

2x2 + 7x + 3 = 0. 


x^ - 
= 0 . 
X 2 ■ 

3x2 

X 2 = 
X* 


3 = 0. 

24. 2 x 2 - 1 = 0 . 

bkx + 6fc2 = 0 . 

- 19A:x + 20fc2 = 0. 
u] solve for u, then for x.) 

4x2 _|_ 3 = 0 . 


+ 9 = 0. 
(x - 8)2 = 
(x - 2)2 - 


100 . 

5(x — 2) + 6 


(x + 3)2 + 9(x + 3) 


33. 

36. 9x2 + 4 = 

38. 

: 0. 

= 0 . 


x2 + 4 = 0. 

0. 36. 25x2 _|_ 9 

(x + 7)2 = 25. 


0 . 


36 


0 . 


x2 — 5x = 

3x2 _{. ga; = 0. 

X* — lOx + 25 
9x2 + I2x + 4 
Solve T = for v. 
Solve V = irr'^h for r. 


42. 2x2 


0 . 

0 . 


8 x = 

45. 

47. 

49. 

61. 


: 0. 43. 2x2 4. 7a; 

x2 — 16x + 64 = 0. 
4x2 4 _ 20x + 25 = 0. 
Solve s = for t. 
Solve A = uT* for r. 


0 


74. Completing the square. Since x* + 2^ + /i® - 
it follows that if the square of half the coefficient of x be added to 
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an 


expression of the form* + px, it will become a perfect square 

✓ _ \ o ✓ . \ o 


That is, x^ px + 


X + 


The geometric meaning 


terms 


the areas in the jigsaw puzzle of 

Fig. 27. 

When a quadratic equation can¬ 
not be readily expressed as a product 
of factors, it may be solved by com¬ 
pleting the square, as follows. 

Example 1. Solve the equation 
x^ — 6x — 1 = 0. 

Solution. Transpose the con¬ 
stant term, obtaining — 6a: = 1. 

We may complete the square on the 
left side of the equation bj'’ adding 
the square of half the coefficient 
of X, that is, 32 or 9. But if we 

add 9 to the left member, we must of course also add 9 to the 
right member. Thus we get x^ — Qx + ^ = 1 -f 9 or (x 

10. By III^ section 29, we may write x - 3 

a: = 3 ± V^. Checking, we get: for x = 

- 6(3 -h VlO) -1 = 0, or 94-6 Vio 

1 = 0, or 0 = 0; for X = 3 

VIO) -1=9-6 VlO 



ix + h) = x'* + 2hx + h 

Fig. 27. 



3)2 = 

_ + VTo, or 

3 4- VlO, (3 4- Vl0)2 

- 10 - 18 - 6 VlO — 

VlO we get (3 

10 - 18 4- 6 VIO 


VIO) 


6(3 

0 . 


0 . 


Tf ® equation of example 1 ’are irrational, f 

n^fi2 ^ 3 ± 3.162, or 6.162 and 

- 0.162 approximately. 

folioling et°mp?^’’^" - in t.ie 

Example 2. Solve the equation 4 - 2x -f- 4 = 

- ± V-3, or . + 1 _ ± r- V Veuct .1 - , vl^cleV 

ing we get: for - - -1 + f VS, (-1 + i V3)» 4:2(-l 

- = -1 - f V? we gtt (-1 - 1'%r 

0, or 1 4- 27 V3 - 3 - 2 - 27 V3 4- 4 = 0 or 0 -0^^ ^ " 

Writing p for 2h, or p/2 for h. > r 0 0. 

T bee sections 13, 14, and 15, 
t The student should review section 16. 
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If the coefficient of is different from 1, divide through by this 

coefl&cient before completing the square, as follows. 

Example 3. Solve — 7a: + 3 = 0. 

Transposing the 3, and dividing by 2, we get 

7\2 49 

to both sides, we get 


Solution. 

7 


3 


X 


X 

2 

'TX 2 


2 - Adding 



16 


25 


or X 


_ 7 ^ 
16 ~ 4 “ 

check is left to the student. 


5 


+ -r- Hence x 
~ 4 


3 and x 


1 


2 ' 


EXERCISES 

Solve by completing the square, and check: 


1 . X* - 16x = 36 
3. x» + 14x + 24 

6. 6x‘‘ + 7x - 5 ■■ 

7. 6x^ + 5x = 4. 
9. 2x^ + 7x + 3 


: 0. 
0 . 


0 


2. 

— 

lOx - 

- 24 = 

0. 

4. 

a:2 - 

22x - 

- 48 = 

0. 

6. 

4x2 : 

= 5 - 

8x. 


8. 

6x2 . 

— 19x 

+ 3 = 

0. 

10. 

H 

00 

= 22x 

- 15. 



Solve by completing the square, and check, (a) lec^ng aiwwers in simplest 
radical foL if irrational, or in terms of i if imaginary; (b) if the roots are 
irrational, approximate them to the nearest thousandth. 


11 . 

13. 

16. 

17. 

19. 

21 . 

23. 

26. 

27. 


4x + 1 = 0- 

- lOx + 11 = 


x‘- — 

2x2 

x2 + 2x - 4 = 0. 

= 0 . 


0 . 


x2 — 2x + 5 = 
x® "T" 4x -f- 13 = 0. 
x2 — 5x + 1 = 0- 

3x2 _ iix _ 20 = 0. 

(x + l)(x + 5) = 13 
x2 + px + 2 = 0- 


12. x2 - 7x + 2 = 
14. 3x2 _ 61 + 1 
16. 2x2 _j_ 3x - 7 
18. x2 - 6x + 34 
20. x2 + X + 2 = 
22. 2x2 — 5x — 3 
24. 6x2 7x — 3 
26. 3x2 + X + 5 = 
28. ax\ -{-bx + c 


-- 0 . 

= 0 . 

= 0 . 

= 0. 

0 . 

= 0 . 

= 0 . 

= 0 . 

where a ^ 0 


76 The quadratic formula. By completing the square, we 
prove’that the roots of the general quadratic equation 


can 


( 1 ) 


ax^ 6x + c — 0 


(a 0) 


are given by the formula 


( 2 ) 


b ± 

2a 


4ac 


Proof. Dividing both members of (1) by a, and transposing 


the constant term, we get 
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h 


— X 

a 


c 

a 


To complete the square, we add 


6 


to both sides, obtaining 


or 


2a 




X=* + ^ X + 

a 

(AV = _ £ + 

V2o/ o ^ 


( . & V 

c . 6^ 

or 


“ “ o + 4o» 



6* — 4ac 

or 

(^ + 2S) 

4a2 

Therefore, 

* ^ 2a 

± V6* — 4ac 
2a 


b 


2a 


X 


b + y/b^ — 4ac 
2a 


The student should check by substituting both answers (one 

with the + sign and the other with the — sign before the radical) 
in (1); both answers check. 

To solve any quadratic equation whatever, we have only to 
substitute the values of its coefficients a, 6, and c into the formula 
(2) and simplify. As before, we may check by substitution. 

Example 1. Solve x® — 5x + 6 = 0. Here a = 1, 6 = —5, 
and c = 6. Hence the roots are 


-(-5) ± V( -5V - 4 • 1 • 6 5±1 13 

^ ~ 2 ~ ( 2. 

Check as before. 

Example 2. Solve j = 0. Here a = 1, 6 

^d c = — 1. The roots are 



6 ± V 40 6 + 2 VlO 


2 


2 


Check by substituting as before. 
Note that the roots 3 + vTo 


3 ± VlO. 


decimal 



obtaining 


Example 3. Solve x* + 2x -f 4 
^ 4. The roots t are 


0. Here 


a 


I -0.162, 

1 , 6 = 2 , 


• The student should 
t The student should 


review sections 13, 14, and 15. 
review section 16. 
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2 + V 22 — 4 • 1 • 4 


2 • 1 


2 + V-12 
2 


2 + 2 V-3 


2 


2(-l ± V-3) 

2 


1 + V-3 


1 + i V3. 


Check by substituting as before. 

Note. A pure quadratic equation should be solved by taking 

square roots, ^vith the ± sign. If a trinomial quadratic equation 

can be factored easily, it should be solved by factoring. 

other cases it is probably best to solve by formula. 

EXERCISES 


In all 


Solve by use of the quadratic formula, and check: 
1-26. The equations of exercises 1 


27. 12 
29. 9x* 


X 


= —X. 

I2x - 4. 

■ V3 X + 1 = 0. 

* — X + -n/s = 0. 

x'‘ = 2x +■ ■y/T2. 

■ 2hx ■+ A: = 0. 

39. ax^ + 2dx + c = 0. 

41. X® — 2ax +■ (a^ — h) = 
43. x^ + 2ix — 3 = 0. 


31. 2x2 _ 
33. V2x 

36. V3-" 

37. x2 - 


26, section 74, inclusive. 
28. 5x = 3 - 2x2. 

30. 9 — 24x + 16x2 = 0. 
32. x2 — V 2 X + 3 = 0. 


34. 

36. 


V2 


0 . 


x^ — < 
1 + 3x2 - 
38. x2 + 2mx 

40. 0x2 _ 2dx 
■2 — 


X + 

2 Vs X = 


0 . 


- n = 0. 

- k = 0. 

x‘ — 2ax + +• b^) 

44. 2fx2 + 5x + t = 0. 


42. 


0 


76. Character of the roots. Up to this point in the present 
chapter, no restriction has been imposed on ‘he “efficients a 6 
and c of the quadratic equation ax 2 + + c - 0 (a 0). T1 a 

is everything said so far is true no matter what complex numbers 
a, b, and c represent. Let us now consider only equations with rea 

roots, which we shall denote by ri and Vi respectively, 
are given by the formulas 


( 1 ) 


ri 



and ra 



From (1) and the fact that the sum, product, difference, or 
quotient of two real numbers (division by zero exclude ) ^ a ^ 

numter, i‘ “ ^ra:1sTotTga“nd both equal if 
^I'nrc'u ::ro"‘‘The quantny - 4acl called the discriminant 

• The student should review sections 11-16. inclusive. 
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of the equation bx c = 0. Hence we have the following 


summary 


Quadratic Equations with Real Coefficients 


Discriminant 

positive 

zero 

negative 

Character 
of the roots 

real and 
unequal 

1 

real and 
equal 

imaginary 
and unequal 


If we restrict ourselves further to equations with rational coeffi¬ 
cients, we may draw further conclusions. Since the sum, product, 
difference, or quotient of two rational numbers is a rational number 
(division by zero excluded), it follows that the discriminant is a 
rational number. The roots will be rational if and only if the 
discriminant is a perfect square. If the discriminant is not a 

perfect square, its square roots are irrational. Hence we have the 
following summary: 

Quadratic Equations with Rational Coefficients 


Discriminant 

positive 
and a 
perfect 
square 

positive 
but not a 
perfect 
square 

zero 

negative 

Character of 
the roots 

real, 

rational, 

and 

unequal 

real, 

irrational, 

and 

unequal 

' real, 
rational, 
and equal 

imaginary 

and 

unequal 


- equation, aescribe the char¬ 

acter of the roots of — 6a: — 1 =0. 

a perfect s,uaee. Hence thi 

0 hafeqt, ctr ““ 

Solution. The roots can be equal if and only if the discriminant 

• . - 36 = Oor A: = +6. Check: when k 

- 3 ■ wlTn 7-‘“e -Weh haa the roote 

o, wnen /c -6, the given equation is a:^ - 

has the roots 3, 3. 


A 1 -^ * V j ■ 

is zero, that is, when k^ 


6 x -f 9 


= 6 , 
-3, 

0 which 
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Note. From 
if and only if - 
coefficients are. 


(1), it follows that the roots ri and ri are equal 
- 4ac = 0, regardless of what kind of numbers the 


EXERCISES 


Calculate the discriminant and describe the character of the roots without 
solving, if possible; check by solvirig: 


1 . 

3. 

6 . 

7. 

9. 

11 . 

13. 

*16. 

*17. 

*19. 

* 21 . 


— 4x — 12 = 

+ 7a: — 5 = 

2 + — 7x = 

a:^ + 3x + 5 = 

9x2 + i2x + 4 

x2 + 6x + 18 ^ 

a;2 - 5x = 0. 

2x2 — Vs X + 1 = t 

3j 2 _j_ \/~5 X 5 = 0. 

x2 + 2ix — 5 = 0. 
a;2 + 4ix — 4 = 0. 


: 0 . 

= 0 . 
0 . 

0 . 

= 0 . 
= 0 . 


2 . 

4. 

6 . 

8 , 

10 . 

12 . 

14. 

*16. 

*18. 

* 20 . 

* 22 . 


x2 — X — 30 = 

4x2 _ 5 _|_ gx 


0 . 

= 0 . 
0 . 


2 4- 2x + 4 = 

2 - 8x + 16 = 0. 

+ 2x - 4 = 0. 
+ 4x + 13 = 0. 

2x2 + 7 a. = 0. 


X 


X 


X 


x2 + y/Z X — 

V 2 x2 - X + V2 = 

2zx2 + 5x + i = 0. 
9x^ — 6ix — 1 = 0. 


Vs = 0 


Find the value or values ofk 'for which the equation will have equal roots: 


23. 

26. 

27. 

29. 


fcx2 — 12x + 4 = 0. 
16x2 + fcx + 9 = 0. 
2fcx2 + 6fcx + 9 = 0, 
— 4fca; + 16fc = 0 


24. 

26. 

28. 

30. 


9x2 . 
2kx^ 
fcx2 ■ 
4x2 


30x + fc = 0. 

- 20x + 25 = 0 
8x + 16A; = 0. 
4fcx + 5fc = 0. 


Find the v<due or values of k for which the function is a perfect square 


31. 9x2 _|_ 6fcx + 25. 
33. fcx2 — Zkx + 9. 


32. 9x2 Qkx + 4k 
34. 4fcx2 — 6fcx + 9 


Find the values of k for which the roots of the equation are (a) real and 
unequal, (b) imaginary and unequal: 


36. x2 + 4x + A: = 0. 

37. x* — fcx + 9 = 0. 


36. x2 + 2x + fc = 0. 
38. x2 + fcx + 25 = 


0 


77 The eraph of a quadratic function. Graphical solution of 
quadratic equations. It s, ^ c (o 0) u-ith real coefficients 
?“‘‘^™‘'“bl XFir28 ) To plot the graph we substitute 

“bmated, and ioin them by a smooth curve. 

* May be omitted without disturbing c^tinuity. 

• The student should review sections 34-37. 
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Example 1. Plot the graph of y 
Solution. We get the table 


x^ X — 6. 


X 

0 

1 

-1 

2 

-2 

3 

-3 

-4 

y 

-6 

-4 

-6 

0 

-4 

6 

0 

6 


Plotting these points, we get the graph of Fig. 28. 

The real roots of the quadratic equation ax^ + + c 

real coeficients are the real values of x for which y 

= 0. Thus, they are the x-coordinates 

of the points where the graph crosses the 
x-axis. 

For example, the real roots ofx^-i- 
a: - 6 = 0 are 2 and -3. (See Fig. 28.) 

Note. When both roots are real 
and equal, the parabola is tangent to 
the x-axis. When the roots are imagi- 
nary, the graph has no point in common 
with the x-axis. If the roots are real 
and unequal, the graph crosses the x- 
axis in two distinct points. The stu¬ 
dent should explain how one can tell 
which of these three cases will arise by 
means of calculating the discriminant 

EXERCISES 

I^aw Ike ^aph of each of the SoUomng funciiom 
points for each having x-coordinates which nrf> 


= 0 with 
ax^ -f- 6x -t" c 



1. X* 
6. X* 
8. X* 


2 . 


X — 

6x -f 9. 


2. ix2 + 3. 

2 . 6 . 2 


— X 

9. 1 -j- 7x 


3. 2 

2 


4. 3_— ^^2 

7. x2 -(- X -1- 1. 
2 x2. 10 . 2x2 - 5x -I- 2 

BHimate the real roots, if any, of each equation graphically: 

^ 12. X' - 2a: - 3 = o. 

14. 6 — X — x2 = Q 

• 


11. - X 

13. 3 — 2x — x2 : 

16. 4x2 — 4x -j- 1 

17. 16 - 9x2 ^ 0. 
19. x2 4- 2x -f 4 = 

21. x2 — 3x = 0. 


0 . 


12. x2 — 2x — 3 = 
14. 6 — X — x2 = 

16. 4x2 — 9 — 0. 
18. 9x2 — i2x -f- 4 

20. ^x2 -f- 2 = 0. 

22. x2 + 3x = 0. 


0. 


Plot the graphs of both functions on the same set of axes: 


23. x2 

24. 


X ■ 

2x 


2 and -x2 + x + 2. 

3 and -x 2 + 2x -f- 3 . 






















164 


QUADRATIC EQUATIONS AND FUNCTIONS ICh. xi, §78 


26. x2 - 2 and -x^ + 2. 

26. X* + 1 and —x^ — 1. 

27. x^ — 4x + 4 and — x^ + 4x — 4. 

28. x^ — 3x and 3x. 


Without -plotting the graph, decide by means of the discriminant whether 
the graph will cross the x-axis in two distinct points, will be tangent to the 

x-axis, or -will not meet the x-axis at all: 

29. 4x2 _ 12 a: + 9. 30. x^ — 7x + 12. 31. x* — 8x + 15. 

32. x2 — 6x + 9. 33. x^ + 3x + 6. 34. 4x2 ^ g, 

36. x2 — 2x — 5. 36. 2x^ + 3x - 4. 

Find the values of k for which the graph of each function will (,a) be tangent 
to the x-axis; (b) cross the x-axis in two distinct points; (c) not meet the 

X-axis at all: 


37. fcx2 
39. 4x2 


2 x + 1. 
Skx + 9. 


38. 2x2 _ 4 j: + fc. 
40. 4x2 + 4fcx + 1 


78. The sum and product of the roots. The roots ri and r-, of 
ax^ hx c = 0 {a 0) are given by the formulas 


Ti 


h + 



and Ti 


b — V6 


4ac 


2a 


By direct calculation, which should be checked by the student 
we find 


( 1 ) 


Ti + T2 


b 




and 

( 2 ) 


rir2 


£ 

a 


0 is 


ExamvU 1. The sum of the roots ^ ® 

_-i /I = _i The product of the roots is o/ 

Me If one root „t .» + . + e - 0 is 2, find the other 

™°Ftrs( solution. The sum of the roots is -1. Let r, - 2. 

Then 2 + r, = -1. Henoe -3- equation, we 

Second solution, bmce x ^ mus -u x - 6 = 0, 

have 2 ^ + 2 + c = 0. Hence c = -6. Solvmg x + x o 

we find that the second root is -3. _ „ther 


Example 3. If one root of x* + 6x 6 


root. 
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First solution. The product of the roots is — G. Let ri = 2 
Then 2 • r 2 = —6. Hence r 2 = —3. 

Second solution. Since x = 2 must satisfy the equation, we 
have 2^ + 26 — 6 = 0. Hence 6=1. Solving x — 6 = 0, 
we find that the second root is —3. 


By means of (1) and (2) we can prove the following theorem: 
Theorem 1. If ri and are the roots of ax^ hx c = 0, then 
ax- hx c — a(x — ri)(x — rf). 


( h e 

Proof. We may write ax^ hx c = a { x^ — x — 

\ Of ct 

a(x^ -f [ — 7*1 — rfix + rirf). By (5), section 45, the latter expres¬ 
sion is equal to a{x — ri){x — rf). 

Example Form a quadratic equation with integral coeffi¬ 



cients having the roots and 




Solution. By theorem 1, we may write a{x — ^)(a: -1- = 0 

as an equation having the desired roots. To get integral coeffi¬ 
cients, we may let a = 6 = 2 • 3, and write 2 • 3(.r - ^)(a: + 

= 0, or 2(x - i) • 3(x -f i) =0, or (2x - l)(3x -}- 1) =0, or, 
finally, Ga;^ — x — 1 =0. 


EXERCISES 


Without solving, find the sum and product of the roots: 


1. X® — 5a: -f 0 = 0. 

3. 2x'^ + 5x — 8 = 0. 

6 . X = 3 - 2x2. 

7. 2x2 - 9 = 0. 

9. 3x2 + 53 . ^ 0 . 

11. If one root of x2 — 2x -f 6 
value of h. 

12. If one root of x2 -j- 3x — A: 
value of k. 

13. If one root of 2x2 -|- kx 
the value of k. 


2. x2 - 3x -F 7 = 0. 

4. 3x2 - 2x -f- 12 = 0. 

6 . 5 — 4x = 2x2. 

8. 5x2-t-2 = 0. 

10. 2x2 - 3x = 0. 

0 is 3, find the other root, and the 
0 is 2 , find the other root, and the 
6 = 0 is — 2 , find the other root, and 


14. If one root of 6x2 -f Ifcx — 3 
and the value of k. 


0 is 1/3, find the other root, 


16. If the sum of the roots of 26x2 — 
the roots, and the value of h. 

16. If the product of the roots of (h 
find the roots, and the value of h. 


24x -f- 156 -f 5 = 0 is 6 , find 

- 4)x2 - llx -f 26 = 0 is 6 , 
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17. If one root of 4r= - 12x +/i = 0 exceeds the other root by 2, 
find the roots, and the value of h. 

18. If one root of — lOx + 2/i + 1 = 0 is nine times the otlier, 
find the roots, and the value of h. 

19. If one root of 2hx^ + (S/i - 6)x - 9 = 0 is the negative of the 
other, find the roots, and the value of h. 

20. If the roots of 9x’ - 24x + /i = 0 differ by 2, find the roots, and 

the value of h. 


Write a quadratic equation with integral coefficients having the given 
numbers as roots: 


21. 

5, 

-2. 

22. 

3, -7. 

23. 

1/2, -1/3 

24. 

3, 

-1/2. 

26. 

3/2, -2/3. 

26. 

-4 3, 2. 

27. 

3 

V2, - 

3 V2. 28. 

2 Vs, -2 Vs. 

29. 

5i, —5i. 





2 + Vs 

32. 

S ± Vb 

30. 

+ 

i Vs. 

31. 

4 

2 




34. 

2 ± Si 



33. 

3 

± 2i. 

4 



35. 

a 

± Vb, 

where a and 

b are integers. 



36. 

a 

± bi, V 

.'here a and b 

are integers. 




79. Equations leading to quadratics. {A) Fractional equations 

often lead to quadratics. 

Example 1. Solve the equation 

_ _ 2 _ 6 -- 

_ 2)(x — 3) ~ X — 2'^ (x — 2){x — 3) 

Solution. Multiplying both members of the equation by the 

L.C.D. (x - 2)(x - 3), we get 


X 


2 = 2(x - 3) + 6, 


or 


X 


2x = 0, 


wh.os6 roots Er6 2 End. 0. 


This proves that if x satisfies the original 

equation^ it can only be either 2 or 0. That is, 2 and 0 are the only 
eUgible candidates for the position of root. To decide 

they are > ^ ^ j^en x satisfies the oi^al 

oniiAtl’nn and ‘'If X = 0, then x satisfies the original equation, 
■ms is most easily done by substituting the candidates for the 
lo^Mnrthe oriLal equation. We find that 0 is a root, smce 


converse 


The student should review section 29. 
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0 * 


2 


(0 


or 


2)(0 

0 

6 " 


+ 


6 


3) 0-2^ (0 ~ 2j(0 - 3)' 


1 -I- or 0 


1 + 1 . 


Bui 2 M not a root, since divuooo by 0 is ejccluded. 

The luwiccewful candidates for the rootship, if any, are 
often called extraneous roots, but this is merely a euphemistic way 
of aarine that thev arw not •* sii The occurrence of 


yinc that they are not roots at ail 
extraneous roots shows clearly that checking is not merely a super 
fluous step but is an esaeotial part of the work. 

(B) Someiime, an equation wtay become quadratic upon maJtinq < 
ebanqr of raruMe, as in the following example. 


E 


pi* 


Solre 


1 


5 



+ 6 - 0 . 


Solutien, Let u 


1 



the eauatiun becomes 


5 u 


+ 6 . 

I 

X* “ 

From 


0, which has the solutions 


and 

1 


jr* 


3. From 


X* 


2 and 11 — 3. Hence 


we obtain 


± 


1 

V2 


± 


2 


3 we obtain x — i 


1 

v~3 


± 


y/3 
3 


The student 


••“"•W rkedi U1 four roou in tbt oricioal equntion 

EXERCISES 






S. ttx 


6 

2 


4 . 


3 


2 


2 


U - In* + 1) r ~ 3 
U 4- THm 



1 . 


U - l}» X 

U. r* - Ur* 4 - at 


0 


11. r* - 2ftr* + 100 


0 
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144 

97 

14. 

36 25 . ^ 

0. 


13. 

-—4-9 = 0. 

—I “ 1 ~ 


X* 

X® 





16. 

(x - 

- 4)^ - ll(x - 

+ 

00 

II 

o 

• 

{Hint: Let u = 

{X - 

- 4)®.) 

16. 

(x - 

- 2)-* - 7(x - 2)® -1- 12 = 0. 




17. 

(x® 

- 2x)® - 7(x® - 

1 

1 

00 

II 

o 

« 

{Hint: Let u = 

-- X® - 

- 2x.) 

18. 

(x® 

4- 3x)® - 14(x® 

-i- 3x) -f 40 = 

0. 




19. (i® + 8) + (2x- + X — G) =0. {Hint: Factor each expression 
in parentheses and extract common factor.) 

20. (x® - 1) + (a;® - 5x + 4) =0. 

21. x« + 7x® — 8 = 0. 22. 8x« + 7x® — 1 = 0. 

80. Irrational equations. An irrational equation is one in 
which an irrational expression* is involved. In solving equations 
of this type, we shall again find it necessary to check the converse 
proposition by substitution in the original equa tion.! 

Example 1. Solve the equation x — 7 = Vx — 5. 

Solution. Squaring both sides we get x® — 14x + 49 = x — 5, 
or X® — 15x + 54 = 0. The roots of the latter equation are 6 and 
9 . We have so far proved that if x satisfies the original equation, 
then X can only be 6 or 9. That is, 6 and 9 are the only candidates 
eligible for the position of root. To see whether or not they are 
roots, we must check the correctness of the converse propositions: 
“If X = 6 , then x satisfies the original equation,” and “If x = 9, 
then X satisfies the original equation.” This is done by substi¬ 
tuting in the original equation. For x = 6 , we get 6 — 7 = 
Ve — 5, or! — 1 = -+-1. Thus ti is not a root. But for x = 9, we 
get 9 — 7 = \/9 — 5, or 2 = 2 . Thus, 9 is a root. 

Example 2. Solve Vx — 2 = Vx 4-2. 

Solution. Squaring both sides, we get x — 2 = x -}- 4 Vx -f 4. 
Since we have not yet gotten rid of the radicals completely, we 
transpose, obtaining -6 = 4 Vx, or -3 = 2 Vx, and square 
again. Thus 9 = 4x, or x = 9/4. Therefore 9/4 is the only 
possible root. But substitution reveals that it is not a root, since 

= 4+2 yields 4 = >/l + ®’ V I + ®- 

false. Hence the given equation has no root at all. 

Since extraneous roots occur, some step in the argument must 

fail to be reversible.§ Which step is it? 

♦ See section 24 for definition. 

t Compare the preceding section, and section 29. 

t Recall that the radical sign represents the principal root only. 

§ See section 29. 
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EXERCISES 

Solve and check: 


1 . “h 2 = 

= 3. 2. 

Vx + 

2 = 

-3. 

3. 

Vx = X — 2. 

4. Vx = 2 - 

" X. 


5. 

V3x + 4 ^ 

= 2 + V2x — 4 

6. Va: — 4 = 

= 9 - Vx + 

5. 

7. 

V X 

- 4 = 

Vx + 5 — 9 . 

8. Vx + 4 + y/x + 11 = 

= 7. 

9. 

V X ■ 

■f 2 + 

V2x + 5=1. 

10. V3x + 1 ^ 

= 1 + V2x 

- 1. 

11 . 

V2x 

+ 4 = 

= 1 + V^. 

12 . V3x - 1 + VSx + 6 ^ 

= 7. 

13. 

V3 - 

- 2x = 

= 3 + V 2 + 2x. 

14. Vx + 5 + 

V2x + 3 = 

3. 

16. 

V2x 

+ 1 + V2x— 1 = 4 

16. V2x - 1 - 

- Vx = 2. 






17. a/Sx — 2 - 

- Vx + Vx 

- 1 = 

: 0 . 




1ft ^ 

/2x - 3 

2. 





Vx - 2 

V X - 2 ~ 





19. V3x - 3 - 

- Vx + 1 = 

V^. 





20 . V2x + 3 - 

- Vx + 1 = 

Vx — 

2. 





81 Verbal problems. Many verbal problems lead to the soln 

Student should review carefully the seven 
p in solving a verbal problem given in section 63. 



Fis. 29. 


Example. Witliin a flower e-ardpn ft -iro .-i -j 
long, ,ve are to pave a path oruS^t widthtrold tTeV" 

“Its 

of tf:tra. floSVottt-Ij’Td iheS rh • 

ar.a therefore ie (6 - 2x)(12 - 4). Hence" the'eqLVioS 


( 1 ) 


The solutions of (1) are 1 and 8. 


(6 - 2a:) (12 - 2x) = 40 . 






































170 QUADRATIC EQUATIONS AND FUNCTIONS [Ch. xi, §8i 

Clearly 1 satisfies the conditions of the verbal problem, since 
the flower plot will then have the dimensions 4 yards by 10 yards. 
But while 8 is a root of equation (1), it cannot satisfy the conditions 
of the problem, since you cannot pave a path 8 yards wide in a 
garden only 6 yards wide. How can this happen? See section 63. 

EXERCISES 

1. The area of a rectangle is 56 square yards. Its perimeter is 30 
yards. Find its length and width. 

2 . The area of a rectangle is 400 square feet, and its perimeter is 
100 feet. Find its length and width. 

3. The two legs of a right triangle differ by 7 feet. The hypotenuse 
is 13 feet long. Find the legs. {Hint: Use the Pythagorean theorem.) 

4. One leg of a right triangle is 1 foot less than twice the other leg. 
The hypotenuse is 17 feet long. Find the legs. 

6 . Find two consecutive numbers whose product is 552. 

6 . Find two consecutive even numbers whose product is 1088. 

7. Find two consecutive odd numbers whose product is 783. 

8 . The length of a rectangle is 24 feet greater than the width. The 
area is 1620 square feet. Find the length and the width. 

9. The number of inches in the perimeter of a certain square is equal 
to the number of square inches in its area. Find the length of the side 
of the square. 

10. If the price of eggs rises 10 cents per dozen, one will be able to get 
2 dozen fewer eggs %vith $ 6.00 than was possible at the lower price. 
What was the lower price? 

11. A car travels 120 miles. A second car travels 10 miles per hour 
faster than the first and makes the same trip in 2 hours less. Find the 
speed of each. 

12. A stone is dropped from the top of a vertical cliff 100 feet high. 
Using the formula s = for the distance s (measured in feet) through 
which a body will fall in t seconds, find the number of seconds it takes for 
the stone to reach bottom. 

13. A stone is dropped from the top of a vertical wall 36 feet high. 
Using the formula of exercise 12, find the number of seconds it takes for 
the stone to reach bottom. 

14. A stone is dropped from a cliff overlooking a lake, and the sound 
of the splash is heard 9 seconds after the stone was dropped. If the 
velocity of sound were 1024 feet per second, how high is the cliff above the 
lake? {Hint: use the formula of exercise 12 together with other 

considerations.) 

16. Find a positive number which when diminished by 20 is equal to 
69 times the reciprocal of the number. 

16. Find a positive number which when increased by 24 is equal to 
52 times the reciprocal of the number. 
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^ A alone can do a job in 6 daj’s less than it takes B alone to do the 
job. Working together they complete the job in 4 days. How 
long would it take each to do the job alone? 

18. One pipe alone can fill a tub in 4 minutes less than it takes a 
aecimd pipe alone to fill the tub. Both pipes together can fill the tub in 
2 minutes. How' long does h take each pipe alone to fill the tub? 

19. Within a garden 10 yards wide and 20 yards long we wisli to pa\'e 

a walk of uniform width so as to leave an area of 96 square yards for 
flowers. How wide should the walk be? 

20. A train travels 200 miles at a uniform speed. If its speed had 

l^n 10 miles per hour less, the trip would have taken 1 hour more Find 
the actual speed of the train. 

A- ^ two-digit number is 10. The tens 

digit 18 2 leas than the square of the units digit. Find the number. 

22. A pet shop bought a litter of puppies for $80. All but 3 of them 


Its 


r^tangle is 6 feet greater than its wdth. 

IS 610 square feet. Find its dimensions. 

24 If a body thrown vertically upward with an initial velocity oi 
J^r ^ starting level, measured in Let, 

Z (P' 'Wp formula for (; (6) find tu 

r = 128 ft. per sec. and A = 192 ft. ' ^ “ 

“ ®n>Plo >^riea electrical circuit with 
mducuwc. L henrya, recatance ft ohma, and capacitance C far^ it 

become. nece™,or to solve t he equation /.r> + fix + i = Q. Find 
J in terms of Z., 7?, and C. ^ 

trip d„.tnft^.‘“ rhltifthTi^'"onr 

long did th« trip take each wav? ^ water and how 


m 4 houm. If the srieed of the current is 4 ™ u ^^Pstream 

thrown vert?c^^; ^ ^ ^all 

-Ci^canc^ of the fact that^ere am t^ 

" ia even by P^f''« mtettera I, 2,3. 

five mtetem muat be «lded to obtain aaum of 

^ » «i^^^ ntn™l‘r''How “P”**? 2. , 

P'-- «■« numben. mu« be added to obiin?™.n?mV'''“ '““"P' 
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31. If $2000 invested at interest compounded annually amounts to 
$2121.80 in two years, what is the rate of interest? 

32. Two straight roads cross at right angles. Two men start simul¬ 
taneously from the point of intersection, A walking at the rate of 2.5 miles 
per hour on one road, B walking at the rate of 6 miles per hour on the 
other road. How long will it take for them to be 26 miles apart ? 

*82. M axim a and minim a of quadratic functions. The graph 
of a quadratic function y = ax^^-\- hx c with real coefficients 
(a 0) is a parabola and obviously has a highest point if it opens 
downward, or a lowest point if it opens upward. The coordinates 
of this maximum or minimum point may be found by completing 
the square as follows. 

Example 1. Find the coordinates of the maximum or minimum 
point of ^ — 6a; — 1. 

Solution. We add and subtract the square of half the coeffi- 

2 - 6a;+ 9-1—9 or 


cient of x, obtaining y = x 

(1) y = 


(a: -3) 


10 . 


Since {x — 3)® is never negative for real values of x, the minimum 
y is clearly —10 and is attained when (x — 3)^ = 0, or x = 3. 
Hence the minimum point has the coordinates (3,-10). 

Example 2. Find the coordinates of the maximum or minimum 

point oi y — h — 12x — 3x2. 

Solution. We write y = -3(x2 + 4x) + 5. To complete the 
square within the parentheses we must insert 4. Hence we must 
add 12 outside the parentheses, obtaining y = — 3(x2 + 4x + 4) + 

5 + 12, or 


( 2 ) 


y 


3(x + 2)2 + 17. 


20-X 


Since (x + 2)2 is never negative for real values of x, the maximum 

value of y is clearly 17, and this 

is attained when (x + 2)2 = 0, 
or X = —2. Hence the maxi¬ 
mum point has the coordinates 

(-2,17). 

Finding the maximum oi 
minimum values of a function 
y = f{x) and the value of x for 
which it is attained is clearly a 

problem of paramount practical importance. In engineering, 
business, etc., we want to get the best result, expend the lea^r 

* This section may be omitted without distuibing the continuity of the book. 



20-X 

Fig. 30. 
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euergj', and so on. Whenever the function involved is quadratic, 

we may solve such a problem as above. A general method (for 

quadratic or non-quadratic functions) is provided in the subject 
known as differential calculus* 

Example S. Fmd the dimensions of the rectangle with maxi¬ 
mum area whose perimeter is 40 feet, and find the maximum area. 





(3) 

or 


y 


y 


20x 




Completing the square, we get y 


20x) 

-(x* 


y 


(x - 10)* -f- 100. 


20x -I- 100) -f- 100 or 


^ rectangle therefore is a square. The graph 



to thi. .ubi^t 

MaeniJimm. IMi, Chaptar XL 


RicJiardaon, Pundatru^ual, 
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of the function (3) given in Fig. 31 indicates the relationship 
between this example and the preceding ones. 

EXERCISES 

Find the coordinates of the maximum or minimum points, as the case 
may he, state whether the point determined is a maximum or minimum 
point, and sketch the graph of each of the following: 


1. 

y = 

= a:-- — 

■ 6 a: + 2 . 

2. y = 

= + 4a: + 3. 

3. 

y = 

= 4x - 

- + 3. 

• 

II 

= 6 x — + 2 . 

6. 

y = 

= 2x^ • 

- 12x + 7. 

6. 1/ = 

= 5 + 6 x — 3x*. 

7. 

y = 

= 3 + 4a: + 4^^. 

8 . y = 

= 2 + 2 x - 4x''. 

9. 

y = 

= 15 - 

- 6 x — 6 x^. 

10. y = 

= 3 - 3x + 3x*. 


11. Find two numbers whose sum is 20 and whose product is a 
maximum. 

12. Find the dimensions of the rectangle with maximum area whose 
perimeter is 60 feet. What is the maximum area? 

13. Find two numbers whose sum is 20 and such that the sum of their 
squares is minimum. 

14. Find the dimensions of the rectangle whose perimeter is 40 feet 
and such that the square of its diagonal is a minimum. 

16. A body is thrown straight up from the ground with an initial 
velocity of 96 feet per second. Neglecting air resistance, its height h, 
measured in feet, after t seconds, is given by the formula h = m - 
After how many seconds does the body reach its maximum height, and 

what is the maximum height? 

16. A projectile is thrown straight up from a height of 6 feet, wath an 
initial velocity of 192 feet per second. Neglecting air resistance, its 
height h, measured in feet, after t seconds is given by the formula 
^ _ 0 \Q2t — 16f^. After how many seconds does the projectile 

reach its maximum height, and what is the maximum height? 

17. If 400 people will attend a moving picture theater when the 
admission price is 30 cents, and if the attendance decreases by 40 for 
each 10 cents added to the price, then Avhat price of admission ivull yiei 

the greatest gross receipts? 

18. A telephone company can get 1000 subscribers at a montMy rate 
of $5.00 each. It will get 100 more subscribers for each 10 -cent decrease 
in the rate. What rate Mill yield the maximum gross monthly income 

and what will this income be? 

19. It is desired to enclose a rectangular field adjacent tbe^raigh 
bank of a river. No fence is needed along the river bank. If 2 W yarns 
of fence is to be used, what are the dimensions of the rectangle which 
wUl enclose the maximum area, and what is the maximum area r 

20. The base of a triangle is 20 feet and its altitude is 12 feet. ^ 
the dimensions of the rectangle iiith maximum area that can be inscnoe 
in the triangle with one side along the base (Fig. 32). 
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+V, y r + hx + c (a ?^0) has real coefficients, 

then the maximum or mimmum point of the graph has the coordinates 

/ a, y ( ac b )/4a, and that the point is a maximum or a 
mimmum accordmg as a is negative or nositivp 



4 

I 


I 


f 


I 















CHAPTER Xll 


Systems of Equations in Two Unknowns Involvins Quadratics 


83. The graph of a quadratic equation in x and y. To plot the 

graph of an equation of the second 

y degree in x and y with real coeffi¬ 

cients, it is usually desirable to solve 
the equation for y in terms of x, or for 
X in terms of y, and calculate a table, 
as in the following example. Square 
roots may be worked out, or read from 
table I. The table should always 
X include the values x = 0 and y = 0 
if possible; these will yield the points 
where the curve' crosses the y-axis and 

the x-axis, respectively. 

Example 1 . Plot the graph of the 

equation -p = 36, 

Solution. Solving for y, we get 



y 


1 


±5 V36 


9x\ Substituting 


values for x, we get the table: 


X 

0 

±2 

+ 1 

-1 

y 

±3 

0 

+ 1 Vs = ±2.6 

± 1 V3 = ±2.6 


This yields eight points, which are joined to form the curve m 
Fig. 33. It is clear that no points of the curve exist for x > 2, or 
a; < — 2, since in either case y is imaginary. 

Example 2. Plot the graph oi xy = 1. ^ 

Solution. Solving for y in terms of x, we get y = "• Clearly 

no points of the curve exist with i = 0 or j/ = 0. We get the table 


X 

4 

3 

2 

1 

1 

2 

1 

3 

1 

4 

-4 

-3 

• » • 

y 

1 

4 

1 

3 

1 

2 

1 

2 

3 

4 

1 

4 

1 

3 

• • • 
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This yields the graph of Fig, 34. 

The general equation of second degree in x and y may be 
written as 


( 1 ) 


$ 

Ax^ + Bxy + Cy^ + Dx + Ey + F 


0 . 


The following facts, proved in textbooks on analytic geometry, will 
be helpful in plotting graphs. 

If the coefficients are all real, the graph is either an ellipse {Fig. 
33), a hyperbola {Fig. 31^), a y 

circle, a parabola {Fig. 28), or, in 
special cases, a pair of straight 
lines (distinct or coincident), a 
single point, or non-existent. 

In particular: 

If — If.AC is positive, the 
graph is a hyperbola, or, in special 
cases, a pair of intersecting 
straight lines; 

If B^ JfAC is zero, the graph 
is a parabola, or, in special cases, 
two parallel or coincident 
straight lines, or non-existent; 

If B^ - 


/ 



I " i ' ' ' ' ' 


Fig. 34. 


^AC is negative, the graph is an ellipse, or, in special 
cases, a circle, a single point, or non-existent; 

If B = Oand A ^ C, the graph is a circle, or, in special cases a 
single pomt or non-existent. ’ 

^1 the graphs of second-degree equations in a: and y are called 
omc sections because they are the intersections of a right circular 

studied by the ancient 
about them waa written by Apollonius of Perga tsS cLturv 

many practical applications in physics For e! . 


mill M.r- 
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EXERCISES 

Plot the graph of each of the following and identify the curve: 


1. 

x2 + = 25. 


2. 

^2 + 7/2 _ 

■ 4x 

3. 

y = 3x2 4. 4x — 1. 





4. 

9x2 _ 24x1/ 4- 167/2 — 

200x - 

1507/ 

= 0. 


6 . 

x2 — 7/2 = 1. 


6. 

xy — 3y ■ 

= 1. 

7. 

x2 — 7/2 — 4 .x — 67/ — 

• 

0 

11 

t 




8. 

4a;2 + 9t/2 = 36. 





9. 

9x2 4^2 _ iga- 4_ I6y — 11 

= 0. 



10. 

36x2 24x7/ + 297/2 

= 5. 

11. 

x2 + 7/2 = 

= 0. 


4 = 0. 


12. + t/2 = 1. 13. 4- = -1. 14. 4X-* + y* = 16. 

16. = 0. {Hint: The equation is equivalent to the system 

x + 2/ = 0, X — 2/ = 0.) 

16. (x 7f ^){y - 1) = 1. 

17. x® — 2xy + = 0. {Hint: The equation is equivalent to 

(x — yY = 0.) 

i. A common 


simultaneous equations, a 
ino ir» or a.nfi ii are the coordinates 


y 



Fig. 35. 


point belonging to both graphs, that is. a point of intersect.® 
of the two curves. Hence the common real solutions can be 

estimated from the graph. 

ExampU 1. Find graphically the common solutions of 



3x2 4 . 4^2 = 192 

3x* - y* = 12. 
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Plotting the graphs of the two equations, we get Fig. 35, froi 
which we read (approximately) the common solutions: 



X 

4 

4 

-4 

-4 

y 

6 

1 

-6 

6 

-6 


The graphical solution yields only the real common solutions, 
since the x- and y-coordinates on the graph are always real num¬ 
bers, and even these solutions are usually found only approxi¬ 
mately, since they are based on drawing and eyesight. To fin d 
accurate solutions in all cases we must use algebraic methods, as 
in the following sections. However, it is desirable to plot the 
graphs in any case, since they serve as a rough check on the 
algebraic solution. For many practical problems, a graphical 
solution IS sufficiently accurate. Two quadratic equations in 

X and y can have no more than four points of intersection, and they 
may have fewer. 


EXERCISES 

of eq^m: solutions of each of the following systems 


1 . 


4. 


6 . 


x^ + y^ = 2b „ 
4i/ = 3a:. 

+ 2/2 = 13 

2x — 2 / = 4. 

25x2 -f- 42/2 = 100 
5x - 2y = 10. 


X2 

X 


+ y 

- y 


34 


2 . 


3. 


6. f 


x^ -f- y‘ 
2x + y 


12 


X + Zy = Q. 



3^2 = 43 - 

4x2 -1- 92/2 = 72. 



10 . 



3. 


= 33 
15. 

7 

25. 


Quadratic . ® equation is linear and one 

quadratic. In this ease, the linear equation can be solved“or one 
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variable in terms of the other and this expression substituted in the 
quadratic equation, thus yielding a quadratic in the other 
variable only. The solution is completed as in the following 


example. 


y 


Solving (4), we get 
results in (3), we get 



Example 1. Solve algebrai¬ 
cally the system: 


( 1 ) 

( 2 ) 


sy 


xy 

5x 


1 

2 . 


X 


Solution. From the linear 
equation (2) we get 


( 3 ) 


y 


5x -t- 2 
3 


Substituting this in the quadra¬ 
tic equation (1), we get 


( 4 ) 

X = 3/5 and x 


1 . 


5x2 + 2x 

3 


1. Substituting these 


and 


for X 
for X = 


h y 
1 , y 




1 . 


Both solutions should be checked by substituting in both equations 


EXERCISES 

Solve algebraically and check. 

1-12. Solve exercises 1—12 of section 84. 


13 


15 


17 


19 


(x - 2)2 -b y 2 

= 5 

14. 

11 

1 

H 

(X - 2)2 + y = 

= 5 

16. 

y = X -b 1- 

X2 _b y2 _ 22 / ' 

= 9 

18. 

2x -b y + 4 = 

0. 


x 2 -b xy — y2 

= 1 

20. 



2 



(x + 1)2 + (y + 1)’^ = 
= 2x -|- 1. 

2 + + 2l/ = 9 

= 2x -j" 4. 


5 


5. 


X 


3x 


2 -b 2/2 — 2x2/ = 9 


2y = 7. 

2 = 1 and X + y 


^Zy — 2x = 

21. Prove algebraically that the graphs oi x^ + y 

do not intersect. r 0-2 ,,2 - 2 and x 

22. Prove algebraically that the graphs of 2x +2/ 

= 10 do not intersect. 


7 


- y 
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23. Find the positive value of k for which the graph oi x y = k is 

tangent to the graph of a:^ + = 1 , and find the coordinates of the 

point of tangency. 

24. Find the positive value of k for which the graph oi Zx + by = k 

IS tangent to the graph of + 25y^ = 400, and find the coordinates 
01 tne point oi tangency. 


86. .^gebraic solution wben both equations are quadratic. 
The task of eliminating one variable was easily accomplished 
m the preceding section because one equation was hnear, and from 
It one could get a simple expression for y in terms of x or for x in terms 

of y If both equations are quadratic, the same procedure could 
be followed but one would in general get from one equation by 
means of the quadratic formula a cumbersome expression for y in 
teri^ of X which, when substituted in the other equation, would 
3 leld a complicated equation involving radicals. A better method 
of ehminatmg one variable from two polynomial equations of any 
degree in x and y wull be discussed in section 131. For the present 

oiindr f ^ proved that a system consisting of two 

If ^ Cerent solutions. 

= 0 IS such that B = 0 and A ~ T ^ n +>, 0 ^. -f u ; + -r 

o ana ^ - c ^ 0. th^n ,f shown that 


1 . • 1 \jy uncjj. xt Ldll DG Si 

Its graph IS a circle (except for trivial exceptional cases) If bn+h 

equat^na of the system are of tMs type, the'co Jon aolutiolll Lt 

-o^degme TJ t‘J we Jy sdve t rJZ^ 

''^ExlmXT "so^rthrsystem ^^^dratic equations. 

( 1 ) 

( 2 ) 


- 4x + 7/2 
2 + 2/2 _ 


X 


2y 


1 

9. 


Solution. Multiplying the first equation by -1 and add- 
terms obtaining minate the second-degree 


or 

( 3 ) 


4x - 2y = 8 


2x 


y = 4:. 




These 
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EXERCISES 

Solve and check: 


1 ( a;* + 7/* + 4x = 1 

+ 7/" - 2y = 9. 

„ I (x + 2)2 + 7/2 = 5 

\ X2 + (7/ + 1)2 = 10. 

c I x2 + 2/“ + 6x — 47/ = 0 
\ (x - 5)2 + (y - 2)2 = 29. 


n I X2 + 7/2 _|_ 2x + 2l/ — 3 
1 (x + 3)2 + y 2 = 10. 

. j (x + 2)2 + (y - 1)2 = 5 

I x2 + y2 = 10. 


*6. Show that if two circles intersect in two distinct points, then the 
linear equation obtained by eliminating the second-degree terms must be 
the equation of the straight line joining the points of intersection. 


Case B. When both equations have the form Ax^ + Cy® + F 
= 0, the system is linear in the variables x2 and y® and can be 
solved by multiphcation and addition, as in the following example. 
Example 2. Solve the system: 


13x2 42^2 = 192 

[3X2 _ y2 = 12. 


Solution. Multiplying the second equation by —1 and 
adding to the first, we get 5y2 = 180, or y 2 = 36, or y = ±6. 
Multiplying the second by 4 and adding to the first, we get 15x2 = 

2 = 16, or X = +4. Hence there are four solutions; 


240, or X 


X 

4 

4 

-4 

-4 

y 

6 

-6 

6 

-6 


See Fig. 35, section 84. 


EXERCISES 


Solve and check: 





2x2 _ 3y2 = 6 

[ x 2 + 2 y 2 = 17 . 

j 8x2 - y2 + 9 = 
[ 3 x 2 + j /2 = 31 . 

I 2X2 _ 3y2 = 1 
1 3x2 _j_ 2y2 = 21. 


_ ( y2 - 8x2 = 8 j a;2 + 2y2 = 10 

[ x2 + 2y2 = 33. ’ [ 2x2 + y* = 11. 

0 1, I 2x2 + y2 = 5 

\ 2x2 - 3y2 = 3. 

I 3x2 + 2y2 = 1 j 3x2 _ 1 _ 8 y 2 = 21 

I 12x2 _ 2^2 = 1 [ x2 + 4y2 = 10. 


Case C. When one equation can be factored, the solution may 
be accomplished as in the following examples. 

Example 3. Solve 


(4) 

(5) 


I x2 + y2 = 25 

[ 12x2 - 12y2 = 

May be omitted without disturbing eontinuity. 
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Solution. The second equation can be factored, obtaining 

(4a: — Si/) (3a: + 4y) = 0. This is equivalent to the two linear 
equations 

( 6 ) 

and 


4x — Zy = 0 


(7) 


3a; + 4?/ = 0. 


Hence the given system is equivalent to two systems of the type 
studied in section 85, namely (4) and (6) together, and (4) and (7) 
together. Sohdng (4) and (6), we get a; = 3, y = 4, and a: = -3, 
y ^ -4. Solving (4) and (7), we get a: = 4, y = -Z, and 

^ ~ y ~ Hence the given system has all four solutions. 

If no first-degree terms are present, the system can sometimes 

be reduced to the preceding case by eliminating the constants. 
Example 1^. Solve 


3 

4 


( 8 ) 

(9) 

Solution. 
and (9) by - 

( 10 ) 

This may be factored into (4a: - Zy) {Zx -b 4?/) = 0. We may 

then solve either of the given equations together with both the 

equations obtained by setting these factors equal to zero. Thus 
we may solve the systems 


Zx^ xy = 

4j/2 — xy = 

To eliminate the constants, v 
3 and add, obtaining 

12a:2 d- !xy - 12y^ = Q. 


( 11 ) 

and 

( 12 ) 

Solving (11), we get 


3a:2 Jf. xy = Z 

4a; — 3y = 0 


3a:2 -b xy 
Zx -b Ay 


3 

0 . 


Zx^ -b 


Ax^ 

“3“ 


9x^ -b Ax^ 
IZx^ 


X 


+ 


3 


+ 


= 3 

I 

= 9 
= 9 

3 Viz 


VlZ~ 


y = ± 


12 Vl3 


+ 


4 V13 


39 


13 








184 SYSTEMS OF EQUATIONS IN TWO UNKNOWNS ICh. xii, |86 


Solving (12), we get 


t 



Hence the given system has the four solutions 


■ 

3 Vl3 

3 Vl3 

2 V3 

2 V3 

X 

13 

13 

+ 3 

3 

■ ^ 

y 

4 Vl3 
13 

4 Vis 
13 

V3 

2 

V3 
^ 2 


Other cases will be left to the ingenuity of the student, or they may 
be solved by means of the general method taken up in section 131. 


EXERCISES 

Solve the following sysUms, leaving irrational answers in radical form 
and check: 

2 4- yi = 16 

* — Zxy + 2j/* = 


16. 


+ 2/" = 25 
12 x 2 _ 2bxy 



I2y 


0 . 


16. 


0 . 


17. 


x2 + 2/2 

{x — y 



25 

■5)(3x 


41/) = 0. 


18. 


19. 


20 . 


22 . 


24. 


26. 


28. 


16x2 + 252/2 = 400 

(4x + 52/ - 20) (8x + 5y - 

- 40) = 

0. 

x* — 2/® = 9 _ 

4^2 _ (5 -i_ 4 V2 )x2/ + 5 V 22/2 = 

: 0. 

5x2 4_ Qyi = 161 

6x2 _ 23x2/ + 207/2 = 0. 

21. 

1 3x2 _ 5y2 = 7 
\ 2x2 _ 7xy 4- 6y 

5x2 4- i2y2 = 128 

3x» + 4x2/ — 42/2 = 0. 

23. 

1x2 + 2xy + y2 = 
\ xy + 2y* = 2. 

3x2 _ 5x7/ = 2 

2y2 4- xy = 4. 

26. 

1 2 x 2 + xy + y2 = 
\ 3xy + y2 = 10. 

3x2 + 4xy + y* = 5 

3xy -h 10y2 = 4. 

27. 

( x2 + y2 = 5 

\xy = 2. 

x2 + y2 = 10 




xy 


3. 


0 


8 
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87 . Veibal problenrs. Tlie following \'erbal problenw may 
ksd to crMraM of equatioo* inroi\'ing quadratics. The student 
ArttiU foBov earefoUr the Be>’en step* outlined in section 63 . 

.Vn*. Tbe probte m of firwiinf the intersection of two rur\'es is 
<MW of oonaidermble practical importance beyond the pn>l)lem8 
Belov. Thm in narq^tion a point I* located u;^ually as the inter- 
Mflioa of two am of cireka, or of two straiglit lines, or e\'en of two 
hyperbofasL In practicaJ enpneerinft proldems, it is often necee- 
aary to the coordioaiea of points of intemeciioo of two ftraplis. 


EXERCISES 












L Find two potitiva numbert vhuaa difference is 2 and wh 
p wi dact b 143 

t. FVad two povtirt auaaben whose aum b 18 and the sum uf wh 

M m 

3 . The area of a right tnaagle i* 00 aquare f.'wt and iu hyputem, 
17 faat toag Fiad the legs 

4. The area of a rertaagle b 310 aquare inchea, and a diagonal ii 

Kukd the length and width of the rectangle 

The perimeter of a rwrtaagb b SO fart and its area is 144 square 

Fiad ite bngUi aad width. 

The penmeier of a rsrtaagle b 138 inchea and a <liagrtnal b SI 
loaig. Find iu length aad width. 

. If a faus traveBiag In fwaim two t^iwns were U> torrease its usual 
by 10 aiOM par hour, it would Make the trip in 30 minutea lem than 

kft if tu ueual apaed were tiecreasrd by 10 mile* (ler 
trip w«aild take 1 hmtr oiatv F^nd the usual speed of the Ims 
the bngtk <d the tnp. 

A watts Ift Mtlae in 40 minutea leas time than hb s<in. The 

i apsad v 4 S mils per hour leas than the father's speed Find the 
^peed «f eaeh 

t. The hypatennae cf a right triangle b 19.S feet lung If each leg 

4 5 fast, the hypu4enuae would be tnereased by 6 feet. 

Find ihs bpsaf the nnginal tnaagle- 

The di s grei a l of a iwetaagle b 37 inrhH long If the length of 
the metaa^ were dacraasad by 5 inehen and its width inrnavd by 

tke dmgtmai wmbd be deersaaed by 3 inchaa. Find the length 
width «f the uri^aat rrniingla 

Ih A raclaag^ dower ploi has area 504 square fee4, andbaur- 

rau^^apathSfaeiwids The am of the path b 312 square feet. 

*ke bngth aad width of the ff owe r plot 

^ ^ ^ » job in 4 days workiag tcafethw. d alone would 

bwg t« do the iob as ff alona would take How long would 

to do the Mb7 











186 SYSTEMS OF EQUATIONS IN TWO UNKNOWNS ich. xii, §87 

13. A man spent S4.80 for a certain number of items If the price 
per item were decreased by 5 cents, he could have bought 16 more items 
For The same amount of money. How many items were bought and at 

what price per item? _ . 

14. A rectangular piece of cardboard ha.s an area of 120 square inches. 

By cutting a sq^re 2 inches on each side from each of the 
cubic inches. (^Find the length and %v'idth of the original cardboard. 


p'/) 
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L 








•y 
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CHAPTER XIII 

Ratio, Proportion, and Variation 


88. Ratio and proportion. 


number 


a 


often read “o is to 6 as c is to d.” In the proportion ^ 


another number 6 (0) is the quotient The ratio a/h is some¬ 
times written a:6. Four numbers a, h, c, d are said to be in 
proportion if a/h = c/d (or a:h = c:d). A proportion is a state¬ 
ment that two ratios are equal. The proportion a:h = c:d is 

“ a 

numbers a and d are called the extremes and the numbers h and c 
are called the means. 

If a:6 = c:x, then x is called the fourth proportional to a, 6, 
and c. li a:h = h'.x, then x is called the third proportional to a and 
6. li a:X = x:h, then x is called a mean proportional to a and b. 

Proportions were studied by the ancient Greek geometers. 
If two triangles are similar, then corresponding sides are in propor¬ 
tion. This may be written as follows: If the lengths of the sides 
of one triangle, all measured in terms of the same unit, are denoted 
by a, b, and c, and the lengths of the corresponding sides of the 
other (similar) triangle are denoted by a', b', and c', measured in 
terms of the same unit, then a:a' = b:b' = c:c'. The latter 

equality means that ^ 

a b c 

The following theorems are found in Euclid’s Elements, the 

great work on geometry written about 320 B.C. upon which 

geometry textbooks are based. The student should carry out the 

proofs. It is assumed throughout that values of the letters which 
would make any denominator zero are exelnHprl 


Theorem I. 




Cbd 


be. Or, in any proportion the 


duct of the means equals the product of the extremes. 

Hint for proof: Multiply both members by the L.C.D. bd. 


Theorem II. 




<c a b 

trieTl — = 

d c d 


proportion may be interchanged. 


That iSy the means of any 
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Hint for proof: Divide both members of ad = be by cd. 

In II, the second proportion is said to be obtained from the 

first by alternation. 


a 


Theorem III. If r 


c , b 

tun - 


d 


b d' a c 

Hint for proof: Divide both members of ad = be by ae. 

In III, the second proportion is said to be obtained from the 

first by inversion. „ . w 

a c, a -\- b _ c + a 

Theorem IV. b ^ d’ b d 

Hint for proof: Add 1 to both members of the given proportion 

In IV, the second proportion is said to be obtained from the 
first by composition. i. „ w 

a c CL — 0 __ c _ 

Theorem V. If ^ — W b~~d 


Hint for proof: Subtract 1 from both members and simphfy. 
In V, the second proportion is said to be obtained from e rs 

by division. , ~ ju /I 

^ a c.,a-\-b e + a 

Theorem VI. If ^ 


then ^ 
d a 


b 


d 


Hint for proof: Divide the second proportion of IV by the second 

nTvC tt'lrolr^tion is said to be obtained fronr the 

”'^%xomp”T‘*To tod the fourth proportional to 2, 3, and^4 we 
write i = "• Solving, we get 2x = 12, or x - 6. Cheek. ^ g 

is correct. _ 9 «Tirl R we write 

Example 2. To find 


2 

X 


X 

g or X 


2 = 16, or X 


±4. Hence either +4 or -4 is a mean 


“ r=r;. 

‘-.low, the Huh 0/ cousidered difficult in the Middle 

Ages, as indicated by the Mother Goose rhyme. 

-‘Multiplication is vexation, 

Division is as bad; 

The Rule of Three doth puzzle me, 

And Practice drives me mad. 
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Note S. In practical applications, care must be taken with the 
units in which measurements are giv'en. In particular, in a pro¬ 
portion the two ratios must be expressed in consistent units. Thus 

3 

a velocity of 3 feet per 2 seconds is a ratio 5 feet per second or 1.5 


It ma}'’ also be expressed as 1 yard per 2 seconds or ^ yard 


sec. 


3 

per second or 0.5 -—But it would be incorrect to write ^ 

S6C* ^ 


1 

2 


If the numerator and denominator of a ratio represent measure¬ 
ments expressed in the same units, the quotient or ratio is some¬ 
times called a pure or dimensionless number, since it remains the 
same if the units are changed in a consistent way and therefore 

12 

may be wit ten wnthout any unit. Thus 12 inches:! inch = 
if both numerator and denominator are expressed in yards, we get 





12 

1 


The ratio of two measurements of the same kind is most con¬ 
veniently expressed as such a pure or dimensionless number. 

Example 3. Express the ratio of 3 inches to 1 foot as a pure 
number. 

Solution. Using the same imits, the desired ratio is that of 3 
inches to 12 inches, or 3:12, or 1/4. 

A sjTnbol of the form a: 6 :c = 2:3:6 is understood to be 
equivalent to the proportions a:b = 2:3 and 6 :c = 3:6. A 
symbol a: 6 : c is called a continued ratio. 


EXERCISES 

Express each ratio as a fraction in simplest form: 

1. 3:9. 2. 4.2:1.4. 3. 1/2:1/3. 4. 3/4:9/16. 

6. 3.4j:*:5.1i. 6. 5.7x^y:9.5xy\ 

7. (x* - l);2(z - 1). 8. (x> - l):(x2 - 1 ). 

Express each ratio as a pure or dimensionless number in simplest form: 

9. 4 feet to 64 inches. 10. 6 inches to 1/2 yard. 

11. 36 hours to 4 days. 12. 80 minutes to 3 hours. 

13. 528 feet per second to 720 miles per hour. 

14. 20 pounds per square inch to 1440 pounds per square foot. 
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Express each equation in fractional form and solve for x: 

16. 6:x = 2. 16. (5 + x):x = 6;x. 

17. {2x - l);2x = (12 + 2x);4x. 

18. (x + l):(x — 2) = (x — 3):(x — 4). 

19. l:(x — 1) = 2:(x — 2). 

20. (2x - 1): (x - 3) ^ (2x + 4) : (x + 4). 

Find the fourth proportional to the three given quantities: 

21. 3, 5, 51. 22. 2, 3, 38. 23. 2, 7, 16. 24. 3, 5, 9. 

25. a, ah, h. 26. b, a, ah. 27. ah, a, b. 

28. X — 1, X + 1, x^ — 1. 

Find the mean proportionals to each pair of given quantities: 

29. 3, 12. 30. 2, 32. 31. 1/4, 1/16. 32. 1/2, 1/18. 

33. 1/4, 1/64. 34. 6, 1/24. 36. a, h. 36. 4/a®, a. 

37. X® - 9. 38. %/y\ 2x\ 

X — 3 


Find the third proportional to each pair of given quantities: 


39. 3, 9. 40. 2, 8. 41. 1/2, 1/4. 42. 1/2, 1/6. 

43. a, h. 44. a® — b-, a + b. 

46. A line segment 20 inches long is (ii\nded into two parts whose 
lengths have the ratio 2:3. Find the lengths of the parts. 

46. A line segment 136 inches long is divided into two parts whose 
lengths are in the ratio 3:5. Find the lengths of the parts. 

47. A line segment 132 inches long is divided into three parts whose 
lengths are in the ratio 2:3:7. Find the lengths of the parts. 

48. One hundred and twelve battleships are divided among three 
nations in the ratio 3:5:6. How many does each nation get? 

49. The sides of a triangle are 6, 10, and 12 inches long, respectively. 
In a similar triangle, the shortest side is 4 inches long. Find the other 

sides. 

60. The sides of a triangle are 12, 16, and 20 inches long, respectively. 
In a similar triangle, the longest side is 24 inches long. Find the other 


sides. 

61. A man 5 feet 9 inches tall casts a shadow 11.5 feet long. At the 
same time of day, a near-by flagpole casts a shadow 76 feet long. How 


high is the flagpole? 

62. A boy 5 feet tall stands 20 feet from the foot of a lamppost. The 
light of the lamppost casts the boy’s horizontal shadow 10 feet long. 

How high is the lamppost? 

63. The area A of a circle is given by the formula A = Trr® Avhere 
r is the radius. Show that if A i and A 2 are the areas of two circles ot 
radii xt and r 2 , respectively, then Ai:A 2 = ri®:x 2 ®. 
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64. The volume V of a sphere is given by the formula V = 
where r is the radius. Show that the volumes of two spheres are to each 
other as the cubes of their radii, that is, Fi: Fj = ri*:r 2 ®. 

66. Carrj' out the proofs of theorems I-VI inclusive in the text above. 

89, The te rmin ology of variation. The ternos discussed in this 
section are often used in scientific writing. When ?/ is a linear 
function of x of the special form 


( 1 ) 


y = kx, 


where A: is a constant, we say that y varies directly as x, or y is 

We call k the constant of proportionality 
The state- 


directly proportional 
or factor of proportionality, 
ment *'y varies directly as x” is some- 
time.s written sj'mbolically as y oc x, 
but for practical use the form ( 1 ) is 
preferable. The graph of such a func¬ 
tion is an oblique straight fine passing 
through the origin with slope k (Fig. 37). 

Example 1. The circumference of a 
circle varies directly as the radius since 
C = 27rr. In tliis example the factor of 
proportionality is 27r. 

If sufficient information is given, it 
is often po.ssible to determine the value 
of the factor of proportionality and 
write j/ as a definite function of x. 

Example 2. 
a: = 3. 


y 



Suppose y varies directly as x and y 
(a) Write y as a function of x. 
when X = 4. 


= 6 when 
( 6 ) Find the value of y 


Sohdion. 


y = kx. Hence 
y — 2 x; (b) y = 8 when x = 4 . 

The statement y varies directly as the square of x means of 

me that y = A'x*. The graph of such a function is a parabola 
passing through the origin (Fig. 38). 

Examph 3. Suppose y varies directly as the square of x and 

y - 2 when x = 2 . (a) Write y as a. function of x; (b) find the 

value of y when x = 4 . 

U) Therefore 

\.o) y — 3x*, ( 6 ) y = 48 when x = 4. 


6 — 3A:, or k = 2. Therefore (a) 


course 
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k 

= k being a constant, we say that y varies inversely 


as X or y is inversely proportional to x. The graph of such a func¬ 
tion is a hyperbola (Fig. 39). 

Example If y varies inversely as x and i/ = 4 when x = 3, 
(a) write y as a function of x; (6) find the value of y when x = 6. 
Solution, y = k/x. Hence 4 = k/'S, or k = 12. Therefore 

(a) y = 12/.r; {b) y = 2 when x = G. 

The statement y varies inversely as the square of x means, of 


course, that y = A:/x*. 






When y = kuv, k being a constant, we say that y varies jointly 
as u and r. Similarly, we say that y varies jointly as u and r and 

kuv 

inversely as w if y = — • 

Example 6. Newton’s law of gravitation says that the force 
F exerted by two particles on each other vanes jointly ^ their 
masses m. and m, and inversely as the square of the distance d 

between them. In symbols, 


F 


km^mi 


The factor of proportionality k in this example is found to 

approximately 6.66 X IQ-' when the umts employed 
rirs, granL. and seconds; it is known as the graviUtronal 

con^ win explain the use of the ‘ 

tional” in direct variaUon. and “inversely proportional m 
inverse variation. 
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Theorem 1. If y varies directly as x, and y = yi when x = Xi, 


and w = t/j when x = x^, then — = — 

^ ^ ’ J/S ^2 

Proof. By hj'pothesis, yi = kxi and y^ 
first equation by the second, we get — = 

Vl KX 


kxi. Dividing the 


or 


2/2 KXi' 2/2 ^2 

Theorem 2. If y varies inversely as x, and y — yi when x 


Xi, 


and y = yt when x 


Xi, then — = — 

2/2 


Proof. Bj' hypothesis, 2/1 = k/xi and 2/2 


yj: 

2/2 


= k/xi. 
k/xi 


Dividing 


_ yj 

k/xi’ 2/2 


£2 

Xi 


the first equation by the second, we have 

EXERCISES 

1 . If y varies directly as x, and y = 21 when x = 7, (a) express y as a 
function of x; (b) find the value of y when x = 6; (c) how is y affected 
if X is tripled? 

2. If y varies inversely as x and y = 4 when x = 3, (a) express y 
as a function of x; (b) find the value of y when x = 6; (c) how is y affected 
when X is doubled? 

3. If y varies jointly as u and v and y = 10 when « = 4 and v = 5, 

(a) express y as & function of u and v ; (b) find the value of y when u = 2 
and V = 7. 

4. If y varies directly as the square of u and inversely as the cube 
of V, and y = 2 when u = 2 and t; = 2, (a) express y as a function of 
u and V, (b) find the value of y when u = 4 and v = 4. 

6. Suppose that the maximum range of a projectile varies directly 
as the square of the initial velocity. If the maximum range is 15,000 feet 
when the initial velocity is 300 feet per second, (a) write the maximum 
range r as a function of the initial velocity v; (b) find the maximum range 
when r = 500 feet per second; (c) what is t; when r = 60,000 feet? 

6. Boyle’s law say^ that, for an enclosed gas at a constant tempera¬ 
ture, the pressure p varies inversely as the volume v. If v = 600 cubic 
inch^ wdien p = 24 pounds per square inch, (a) express p as a function 

of 1 ;; (b) find p when v = 720 cubic inches; (c) find v when p = 100 pounds 
per square inch. 

7. The weight of a body is essentially the gravitational force exerted 
on it by the earth. Hence, as a special case of Newton’s law of gravita¬ 
tion (pTOmple 5 above), we deduce that the weight u? of a body varies 
in^^ly as the square of its distance d from the center of gravity of the 

be true, and taking the earth to be a sphere of 
r^us 4000 miles, how much would a girl weigh at a height of 100 miles 
above the surface of the earth if she weighs 100 pounds at the surface? 

8. If a ball rolls down an inclined plane, the distance traversed varies 
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* 


9. Nepilecting air resistance, the distance a beniy fall? from rest v^ric 
directly as the square of the time. If a body fall." 01 fe. t in the fi: 

2 seconds, how far \\-ill it have fallen in the first 0 seconds? 

10. The surface area S of a sphere varies directly as the sfjuare of the 
radius r. If S = lOir square inches when r = 2 inchc-, -n, find the 
formula for S in terms of r; (5) find S when r = G inches; (c) find r when 

S = lOOir square inches. 

11. The volume V of a right circular cone varies jointly as the altitude 
h and the square of the radivis r of the base. If i' = r cubic inches when 
r = 1 inch and = 3 inches, (a) find the formula for V in terms of r and h ; 

(b) find V when r = 3 inches and = 4 inches. 

12. The. illumination I from a source of light varies inversely as the 
square of the distance d from the source. If / = /o when d = IG feet, 
how far from the source will the illumination be 4 times as much. 

13. The period T of a simple pendulum (that is, the time required 
for a complete oscillation) varies directly as the square root of the len^h 
L of the pendulum. If T = 1.5 seconds when L = 2 feet, find T when 

L = 8 feet. 

14 According to the astronomer Kepler (1571-1630), the squares 
of the periods of the planets varj^ directly as the cubes of their mean 
distances from the sun. The period of the earth is 1 year. Talang the 
mean distance of the earth from the sun as the unit of distance the mean 
distance of Jupiter is 5.2 units. Find the period of Jupiter to the nearest 


tenth of a year. , , , * 

16 The volume T of a gas varies directly as the absolute temperature 

T and* inversely as the pressure p. If a certain quantity of gas occupies 

500 cubic feet at a pressure of 53 pounds per square foot and “ 

absolute temperature and pressure of 106 pounds per square foot. 

16. The cost of labor varies jointly as the number of 

number of days they work. If 8 men working 9 days each are paid So. 6, 

how many davs wall it take 6 men to earn S960 / 

17. The current / in a nire varies directly^ the electromot.ve fo^ 

voltfaid 5 ohms, find / when E = 195 volts and £ = lo ohms. 

18 The lift force on a monoplane wing varies jointly as the a^of 

U thrarea is increaltd by 20% and the floaty decreased by 10%, show 

that the lift is decreased by approximately 3 ,. „„„Uer 
19. Other conditions remaining the same, the thrust T “t » 

varies jointly as the fourth power of „,volu- 

^r^p^r” i^ndt‘S _and° the diameter U decreased by 50%, the 
thrust will be decreased by < 5 %. 





CHAPTER XIV 


Complex Numbers 



90. The standard form of a complex number. It was proved, 
ill section 16*, that no negative number has a real square root. 

The symbol y/X where X is a negative number is called a pure 
imaginary number. The symbol 


unit 


-1 is denoted by the letter i 
Thus 


( 1 ) 


V — 1 and 


1 . 


\^e agree to express every pure imaginary number as a real 
multiple of i, as in ^he folloinng examples. 

Example 1. = V9 • (-1) = V9 = 3i. 

Example S. = V2(-l) = V2 = V2 ■ i = i V2. 

In examples like the latter the i is usually written to the left 

of the radical sign to prevent it from slipping under the radical 
sign by mistake. 

Thus every pure imaginary number can be written as bi, where b 
is real and different from 0, and t = \AIl. 

.Vny number which can be written in the form 

a + bi 


where a and b are real and i = v^, is called a complex number. 
^\hen It IS written in the form (2), it is said to be in standard form 
llus standard form of a complex number is often called the 
rectMgular form for a r^.son which will appear below in section 92 

Examples. 3 + V-4 is a complex number. In standard form 

It Ls wntten as 3 + 2i. 

hen " ntten in standard form (2), the number a is called the 
real part and bt the imaginary part of the complex nm 

3 1 .S the real part of 3 + 2i and 2i is its imaginarv part, 
num^r a + bi for which 6 0 is called imaginary 

number for which 6 = 0 is called real.f 
3 = 3 -b Qi is real. The 


iber. Thus 
A complex 
A complex 
Thus 3 + 2i is imaginary 


♦ this time. 

T see uie cUmfication of numbers in section 16. 
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Unless otherwise stated, complex numbers will be understoo<l 
to be in standard form. 

Two complex numbers a + bi and c + di are called equal if 
and only if a = c and b = d; that is, their real parts must be etjual 
and their imaginary parts must be equal. It follows that a + bi = 

0 if and only if a — 0 and b = 0. 

It will be understood in this chapter that all letUrs represent real 

numbers, except i, which always represents V -1, unless otherunse 
stated. 

Example 4. Find x and y if 2x + 3yi = 4 + lot. 

Solutio 7 i. 2x = 4 and 3y = 15. Hence x = 2 and 2/ - . 

If i is raised to positive integral powers in succession, we obtain: 


t 

i* 

-6 


V-i 

-1 


iH 

iH^ 

iH 

iH^ 


U 


( 

li 


K 


i)( 

= t 

- 1 ) 


W 

-t 

1 ) 


+ 1 


1 


.•7 


8 


t® 

.'10 


.'11 


,'12 


iH^ 

iH* 

iH 

iH^ 

iH^ 

iH* 


l(-^) 
1 • 1 = 


1 


1 


K-l) = 

n-i) = 
11 = 1 


1 


Hence the successive positive integral powers of i recur in cycles of 
The complex numbers a + bi and a - bi are called 

other. To form the conjugate of a complex number in standard 

form, reverse the sign preceding the irnaginary part. , 

Note 1. In electrical theory, tl^etter i is usuall> reser 
for the current, and j is used for V^. In mathematical books 

the notation used here is standard. from the 

(act that quadratic equations, even u-ith real coefficents. ofUn 
have complex imaginary roots. 

EXERCISES 


1_12. Work exercises 1—12 of section 16. 
Simplify to either i, -1, -i, or 1: 


13. iH 


14. 


15. t'* 


16. 


17. i** 

number: 


18. 


19. 3 4- 4i. 
23. 2i - 3. 




24. 6t + 2 



22 . 

26 
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Find real values of x and y satisfying the given equation: 

27. X + yi = 2 — 3i. 28. x + yi = 3 — 2i. 

29. 2x — 3yi = 8. 30. 3a: + 2yi = 6i. 

31. (2x + 6) + (3y - 6)i = 0. 32. (z - 3) + (2y + 10)t = 0. 

33-44. Do exercises 33-44 of section IG. 

Find real values of x and y satisfying the given equation: 

46. {x + y) + {x — y)i = 7 + t. 

46. (2x + 3y) + (3x + y)i = 4 + 13i. 

47. 2x + xf — 4 = f — 2yi — by. 

48. 4x + 2yi — 4i — 1 = — 3y — xi. 

49. xi — 2i + 3x = 5 — 4j/ — 2yi. 

60. X + 4x1 + 2f — 1 = 2yi — 2y. 

61. Show that if a compfex number is equal to its conjugate, then it 
is a real number. 


91. Elementary operations with complex numbers. It is 


advisable to put complex numbers in the standard form x + yi 

before performing any arithmetical operations with them. The 

sum of two complex numbers a + hi and c -f di is defined as 
follows: 


(1) (a + hi) + (c + di) = (a + c) + (6 + d)i. 

For example, (2 + 3i) + (4 + 2i) = 6 + 5i. 

The difference (a hi) — (c + di) is, as always, the complex 
number x + yi such that (c + di) + (x + yi) = a + hi. (Com¬ 
pare definition 1 , section 5.) It follows that c x = a and 
d y = h, or 


(2) (o -I- hi) - (c -h di) = {a - c) + {h - d)i. 

For example, (5 + 6 i) - (2 -|- 4i) = 3 -f 2i. 

Thus addition and subtraction of complex numbers are per¬ 
formed without regard for the special meaning of the letter i. 

Likewise, the product of two complex numbers is defined as the 
complex number obtained by multiplying them without regard 

for the special meaning of i, but to put the product into standard 
form it may be necessary to replace i^ by — 1 . Thus 


(a + hi) (c -f- di) 
or, in standard form. 



ac hci -h adi -f- bdi 




(a + hi) (c -f di) = (ac - hd) -I- (ad -|- hc)i. 
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For example, (2 -f 82 ) (4 + 5i) = 8 + 12i 4- lOi 4 - I5i* = 8 4 
22i 4- 15(-1) =- 74 - 22i. 

As before (see definition 3, section 5), the quotient of two com¬ 
plex numbers (a -|- fn) (c -b di) Ls defined as the complex 
number x -|- 2 /t such that (c + dt)(x 4 yi) = a -f- bi. Thus 

(cx — dy) 4 (cy 4 dx)i = a hi 


which implies that 

{ cx — dy = a, 

\ dx cy = h. 

Solving this system of linear equations for x and y in terms of a, 6, c, 
and d, we get 

ac hd j be — ad 

^ ^ c* 4- d* = c* 4 

Hence we have the formula 



a + bi ac bd he — ad . 

r 4- di "" c* -b d" c* 4 d^ *' 


In practice, this result can be obtained most conveniently by 
rationalizing the denominator of the left member of (4) just as was 
done \\'ith binomial quadratic surds in section 71. That is, to 
express the quotient of two complex numbers in standard form, we 
multiply numerator and denominator by the conjugate of the denomi¬ 
nator. Thus 

a 4- &i a -b bi c - di _ (ac 4- bd) -b (be - ad)i 
c -b di ~ c -b di c — di c* 4- d* 


w-hich is the same as the right member of (4). 

For example, 

2 -b 3i 2 -b 3i 4 -b 5i _ - 7 + 22i _1. , 22 

4 _ 5i “ 4 - 5i 4 + 5i 41 41 41 

It can be shown that complex numbers satisfy the usual laws of 
algebra. Compare sections 16 and 17. 

EXERCISES 


Perform the indicated operations and express 

1 . 2i 4 3t. 2. 5i 4 V^. 

4 . V—IQ 4- V—25. 6. (2 0(31) . 

7. V^. 8. V —16 V —25. 

10. (20*. 11- (30H20*- 

13-32. Work exercises 13—32 of section 16. 


the result in standard form: 

3 . 4 

6. 2i y/-^. 

9. 2i(3i*). 

12 . 


18. 
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iV2 


V2) 


V^)(l + V^) 



34. (5 + V^)(5 - 
36. (2 + i \/3) (3 - 
38. (-1-1- I V^)*. 

41 . (^- 2 - + 

Vs 


/ 


\ 

r 


8 ). 


12 ). 



44 


2 


2 -I- I 
2 - Si 
2i + S 
4i 
3 


48. 


62. 


2-hi 


66 . 


3 -h 2i 

1 - 2i 

6 -h 4t 

2i 

2 + I 


3i 


v^-9 

4 2 v^- 

64. U -f- 2i>-». 


3 - V-A 


62. 


69. 


1 


2 + 



60. 


v:^ 


66 . (3 



3 - V^ 


68 . ( 2 .- - 5 )->. 


— I 


66. (4 - V-\2)-*. 


n nu the rtdproeal ^ tack number in ttandard form 

•7. 1 + i. 

7L -4t. 


68 . 


5t 


69. 2i - 3. 


70. 2i. 


72. 3 - V-2 73. V-S-h2. 74. V 


92. Graphical representation 
introduw rerUnffular coordinates 

Dumber whose stantlard form is 
» + in' is u.«ual]y represented 
grapWcalJy by the point whose 

rectangular coordinates are 

y. Thus fpig. 40), 3 -|- 2i 

represented by tlie point 
whose rectangular coordinat«i 

^3,2j. This is why the 
•tandard form ia also called the 
rectangular form of the complex 
number. It follows that all real 
oumbers lie on the x-axis and all 
purs unaginary numbers on the 

The 


-6 - 3. 

>er8. Let ue 
The complex 




“W ooowpood to mil poinu of th. 
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Another useful graphical representation of complex numbers 
is in terms of vectors, or directed line-segments. The number 
X iy is represented (Fig. 41) by the vector pointing from the 
origin to the point with rectangular coordinates (x,?/). Thus 
3 -b 2i is pictured by a vector (arrow) pointing from the origin 
to the point w'hose rectangular coordinates are (3,2). Vectors are 
useful for the representation of quantities invohdng direction as 
well as magnitude, such as velocities and forces. 



Fi3. 41. Fi3. 42. 

The negative of a complex number will be represented as 
a vector of the same length but opposite direction (Fig. 41). The 
conjugate of a complex number will be represented as a vector 

which is its reflection across the x-axis (Fig. 42). 


EXERCISES 


Represent each number graphically: 


1. 2 -b 3t. 

6. 4. 

9. 0. 


2. 5 - 2i. 

6. -4. 

. 0 . 3 4- i \/2 


3. - 
7. 4i. 
11. 2i 


2 -b 3i 


3. 


4. 

8 . 

12 


3 - 4r. 

4t. 

. Vs - i V2 


iven number 
number: 


13. 5 -b 2i. 
17. 3. 

21. 3i - V2. 


14. 5 - 
18. 3i. 


3t. 


16. 

19. 


3 + 5i. 
5. 


Vs - 2i. 23. 0. 


16. - 
20. -5i. 


24. 



U. 


93. Graphical significance of addition of complex numbers. 
The vector representing the sum of a -b bi and c + dt is t e \ ec o 

OP along the diagonal of the parallelogram whose adjacent sides 
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y 



Fi3. 43. 

are the vectors representing a + bi and c + di, respectively (Fig. 

43), for from Fig. 43 we see that the coordinates of P are (a + c, 
b d), since right triangles OCD 
and QRP are congruent. Hence 


OP 


IS the vector representing 

(a + c) + (6 + d)i. 

From the parallelogram law 
for the composition of vectors, we 
see that, if two vectors in a plane 
are represented by complex num¬ 
bers, their resultant is represented 

by the sum of these complex 
numbers. 

To subtract c di from a bi 
graphically, we add -c - di to 
a -h bi graphically. Thus in Fig. 

44, we subtract - 2 -f- 3t from 4 -f- 2i 



Fig. 44. 


2 — 3i to 4 + 2t, obtaining 6 


t. 


graphically by adding 
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EXERCISES 

Construct each sum or difference graphically: 


1. (2 + 5t) + (4 + i). 

3. ( — 4 + t) + (—1 — 5i). 

6. (1 + 4i) - (-3 + 2t). 

7. (-4 + 2t) - (5 + 2t). 


2. (5 + t) + (1 - 3i). 

4. (-4 - t) + (1 - 3i). 
6. (5 + 2^) - (-1 + 3i). 




8. (-2 - 6i) - (4 - 2i). 

9. Discuss the exceptional case where the given numbers a + hi and 
c + di are represented by vectors lying along the same straight line 
through the origin. Make up rules for constructing their sum and 

difference geometrically in this case. 

94. Review of trigonometric functions. We review briefly* 

some needed material concerning the trigonometric functions of 

a general angle. Recall that a 

general angle (of any number of 
degrees, positive, zero, or nega¬ 
tive) represents a rotation, 
clockwise if negative, counter¬ 
clockwise if positive. To define 
the trigonometric functions of 
a general angle 9, we introduce 
rectangular coordinates into the 
plane in such a way that the 
vertex of the angle is at the origin 
and the initial ray along the 
positive side of the x-axis. (See 
Fig. 45.) We choose any point 
P we please on the terminal ray 

If the coordinates of the point P are (x ,y), then its 



Vx^ + 2/*. We then 


of the angle. 

distance t from the origin is given by t 
define 

sin 9 = 2 //r, cos 9 = x/r, tan 0 = 2 //x. 

RecaU that the sides of a 30°-60°-90° triangle are in the ratio 
l:\/3:2, and that the sides of a 45°-45°-90 triangle are m 

ratio 1:1: V2. . i 

Example 1. To obtain the sine, cosine, and tangent of 15U , 

pick a point P on the terminal ray 2 units from the ongm (Fig. )- 

* For a more extended treatment see M Richard^n, ^ 

MacmiUan, 1941, chapter XII. or textbooks on trigonometry. 
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Dropping a perpendicular from P to the j:-axis, we form a so-called 
reference triangle, which is, in this example, a 30°-60°-90° triangle. 
Hence the coordinates of P are (- V3,l). Therefore sin 150° = 

V3 = _ V3/3. 


1/2, cos 150° = 

Example 2. 

terminal 


v^/2, tan 150° = +1/ 

To obtain the sine, cosine, and tangent of 225 

V2 (Fig. 47). Drop a 


y 



X 


- ’ rig. ^ /. 

perpenchcular to the a;-axis to form the reference triangle which is 

a 45 -45 -90° triangle. Hence P has the coordinates ( — 1 —1) 

and sin 225° = -1/V2 = - V2/2 = cos 225°, tan 225° = 
- 1/-1 = - 1 - 1 . 

If the terminal ray of the angle d lies along one of the coordinate 
axes, there is no reference triangle, 
but we do not need one. 

Example 3. To find the sine, 
cosine, and tangent of 270°, we pick 
a point P with coordinates (0,-1) 
on the terminal ray (Fig. 48). Then 
/■ = 1 and sin 270° = —1/1 = — 1 
cos 270° = 0/1 = 0, tan 270° = 

— 1/0 which does not exist. 

The trigonometric functions of any 

angle which has a reference angle are 
the same as those of the reference angle 
except for sign. The sign may. be • -a- — 

deterimned by the quadrant in which the angle terminates (Fig 

«d rZ ™ ^ negative in /// 

«d /// The f in }/ 

Il Jd iv ^ negative in 





Fig. 48. 
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The trigonometric functions of certain angles are conveniently 
remembered as follows: 



0° 

30° 1 

k 

1 

45° 

60° 

90° 

1 sin 

Vo /2 

- 

VT/2 

V2/2 

V3/2 

V4/2 

1 cos 

V4/2 

V3/2 

V2/2 

VI/2 

VO/2 


The sin and cos of angles which are equal to 30°, 45°, 60°, or have 
30°, 45°, 60° as reference angles, or angles which terminate along 


y 



the axes, may be determined without tables 

other angles, we use; table II, as follows. 

Example A- Find the sine and cosine of 160' 

angle is 20° and the angle 160° is in quadrant//. 
^ sin 20° = 0.3420 and cos 160° = — cos 20° = 


as above. For 
The reference 

Hence sin 160° 
-0.9397. 


Angles wliich dififer by integral multiples oi oou imv« 
.onometric functions, since they have the same terminal ray. 
!_ 1 « tv... frimnometric functions of 750 , 390 , and 30 are 


the same. 


EXERCISES 


Find, without tables, the values of the sine, cosine, and 
following angles: 

1. 30°. 2. 45°. 3. 60°. 

6. 150°. 7. 210°. 8- 22.5° 


tangent of the 


4. 120°. 
9. 240° 


6. 135°. 
10. 300°. 
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ll; 315°. 
16. -750°. 
21. 360°. 


12. 330°. 
17. 0°. 


13. 390° 


14. 405°. 


18. 90°. 


19. 180°. 
22. 450°. 


16. -210° 
20. 270°. 


Find, using table II, the values of the sine and cosine of the following 
angles: 


23. 20°. 

28. 250°. 
33. -130° 
38. 472°. 


24. 70°. 
29. 290°. 
34. 730°. 


39 


26. 110° 
30. 340°, 
36. 516°. 
605°. 


26. 

31. 

36. 


160°. 

380°. 

242°. 

40. 


27 

32. 


200 °. 

- 20 °. 


37. -235 


700°. 


y 


96. Trigonometric or polar form of a complex number. A 

point may be specified by its x- and ^-coordinates, which give 
directions for reaching it from 

the origin. But it may be 
specified equally well by stipu¬ 
lating its direction from the 
origin and the distance r one 
must go in that direction. 

The direction may be specified 
by the angle d formed with 
the positive side of the x-axis 
(Fig. 50). The numbers {r,d) 
are called polar coordinates of 
the point P, to distinguish 



them from the rectangular coordinates (x,?/). The two systems oi 

Kg,1o: "" 


( 1 ) 

( 2 ) 


r = ^ 


= g/r, cos 6 

r cos d, y = r sin 6. 


xJt 


given. 


T -• / V ■ ^ and y when r and 6 are 

quations (1) enable us to determine r and 6 when x and y 

n. for /I J . 1 ^ y 


* tAo i/u ucteiiiune r ana a whpn 'r 

Using (2) we may 


X ^ yi ^ T QOS e + it sin B 

■< .h. value, of a V employed '4 toi'eTb. qld^„r *“ ' 
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or 

( 3 ) 


^ ^ yi = r(cos 0 + i sin 6) 


The right member of (3) is called the polar form or 
form of the complex number f^^.''length 

r t JomW; number. The angle . is called 

S5=SFa:r5 

^sine Hence the amplitude may be 9 + * • 360 where k 0, 

pol!r form 'exhibits clearly the polar coordinates of the 
point P, Hence equations (1) enable us to 

r."r.s 

non-negative value of t^ea^tude^^ ^ ^ 1/V2 = V2/2, 

Sofuiion. r ^ ^ ^ Therefore the 

COS 6 = — 1/Vi^ ^ -lOKO _1_ V cin 


polar form of - 
Example 2. 


Wr te 2(cos 300° -(- r sm 300 ) m 

onn“ - 4-1/2 sin 300° “ - v3/2. Hence 
Solution, cos 300 - ^ 

2(cos 300° -b i sin 300°) = 2 (2 + * 2 ) “ 


Example S. Write the number 


2 in polar form, using the 
amaUer^n-negative value of the amphtude^ ^ ^ ^ ^ 

180 ^"'= 2 “ Thi -2 + w’= 2(cos 180° + i sin 180“). 

Eolviion. From table ^ 3 (cos 50 °-b i sin 50°) 

“"sfo M 2 f +0 i 660 r”?^ 9282 '-b 2.2980f, approximately. 

= Xs Lied to exhibit all possible values of the amphtud. w^ 
may replace 9 by 9 +_*: ■ 360 wlmrei - 0, _ . _ , 


in example 1 above we would write 


1 + i 




where A: may be any integer whatever. 
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EXERCISES 


TT rite each number in standard (x + yi) form, and plot: 


1. 2(cos 30° + i sin 30°). 

3. 6(cos 45° + i sin 45°). 

6. l(cos 135° + t sin 135°). 

7. 3 (cos 90° + i sin 90°). 

9. 4 (cos 180° + i sin 180°). 

11. 2(cos 0° + i sin 0°). 

13. 4(co8 225° + i sin 225°). 

16. 5(cos [-90°] 4- i sin [-90°]). 

17. 2(cos [-30°] + i sin [-30°]). 


2. 4 (cos 60° + i sin 60°). 

4. 8(cos 120° + i sin 120°). 
6. 3 (cos 150° + i sin 150°). 

8. 2 (cos 270° + i sin 270°). 

10. 2(cos 210° + i sin 210°). 

12. 3 (cos 360° + { sin 360°). 
14. 6 (cos 240° + i sin 240°). 
16. 6(cos 300° + i sin 300°). 

18. 4(cos 315° + i sin 315°). 


Write each of the following in polar form, using the value of d lying in 
the interval 0° ^ d < 360°, and plot: 


19. 1 + t Vs. 

22. 1 + i. 

26. - V2 + i V2. 
28. -2 - 2iVs. 

31. -2. 

34. 3 - 3t VZ. 

37. -1. 

40. -8. 


20. 2 Vs + 2i. 

23. - 2 + 2i Vs. 

26. - V3 - i. 

29. 5. 

32. 2 V 2 - 2 i V 2 . 

36. 2VS - 2i. 

38. i. 


21. 4 + 4i. 

24. - V3 + i. 

27. Si. 

30. -3 V 2 - Si V 2 . 

33. -Si. 

36. 1. 

39. -Si. 


Tl rile each of the following in polar form, exhibiting all possible values 
of B, and plot: 


—16. 43, 8i. 44. — 16z. 46. \/3 — i 

46. - \/2 + t -v/2. 


Write each of the following in standard forniy approximatelyy using 
table IIy and plot: 

47. 2(co8 20° + t sin 20°). 48. 3 (cos 170° + i sin 170°). 

49. l(co8 190° + i sin 190°). 60. 2(cos 350° + i sin 350°). 

61. Find an amplitude of (a) any positive real number; (6) any nega- 
uve real number; (c) any pure imaginary number yi where y > O' (d) 
any pure imaginaiy number yi where y < 0. 


96. Graphical meaning of multiplication and division of com¬ 
plex numbers. We have seen in section 93 that addition of 
complex numbers corresponds geometricaUy to the parallelogram 
law for the compo.sition of vectors. To see what the geometric 

SlgTUllC&nC6 of inilJtinllPfttmn nf __ i .1 
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polar form. Let any two numbers be written in their polar forms 


as 

( 1 ) 

( 2 ) 


r(cos a i sin a), 

jR(cos /3 + f sin /3), 


Multiplying them we get 


y 


rR{[cos a cos /3 - sin a sin /3] + «[sin a cos ^ + cos a sm ^]). 

proved that the first bracket is equal to 

second bracket is equal to sin [a + 

Hence the product of (1) and 
(2) may be written as 


(3) 

In trigonometry, it is 
cos [a: + (3] wliile the 



(4) 


ri? (cos [a + jS] + 

i sin [a + /3]). 


But this is in polar form. 
Hence we conclude that the 
modulus of the product of two 
complex numbers is the product 
of their moduli, while the ampli¬ 
tude of the product is the sum 
of their amplitudes (Fig. 51). 

Example 1. The product 
of 2 (cos 20° + i sin 20°) and 
3(cos 70° + i sin 70°) is equal 
to 6(cos 90° + i sin 90°) or 6f. 

Bv definition, the quotient 


e; a. .uch that the 

second multipUed by the third equals the first. e"™ 


r,K(co3 13 + + » sin [3 + «1) - 

r2R = and p + ft 


Hence 
ri(cos a + i sin a) 


which is true if 


a. 


may write 


and 0 = « - |3- 


r2 


Therefore 


(5) 


r. fcos Q! + ^ sin a) ^ n _ /3] -}- i sin [a - ^])- 

r2(cos ^ i sin , 

difference of their amplitudes. 


the 

the 




Ch. XIV, §97] 


COMPLEX NUMBERS 


209 


Example 2. 

3 V3 , 3 . 


6 (cos 50° + i sin 50°) 
2 (cos 20 ° + i sin 20 °) 


= 3 (cos 30° + i sin 30°) = 


EXERCISES 

(®) PerfoTtn the following multiplications and divisions by the above 

methods, leaving answers in polar form; (b) rewrite the answers in standard 
form, using table II if necessary: 


1. 3(cos 10° + i sin 10°) • 2(cos 35° + i sin 35°).- 

2. 5(cos 80° + i sin 80°) • 2(cos 40° + i sin 40°). 

3. 4(cos 110° + i sin 110°) • 2(cos 70° + i sin 70°). 

4. 2(cos 170° + i sin 170°) • 3(cos 190° + i sin 190°). 

6 . 6(cos 110° + i sin 110°) ^ 2(cos 20° + i sin 20°). 

6. 8(cos 85° + i sin 85°) -r- 4(cos 40° + i sin 40°). 

7. 10 (cos 155° + i sin 155°) -r- 2 (cos 35° + i sin 35°). 

8. 12(cos 75° + i sin 75°) -f- 4(cos 105° + i sin 105°). 

97. De Moivre's theorem. Consider the square 
number 


of a complex 


( 1 ) 


r(cos 6 i sin 6), 


that is, the product of (1) by itself. By the preceding section 


we get 
( 2 ) 


[r(cos d + i sin d)Y = 
Multiplying ( 2 ) by ( 1 ), we get 

(3) 


r 2 (cos 2d + i sin 26). 


[r(cos 6 + i sin 6)]^ = r^(cos 36 + i sin 36), 

and so on. This clearly suggests the following theorem 
f sin ' THEonnM: [r(oos e + f sin «)]" = r.(cos n» + 


Example 2. (1 -f. j )4 

180° + i sin 180°) = —4 


[V2 


+ i sin 45°)]^ 


4 (cos 


to contributions 

-ric in the theory :/p“ot“' for his 





210 


COMPLEX NUMBERS 


ICfc. XIV, i9t 


EXERCISES 

poxjcert by de Moivrt't theorrm, Uacing an*u>er» n 
• the standard form can be found vniiunil uoe of table* 


1. I3(co 8 60“ + t sin 60“)1*. 
3. [3 (cos 30“ + t sin 30“)]*. 

6. [2(cos 15“ + i sin 15“)]*. 

7. [2(cos 45“ + i sin 45“)]*. 
9. [i(co6 30“-f t sin 30“)]*. 


11. (1 + t)*. 12. (V^ + «■)•• 13. (1 - 0*. 


2. (2(coe 120“ + I sin 120")]*. 

4. (3(cc« 45" + t sin 45")]*. 

6. [2(co« 15“ + I fdn 15*)]«. 

8. [2(co 6 30* -f » sin 30“)1*. 

10. [i(co8 72“ + i sin 72“)]*. 

14. (V3 - ly. 


16 


^-'r) 


18. (- Vz - 0*. 


16. (- VZ 

%/3 


<V2 + i V2) 


19 


2 


+ 


20. (- V2 + iv/2) 


98. The nth roots of a complex mimber. By means of de 
Moivre’s theorem we can find the nth roots of any complex 

number. 

Example 1. Find the cube roots of 8f. 

Solution. Expressing Si in polar form, we have Si = 8(co8 90“ 
4- i sin 90°). But 90° can be replaced by 90° + k • 360° where k 
may be any integer, positive, negative, or zero. Hence we may 

write 

(1) St- = 8(cos [90° + A: - 360°] + i sin [90° + k ■ 360°]). 


root 


Then 


( 2 ) 


[r(cos 0 + t sin 0)]* = 8t 


bv definition. By de Moivre’s theorem, the left member of (2) 
may be written as r*(cos 36 + * sin 36). Hence, usmg (1) we get 

(3) r>(cos 39 + .• sin 39) = 8(eos 190- + k ^ ^ ^ 


r* = 8 


Therefore 

(4) 

and 

(5) 

From (4) we get r = < 8 - 2, since r is neces^ly a 
number and therefore must be the pnncipal cube root of 8. From 

(5), we get 6 = 30° + k • 120 . 


35 = 90° -f A; • 360 
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(6) r(co6 6 + i sin 6) = 2(cos [30° + k • 120°] 


+ i sin [30° + k • 120°]). 


If A = 0, (6) fields 2(cos 30° + i sin 30°) 


Vs + i 



Vs 


2 


+ i 



If k = 1, (0) yields 2(eos 150° + t sin 150°) = 2 

- V3 + 

If k = 2, (6) fields 2(cos 270° + i sin 270°) =2(0 


Vs 

2 


+ i 



2i. 


li) 


Taking A: = 3, 4, 5, • • • will yield only repetitions of these 
answers, since adding 36(>° does not alter the values of the trigono- 



X 


^tric He„«. Si bas three distinct cube-roots, namely 

..e^mtiache -e each o^ 

cen^r at U into 3 equal sectors (Fig. 52) 


(7) 


Sin 


7?(cos [a + k' 360°] 


of nth root, 


Sin 


+ t sin [a + A • 360°]). 

). Then, by definition 
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+ i sin [a k ‘ 360°]) 


[r(cos e i sin 0)]” = R{cos [a + k • 360°] 

By de Moivre’s theorem, this becomes 

r"(cos nd + i sin nd) = Ricos [ak ■ 360°] , 

+ t sm [a + « • 360 ]) 


Hence 

( 8 ) 

and 

(9) 


r" = R, OT r = 


n6 


a 


o . « L ; 360 

+ k • 360°, OT d = - + k 


n 


n 


Therefore the nth roots of 7? (cos a + i sin a) are given by the 


<yR {cos ^ ^ 


-\-k 


n 


360 

n 



expression 

( 10 ) 

It is clear that any successive n integral values of k will ^eld 

n different nth roots, while further integral values of will yield 

repetitions. Hence we can get the n distinct nth roots by sub- 

z--n 1 2 •••,n-l successively m (10). ihe 

vectors representing the n distinct nth roots should divide the 

nf radius with Center at O into n equal sectors. 


EXERCISES 

Find the indicated roots, leaving answers 
standard form can be found without tables: 


in volar form except where the 


1 . 

3. 

6 . 

7. 

9. 


Square roots of i. 
Cube roots of 27f. 
Cube roots of — 64t. 
Sixth roots of 1. 
Cube roots of 8. 
Fifth roots of 32. 


11 . 

13. Cube roots of 


2 . 

4. 

6 . 

8 . 

10 . 

12 . 


Square roots of 4f. 

Cube roots of 8t. 

Cube roots of i. 

Sixth roots of — 1 • 

Fourth roots of —16. 

4- 3 


V2 + 4t V2 

V3 


14. 

15. 
17. 
19. 
21 . 


2 


t. 


, 1 

Cube roots of 
Cube roots of 1. 

Fourth roots of “ 8 - 
Fourth roots of 16. 


V3 


16. 

18. 


Cube roots of - 
Fourth roots of 
Fourth roots of 


1 . 


8 


8i V3 


20 . 

22. Square roots of 


-81. 

2 + 2i Vs 





Ch. XIV, §99] 


COMPLEX NUMBERS 


213 


1 a/s 

23. (a) Show that if we let w = “ — + ^ of tho imaginary 

cube roots of 1, then the other imaginary cube root of 1 is co^. 

(6) Show that if z is any complex number and ■'Vz denotes any 
one^of its cube roots, then the other two cube roots of z are w and 

“ {Hint, consider the polar forms of 's/~z and w and the geometric 

meaning of multiplication of complex numbers.) 

99. Solution of pure equations of nth degree. By a pure 
equation of nth degree is meant a polynomial equation of nth 
degree which has no terms of degree lower than n except the con¬ 
stant term, that is, an equation which can be written in the form 


( 1 ) 


X 


n 


A, or x" 


A = 0 , 


where A is any (complex) constant. Clearly, any root of this 
equation is an nth root of A. Hence there are n different roots 
whicli may be found by the method of the preceding section. 

Example. Solve the equation — 8z = 0. 

Solution. Any root of tUs equation is, by definition, a cube 

1 the preceding section, 

we find that the roots are VZ + i, - i/3 + i, and - 2t 

NoU. Hitherto we have found imaginary roots of polynomial 
equations only if they were quadratic. In this section we have 
een able to find them no matter what the degree, provided the 
equation is of the special type (1). The further Ldy of the 
solution of equations will be taken up in the next chapter^ 


Find all the Toots of each 
standard form^ and checkt 


EXERCISES 

of the following equations, express them in 


1 . = 8 . 

6. = 4t. 

8. r® + 64 = 0. 


2. X® = 16. 3. a:* -|- 8z = 0. 

6. X® -f 81 = 0. 7. 3-3 

9. -f 8 — 8i Vs = 0. 10. x^ 


4. = 64. 

- 27i = 0. 

= -2 -b 2i Vs. 




CHAPTER XV 


Theory of Equations 

100. The ftmdamental theorem of algebra. A polynomial 
equation in x or a rational integral equation in x of the nth degree is 

one that can be written in the form 


(1) ttox" + 4- a 2 x ”~2 ^ + Un-iX + a„ - 0 (uo 0) 

where the coefficients Uo, ai, an are constants and n is a 

positive integer. A root or solution of such an equation is a value 
of X which satisfies the equation; that is, a value such that the 
equation becomes a true statement when this value is substituted 
for X. To solve an equation* means to find all its roots. Equa¬ 
tions of degree 1, 2, 3, 4 are called linear, quadratic, cubic, and 
quartic, respectively. So far we have studied methods of solving 
equations of degree 1 and 2 only. In this chapter, we shall attack 
the problem of solving equations of degree Mgher than 2. In (1) 
the coefficient of the highest power, Uo, is called the leading 

coefficient, while a„ is called the constant term. 

To begin with, let us review the development of the complex 

number system, and see why we need complex numbers and no 

others, t We shall be guided by our desire that every polynoniial 

equation in x possess a root. Suppose, however, that our number 

system contained only natural numbers or positive mtegers, no 

other numbers having yet been invented. Then, while the hnear 

eouation x - 2 = 0 would have the root 2, the hnear equation 


x + 2 — 0 

would have no root in our system of numbers. Therefore we would 
invent negative integers in order to provide a root for equations 

like (1). The equation 




• In this chapter the word equation w,11 always mean rcU^^l 
t The student should review chapter I especially sextioi^ Hy. 

himself thoroughly with the classification of numbers m section 16 without delay. 
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would still have no root among the positive or negative integers. 
Therefore we would invent the number zero. The linear equation 

(3) 2x - 1 = 0 


would still have no root, even though our number system w^ere now 
enlarged to include all integers, or whole numbers, since the only 
solution of (3) is 1/2, which is not an integer. This w'ould lead us 
to develop fractions or rational numbers, that is, numbers which 
can be expressed as quotients of integers. Even among the exten¬ 
sive system of all rational numbers, the simple quadratic equation 

(4) - 2 = 0 

would have no root, since the only roots are ± V2, which are not 
rational as we proved in section 13.- Hence we invent the irra¬ 
tional numbers, which together inth the rational numbers compose 

the system of real numbers. The entire system of real numbers 
still contams no root of the quadratic equation 

-f- 4 = 0 


a. proved in section 16. Hence we invent the pure imaginary 
numbers, such as ± 2.-. The quadratic equation ^ 


( 6 ) 


a:® + 2x + 4 = 0 


X" -"““bers. 

Since Its roots -i ^re neither real nor pure imamnarv 

Therefore we are led to invent the system of complex numbSs 

|-o far, we have been impelled to enlarge our svstem nf n,, 

hv n ^ ^ necessary was first nrovprl 

equation of degree 1 or mryr^ h^o ^ \ algebra. Every polynomial 
matter how high its dearep n ^ arnong the complex numbers {no 

coeSunenuy “-"W® numbers arhts 


o-Vllttt 1 

1918x**** 4- I865x**** + \7’7Qx^*^^ -t- ^ 3f 

2 


guaranteed _ 


2 


X -f- 1 


0 
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has a root among the complex numbers. The proof of the funda¬ 
mental theorem is too difficult to be given here.* Unfortunately, 
it does not tell us how to find a root, but it does assure us of its 
existence. Therefore we do not find it necessary to invent more 
numbers in order to provide every polynomial equation with a 
root. The student should familiarize himself without delay with 
the facts about the various kinds of numbers discussed in sections 
11-16 and with the classification of the complex numbers in 


If we 


section 16. 

101. The remainder theorem and the factor-theorem, 
divide the polynomial F{x) = — 5x 10 by x — 2 we get the 

quotient x — 3 and the remainder 4: 


X — 3 _ 

X — 2)x^ — 5a; -}- 10 

x^ — 2a; 

- 3x -h 10 

- 3x 6 

4. 


Also F(2) = 22 — 5 • 2 -h 10 = 4, the same as the remainder. 
That this is no mere coincidence is guaranteed by the following 

theorem: 

Remainder Theorem. If a polynomial F(x) of degree 1 or more 

is divided by a divisor of the form x - r, then the remainder R = F{r). 

Proof. By definition,! to divide F(x) by any polynomial D{x) 
means to find a quotient polynomial Q{x) and a remainder pol} 

nomial Rix) such that 

(a) F{x) = D{x)' Q(x) R(.x) 


and 

(b) the degree of R{x) is less than the degree of D(x). 

Since our divisor a; - r is of degree 1, the remainder must be of 
degree zero, that is, a constant. Hence we may write 

( 1 ) F(x) = (x — r) ’ Q(x) -b R 

where R is a constant. Since (1) is an identity, and therefore 
true for all values of a;, it is true in particular when a; = r. Sub- 


• See, for example, L. E. Dickson, Elementary The^y of Eqmitums 19K or 

L. Weisner, Introduction to the Theory of Equations, MacmiUan, 1938, or G. Birkhon 

and S. Macl^ane, A Survey of Modern Algebra, 

t The student should review section 43 carefully at this point. 
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stituting X = r in (1) we obtain 


or 

or 


F(r) = {r - r) ' Q{r) + R, 
F(r) = 0 • Q(r) + R, 
F(r) = R, 


which is what we had to prove. 

UR = 0, thenx — r is a factor* of F(x), (sinceF(x) = {x — r) • 
Q(x)), and converse!}'. Hence we have the following as an 
immediate consequence of the remainder theorem. 

The Factor Theorem. If x - t is a factor of F{x), then r is a 
root of the equation F(x) = 0, and conversely. 

Proof. If X r is a factor of F{x\ then the remainder R 

obtained by dividing F{x) by x - r will be zero. But then 

F(r) = 0 which means that r is a root of the equation F{x) = 0. 

Conversely, if r is a root of F(x) = 0, then F{r) = 0. Hence the 

remainder R will be zero when F{x) is divided by x - r, or x - r 
is a factor of F{x). ’ 

Example 1. x - 2 is a factor of F(x) = x^ - 
a root of x^ — 5x + 6 = 0. 

Example 2. x + 2 is a factor of F(x) = x^ + 5a: + 6 and —2 
IS a root of x* -f 5a: + 6 = 0. Note that x + 2 may be written as 
^ (~2) to put it in the form x — r; here r = —2. 

EXERCISES 


5x 4- 6, and 2 is 


1. (x* 
3. (x* 

6. (x* 

7. (x* 


5x + 7) 

2x* + X 

5x + 6) 
2x* + x 


- (x - 3). 

3) -5- (x — 2). 

■ (x + 2). 

3) (x + 2). 


2. (3x2 

4. (x* ■ 

6. (x2 - 
8. (x® - 


X 


5) 


9) 

(x 


(x - 4). 


- !)• 
5x + 6) -f- (x 

5) -i- (x + 1). 


2 ). 


oy means of the factor theorem, decide 
statements is true: 


9. 

10 . 

11 . 

12 . 

13. 

14. 


X — 2 is a factor of x* — x^ — 5a; + g. 

X — 3 is a factor of 2 x» — gx^ — 5 x + 15 
X 4 - 1 is a factor of x» + Sx® 4- 3x 4- i, 

X + 1 is a factor of x* 4- x* — x — 1 
X — 1 is a factor of 2x* — x^ — 4a; -j- 5 
X — 1 is a factor of 2x» — 3x2 + 4a; — 5. 


he m^e ^efficients in the factors will 

numbera. ^ ‘coefficients may be any complex 
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16. X + 2 is a factor of 3x® + 5x^ — lx — 10. 

16. X + 3 is a factor of x® + 27. 

17. X — 3 is a factor of x® + 27. 

18. X + 2 is a factor of x^ + 16. 

19. X + 2 is a factor of x'* — 16. 

20. X — 2 is a factor of x^ — 16. 

21. (a) X — y is a, factor of x” — ?/" if n is any natural number. 

(b) X — y is not a factor of x" + y" if n is any natural number. 

(c) X + y is a factor of x" — y” if n is even. 

{d) X + y is a factor of x" + y" if n is odd. 

(e) X + y is not a factor of x" — y” if n is odd. 

if) x + y is not a factor of x” + y” if n is even. 

22. Verify that x^ + 1 is a factor of Fix') = x® 2x® x 2. 
May we conclude that therefore F( —1) = 0? 

23. Verify that 2x — 1 is a factor of Fix) = 2x» - x® + 2x - 1. 
May we conclude that therefore f^(l) =0? 

24. Find the value of k for which x — 3 is a factor of A-x® - 6x® + 
2kx - 12. 

26. Find the value of k for which x + 2 is a factor of 3x® + 2kx'^ - 
Ax “ 8. 

26. Show that X - 1 is a factor of 1776xi»« - 1492xi®«® - 284. 

102. Synthetic division. Because of the connection between 
roots of equations and factors of the form x r of polynomials, 
we shall often have to divide polynomials by expressions of the 
form X - r. Whenever an operation has to be performed often, it 
is natural to try to arrange the work so as to involve the least 
possible waste motion. This will be done for division by x - r, as 

follows: 

Example 1. Divide 3x® x® 3x + 1 by x 2. 

Solution. 3x^ + 5x + 7 = quotient 

divisor = X - 2)3x® - x^ - 3x + 1 = dividend 

3x® - 6x® 

-h 5x* — 3x + 1 
Bx® — lOx 

+ 7x + 1 

7x - 14 

16 = remainder. 

Examination of the steps in the di^dsion process show that 
(since the coefficient of x in the divisor is 1) the numbers in heavy 
type are the coefficients of the quotient and the remainder m su 
cLsion The powers of x and the entire quotient may be omitted, 
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since we know, from the position of the other symbols, what they 
are. The first coefficient in the quotient must be the same ^ the 
first coefficient in the dividend, since the cwfficient of x in the 
divisor is 1. The second coefficient is obtained by subtractmg 
the product of -2 and 3 from - 1 ; the next, by subtracting the 
product of - 2 and 5 from - 3; the next, by subtracting the product 
of - 2 and 7 from 1. We shall multiply by 2 instead of - 2 and add 
instead of subtracting. The work may be arranged as follows: 


(coeflficients of dividend) 


(r =)23 


1 -3 
6 10 


3 


5 7 


1 

14 

15 


(coefficients (remainder) 
of quotient) 


Thus the quotient is 3x2 ^ 5 ^; ^ 7 and the remainder is 15. 

When division by x — r is done in the latter arrangement, it is 
called synthetic division, for which we have the following rule: 

To divide a polynomial/(x) by x — r synthetically: 

(а) Write the coefficients of/(x) in order of descending powers, 
supplying zeros for missing powers, in the first line; 

( б ) Write the first coefficient in the third fine, below its position 

in the first fine; 

(c) Write the product of r and this coefficient in the second line 
beneath the second coefficient in the first fine, and add, putting the 
sum in the third fine, and so on. 

The number r may be called the multiplier. 

The work may be arranged as in example 1. 

Example 2. Divide 2 x® + x^ — 4 by x + 3. 


Solution. —^2 1 0 — 4 

-6 15 -45 

2 -5 15 -49 


The quotient is 2 x 2 — 
When dividing by x 
X + 3, we multiply by 
we multiply by r. 


5x + 15 and the remainder is —49. 

— 2, we multiply by 2. When dividing by 

— 3. In general, when dividing by x — r. 


To evaluate j {r), we may divide synthetically with r as m 
for the last number in the third line will he the remainder 
when dividing f(x) by x — r, or/(r). 

Example 3. If/(x) = 2x® + x^ — 4, find/(2). 
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Solution. f{2) will be the remainder when /(x) is divided by 
X — 2. Hence /(2) will be the last number m the third line of 
synthetic division with 2 as multiplier: 



1 0-4 

4 10 20 

5 10 16. 


Thus,/(2) = 16. 

Example 1^. If/(x) = 2x® + x^ — 4, find/( —3). 

Solution. The work done in example 2 shows that /( —3) = 

-49. 

Example 5. Show that 2 is a root of the equation/(x) = 2x® + 
x^ — 8x — 4 = 0. 

Solution. By synthetic division 


212 1 -8 -4 

4 10 4 

2 5 2 0 


we find that /(2) = 0, and hence 2 is a root of /(x) = 0. 

Example 6. Show that x — 2 is a factor of /(x) = 2x® + x* - 

8x — 4, and write another factor. 

Solution. The work done in example 5 shows that x — 2 is a 
factor since /(2) = 0. Another factor is the quotient polynomial 
2x2 _|_ 5a; -I- 2; that is, /(x) = (x — 2) (2x2 _|_ 53 . ^ 2 ). 

EXERCISES 

Find quotient and remainder by synthetic division, and check: 

1. (4x2 — 2 x + 5) ^ (x — 2). 2. (2x* — 3x2 ^ 4 ) — 3). 

3 _ (a;* + 4x2 _ 7 ) ^ (x + 3). 4. (x* — 3x- + 6 ) (x + 2). 

6 . (2x2 4 - 3a;2 + 4x + 5) - 4 - (x — i)* 

6. (x^ — 4x2 _|_ 3) ^ (x — !)• 

7. ( 6 x< — lOx* — 4x2 + 3a; + 3) -J- (x + i)* 

8 . ( 2 x< + 6x3 — 8 x + 10 ) (x + i)* 

By iTiectTis of syuthetic division: 

9 . If/(x) = x* — 2x2 _j_ 3a; 4 - 4 , find/(3) and/( —2). 

10. If fix) = 2x3 + 3 a ;2 _ 7 , find/(2) and/(-I). ^ 

11. If Fix) = 6x* — lOx* — 4x2 4 - 3x + 1, find F(k) and Fi— -s)' 

12. If Fix) = 6x3 _ 4 a ;2 4 . 9x — 6 , find F(— 7 ) and F(|)- 

13. If ^(x) = — 2 x» + x2 — 7, find ( 7 ( 0 . 2 ) and fif(-1.3). 

14*. If gix) = -x» - 2 x + 4, find ^( 1 . 2 ) and gi-2.3). 
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By means of synthetic division decide whether each statement is true or 
false; if true, write another factor: 

16. a: — 2 is a factor of x'^ — — 5x + 6. 

16. a; — 3 is a factor of re® — + 2x — 15. 

17. a: + 2 is a factor of a:* — a:® — 2a: + 8. 

18. a: + 3 is a factor of 2x* + 7x® — 9. 

19. a: + 2 is a factor of a:® + 32. 

20. re — 3 is a factor of x* — 81. 

21. a: + 3 is a factor of x* + 81. 

22 . re + r is a factor of a:® + r®. 

23. a: + r is a factor of a:® + r®. 

24. re — r is a factor of a;® — r®. 

By synthetic division decide whether the statement is true or false: 

26. 2 is a root of 2a:® — 3z® — 4 = 0. 

26. —3 is a root of 2x* + 6x® + x® + 3x — 6 = 0. 

27. — 1 is a root of 3x® — 4x® + 3x — 2 = 0. 

28. 4 is a root of 3x® + lOx® — 7x + 4 = 0. 

29. 1/2 is a root of 6x® — 3x® + 2x® + 3x — 2 = 0. 

30. —2/3 is a root of 3x® — 4x® + 8x + 8 = 0. 

31. ■\/2 is a root of x® + 2x® — 5x® — 4x + 6 = 0. 

32. 2i is a root oi 2x® — 3x® + 4x — 6 = 0. 

33. 1 + y/2 is a root of 2x* — 4x® + x® — 6x — 3 = 0. 

34. 2 + 3i is a root of x® — 4x® + 12x® + 4x — 13 = 0. 

Using synthetic division find a value of k such that: 

• 36. —2 is a root of 3x® + 5x® + A-x — 10 = 0. 

36. 3 is a root of 2x® + 3A-x® — 5x + 15 = 0. 

103. The depressed equation. Suppose we have somehow 
foimd out that the equation/(x) = aox’‘ + Oix”-^ ^ = 

0 of degree w ^ 1 has the root ri. Then x — xi is a factor of f{x), 
and we may write the equation as ’ 

(1) /(a:) = (x - ri)Qi(x) = 0 

where the quotient Qi(x) is of degree n - 1 and begins with the 

same coefficient as fix'), as can be seen from the process of svn- 
thetic division; that is, 

Q\{x) = aox"-^ + • • • . 

Since the product of two factors can be zero when and only when 
one (or both) of the factors is itself zero, any root of f(x) = 0 
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must satisfy either 

( 2 ) X — Ti = Q 


or 



Qi(x) = 0. 


The only root of x — ri = 0 is ri, which we knew about at the 
start. Hence any further root of (1) must be a root of (3), which is 
called the depressed equation because its degree is lower than 
that of the original equation by one. The depressed equation is 
often easier to solve than the original equation for this reason. 

If ri is known, the coefficients of the depressed equation may be 
found by synthetic division. If a depressed equation is quadratic, 

the equation may be solved completely. 

Example 1. Given that 2 is a root of/(x) = x® — 4x2 + x + 6 

= 0, solve the equation. 

Solution. Since 2 is a root of /(x) = 0, x 2 is a factor of 
fix). By synthetic division 

211 -4 16 

2-4-6 
1-2-3 0 


X 


5x® + 


we find that /(x) = (x - 2 )(x 2 - 2 x - 3). Hence the depressed 
equation is x® - 2x - 3 = 0, which has the roots 3 and -1. 
Hence the roots of the given equation are 2, 3, —1. The student 

may check by substituting in the original equation. 

If more than one root is known, the depressed equation may 

be depressed again, as in the following example. 

Example 2. Given that 2 and 3 are roots of fix) = 

5 x 2 5 x —6 = 0 , solve the equation. 

Solution. Since 2 is a root of fix) =-- 0 , x - 2 is a factor 
of fi^)- By synthetic division we find that/(x) = (x — 2 )(x® — 
3 x 2 _ X -f- 3 ). But 3 is given to be a root of/(x) = 0 and is there¬ 
fore a root of the depressed equation Qi(x) = x® — ~ ^ ^ 

= 0. By synthetic division we find that Qi(x) = (x — 3)(x — 1) 

= 0.' The remaining roots affix) = 0 must be roots of x 2 - 1 = 0, 
or ±1. Hence the roots of the given equation are 2, 3, and ± 1. 


EXERCISES 


Solve the equation: 

^8 _ 4x2 _|_ X 4- 6 =* 0, given that 3 is a root. 
2 , X* — 7x -f- 6 = 0, given that 2 is a root. 
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3. z* 4* 4z* + 8z + 8 = 0, given that —2 is a root. 

4. 2z* + 5z* — z — 1 = 0, given that 1/2 is a root. 

6. 2z* - 3z* - 20z'' + 27z + 18 == 0, given that -3 and -1/2 are 
roots. 

6. 2z* + llz® + 19z- + llz + 2 = 0, given that —2 and —1/2 are 
roots. 

7. 3z^ + 14z* — 4z- — llz — 2 = 0, given that 1 and —2/3 are 
roots. 

8. 6z^ — 13z® + 31z^ — 3z — 5 = 0, given that 1/2 and —1/3 are 
roots. 

9. 6z* — llz* + 15z* — 22z + 6 = 0, given that 3/2 and 1/3 are 
roots. 

10. 8z* + lOz* + 21z* + 30* —9 = 0, given that 1/4 and —3/2 are 

roots. 


104. Factorization of polynomials. The number of roots of an 
equation. We shall prov'e several basic theorems. 

Theorem 1. Every polynomial 


(1) fix) = Ooz" + aiz" ^ + • • • + a„ (ao 0) 

of degree 1 or more can he expressed as the product of n linear factors 
of the form 


(2) fix) = ao(x — ri)(z — 7 * 2 ) * • • (z — rn). 

Proof. By the fundamental theorem of algebra, the equation 
fix) = 0 has a root ri. Then z — ri is a factor of/(z). Therefore 

(3) fix) = (z - ri) • Qiix) 

where 

Qi(z) = aoz"~i + • ■ ■ 

may be found by di\ision. If n — 1 > 0 , the equation Qi(z) = 0 
must also have a root rj by the fundamental theorem of algebra. 
Therefore z — r 2 is a factor of Qi(z) and we may write 

W Qiix) = (z — r 2 )Q 2 (z) 

where Q^ix) = aoz"“* + • • • . Substituting ( 4 ) in ( 3 ) we have 

fix) = ix — ra)(z — rz) • Q 2 (z). 

This process may be performed n times until the quotient Q„(z) = 
Oo of degree 0 is reached. Hence 


fix) - (z — ri)(z — rf) - ix — rn) • Uq 
which was to be proved. 
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The numbers ri, rj, . . . , r„ may or may not be all different from 
each other. By the factor theorem, each of them is a root of the equa¬ 
tion f{x) = 0. 

Theorem 2. No number r different from all the numbers ri, r^, 
• ■ • } rn found in theorem 1 can be a root of the equation fix) = 0. 

Proof. By hypothesis r — ri, r — r^, • • • , r — rn are all 
different from zero. Hence, substituting r for x in (2), we find 

fir) = aoir - ri)(r - r.) * • • (r - r„) 5 ^ 0 , 


which proves the theorem. 

The following is an immediate corollary. 

Corollary 1. Any equation of degree n 1 has at most n 
distinct roots. 

Corollary 2. If two polynomials 


and 


fi^) 

gi^) 


aox”' + Oix” ^ + 

box^ + bix^-^ + 


• • 


Cijp—iX “I" (In 

+ bn—lX “ 1 “ bn, 


of degrees not greater than n, are equal for more than n distinct values 


of X, then 
( 6 ) 


do 


bo, ai = bi, ‘ ■ ■ , a,n — b 


n> 


and the two polynomials are identically equal. 
Proof. Consider the equation 


(7) fix) - gix) 


(ao - bo)x^ + (ai - + • * * 

-|- (O71 1 bn —1)^ d” (Un 


bn) = 0 . 

If any of the coefficients ao — bo, ai — bi, • ' ' , fln-i — 
different from zero, (7) would be an equation of degree d, where 

1 < d < n with more than n distinct roots, contrary to corollary 
"tt ^ ^ — h •• • a \ = 6n— 1 - But then the 

equation (7) reads - 6. = 0, or a. = K. This completes the 

’’ Theorem 3. The factorization (2) is unique. Tlmt is, the 

polynomial (1) can be expressed as a product f. 

in one and only one way, apart from the order rn which the factors 

written down. 

This theorem will be proved m the next section. 

A number r is a root of f{x) - 0 of multiplicity ft if 
lx - r) occurs exactly ft times in the factonzation (2). Roob- 
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multiplicity 1, 2, and 3 are called simple, double, and triple roots, 
respectively. 

Example 1. In the equation f{x) = (a; — 3) (a: — 4)(x — 4) 
(a; — 4)(a; + 7)(a; + 7) = 0 of degree six, the number 3 is a simple 
root, 4 is a triple root, and — 7 is a double root. 

From theoreins 1, 2, and 3 we have the following immediate 
consequence. 

Theorem 4. Every equation of degree n 1 has exactly n roots 
provided a root of multiplicity k is counted as k roots. 

Thus the equation of example 1 has the six roots: 3, 4, 4, 4, — 7, 
-7. 

To form an equatiori with given roots, we have only to multiply 
together the appropriate factors, as in the following example. 

Example 2. Form an equation with the roots and 1, 

having integral coefficients. 

Solution. An equation having the desired roots is 

(x - ^){x + fXx - 1) = 0. 

Obviously the equation obtained by multiplying these factors 
together will have fractional coefficients, which may then be 
cleared away by multiplying both sides byXhe L.C.D. However, 
it is less trouble to introduce the L.C.D., namely 10, as the value 
of uo and to write 10(x — ^)(x + f)(a: — 1) = 0 or 

2{x - i) • 5(x + f) • (x - 1) = 0, 
or 

(2x - l)(5x + 3)(x - 1) = 0. 

Multipl 3 dng the latter factors, we get the desired equation lOx® — 

Ox* — 4x + 3 = 0. 

Note. The idea that an equation of degree n has n roots is a 
fairly modern one. The great Greek algebraist Diophantus 
(3rd century A.D.) was able to find solutions of quadratic equa¬ 
tions but was content with one root. He rejected negative and 
irrational roots as absurd; and, even when both roots are positive, 
he took only one of them. Even in the 16th century, great 
mathematicians such as Cardan and Vieta rejected negative and 
imaginary roots, although irrational roots were admitted, and 
Stifei asserted that except for the case of a quadratic Avith two 
positive roots, no equation has more than one root. In the 17th 

century, mathematicians such as Descartes began to have a better 
grasp of the subject. 
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EXERCISES 

Solve each equation without multiplying the factors: 

1 . (x - 3)(2x - l)(x + 3) = 0. 

2. (x - 2)(x + 5)(3x + 2) = 0. 

3. (x - l)(x - l)(x2 + 2x + 4) =0. 

4. (x2 + 4x + 4)(x2 + X + 1) =0. 

6. 3(x + 2)(2x + l)(2x - 3) = 0. 

6. 2(x + ^)(x - 3)(4x + 3) = 0. 

7. x(x + l)(x - 2)(2x - 5) = 0. 

8. 3x(x + 2)(2x + 5)(5x - 2) = 0. 

Form an equation with integral coefficients having the given numbers, 
and no otherSj as roots: 


4. 


9. 1, 2, -3. 10. 2, -1, - 

12 . 2/3, -1, -3. 13.2,2,0. 

16. 1/2, 1/2, -3, 0. 16. 3/2, 1/3, 0. 

18. + V2, 3/4, 0 . 19. (1 ± Vs), ±2i. 

21. 1 ± 2i, 2 ± VZ. 22. 2 ± i,l ± i V2 

24. 3/2, -1/3, 1 ± t V2. 

26. Form a cubic equation with 2 as a triple root. 

26. Form a cubic equation with 3 as a double root and 


11. 1/2, 3, -2. 

14. 3, 3, -1, -1. 
17. + V3, 0, 0. 
20. (3 + \^), ±: 


23. 1/2, 2/3, ±2i. 


2 as a simple 


root. 


27. Form a quartic equation with 1 as a double root and 0 and 2 
as simple roots. 

28. Form a quartic equation with — 2 as a triple root and 3 as a simple 
root. 


Solve each of the following equations: 


29. X* 

30. 


6 x® + 10 x 2 


32. 

root. 

33. 
34 


63 ; _|_ 9 = 0 given that 3 is a double root. 

3.4 33;3 _|_ 43;2 _|_ 33 ; -|_ 1 =0 given that —1 is a double root. 

31. 4x^ + a:2 — 3x + 1 =0 given that 1/2 is a double root. 

93-4 _|_ 24x2 _|_ 493;2 _|_ 26x + 4 = 0 given that —1/3 is a double 


Form a cubic equation witn ana t as simpic 
Form a cubic equation with 2, —3, and 1 + » as simple roots. 

36. Form a quartic equation one of whose roots is 2 and whose other 

three roots are the roots of x» + x® + x + 2 = 0 . 

♦106. Proof of the uniqueness of factorization. We shall prove 
theorem 3 of the preceding section. 

. Thi, .action may b. omitted upon tot riding without “"‘"“2 

jlrti'utX"au.eX ot multiplicty of a -oot i. no mom Utan a p.ou. wuh 

without it. 
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Proof. Suppose that there are d distinct numbers among the 
n numbers ri, r%, , r„. Let these d distinct numbers be 

Pi, P‘ 1 , ‘ Pd where pi occurs cxi times, p 2 occurs 0:2 times, and 
so on. Then (2) of section 104 may be written as 

(1) /(^) = ao(a: — piY^ix — pa)"* • • • (x — pdY*, 

where ai + «2 + ' ’ ‘ + = n. By theorem 2, section 104, no 

number r different from pi, pa, . . . , Pd can be a root of/(x) = 0, 
and hence no expression of the form x — r other than those appear¬ 
ing in (1) can be a factor of fix). But it is still conceivable that 
the factors in (1) might also occur with different multiplicities; 
that is, that, besides (1), we might have 

(2) fix) = ao(x - pi)^‘(x — Pa)'*’ • • • (x — pdY^, 

where /3i -f- ySa + ‘ ' • -f- /3d = n but not all the equalities 


(3) = /3i, aa = /Sa, ' • • , Old = /3d 

hold. Suppose that oci ^ and in particular that ai > ^i. 
Then, from (1) we have fix) = (x — pi)“*F(x), and from (2) we 
have fix) = (x — piY^Gix) where Gipi) ^ 0 since x — pi is not a 
factor of Gix). Then 

(x - pi)“>iP(x) = (x — piY'Gix) 


is an identity. Dividing both sides by (x — pi)^* we have 

(4) (x - pi)“-'’>F(x) = Gix), 


for all values of x except x = pi since division by zero is excluded. 
But (4) is therefore an identity by corollary 2, section 104, because 
it is true for all values of x except x = pi, hence for infinitely many 
values of x, and hence certainly for more than n values of x. But 
Gix) is not divisible by (x — pi), and therefore the left member of 
(4) cannot have (x — pi) as a factor. Therefore cki — /3i = 0, or 
txi = /3i. The argument can be repeated to show that all the 
equalities (3) must hold. This completes the proof. 

106. Imaginary roots of equations with real coefficients.* 


The familiar formula for the roots of a quadratic equation shows 
clearly that if the quadratic has real coefficients and has an 
imaginary root, then the conjugate of this root is the other root. 
This result is generalized to apply to all equations with real 
coefficients no matter what the degree, by the followdng theorem. 


* student should review carefully the classification of the number system iriven 
m section 16. ^ 
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Theorem 1. If all the coefficients of the equation F(x) = 0 are 
real and a + hi (b 9 ^ 0 ) is an imaginary root, then its conjugate 

a — hi is also a root. 

Proof. To show that a — hi is a root of F{x) = 0 it will suffice 
to show that x — {a — hi) is a factor of F(x). This will be done 

by showing that 

( 1 ) 

is a factor of F(x). Multiplying out the right memVjer of (1), we 
find that 

(2) D{x) = x^ — 2ax + 


D{x) = [x — (a — &i)][x — (a + in)] 


which has real coefficients. Dividing* F(x) by D{x) we find a 
quotient Q{x), and remainder R{x) of degree not greater than 1. 

Writing R{x) = cx d we have 


(3) 


Fix) = D(x) • Q(x) + cx + d. 


Note that in the division process the coefficients of the dividend 
and divisor are combined only by multiplication, division, addition, 
and subtraction. Since the coefficients of F(x) and D{x) are all 
real, this process can yield nothing but real coefficients m the 
quotient and remainder. In particular, c and d are real. By 
hypothesis, a + hi is a root of F(x) = 0. Hence substituting 

o + hi in (3), we obtain 


(4) 


F(a + hi) = Dia + hi) • Q(o + hi) + ca + c6i + d 


0 . 


From (1) we see that D{a + hi) = 0. Hence (4) impUes that 


This implies that 

(5) 

and 

( 6 ) 


CO + chi + d — 0. 

CO + d = 0 


ch = 0. 


Since h 



= 0. Substituting 
0 and D(x) is a factor 


0 by hypothesis, (6) imphes that c 
this in (5), we find d = 0. Hence R{x) = 

of Fix). This completes the proof. .. uu .^1 

Corollary 1. Every polynomial fix) of degree n^l with real 

coefficients can he expressed as a product of Ih^arfodor sand q^ratic 

factors hamng negative discriminants, aU with real ^fficients. 

Proof. We have fix) = ao(:r - rO(a: - r,) • * * (x - ^ 
Any root of fix) = 0 that is real pro\ades a hnear factor with 

* See the definition of division in section 43. 
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coefficients. Any root that is imaginary can be paired with its 
conjugate root. The product of the factors arising from such a 
pair is of the form 

(x — [a + h{\)ix — [a — bi]) — — 2ax + 

wliich provides a quadratic factor with real coefficients and nega¬ 
tive discriminant —46^. The constant Uo can be absorbed into 
any of these factors. This completes the proof. 

The quadratic formula shows similarly that if a quadratic with 
rational coefficients has a root a -f where a and b are rational 
but >/b is irrational, then a — y/b is also a root. This result can 
also be extended to equations of any degree by the following 
theorem: 

Theorem 2. If an equation with rational coefficients has a 
binomial surd root of the form a -f* -y/b (or a — y/b) where a and b 
are rational but \/b is irrational, then the conjugate surd a — y/b {or 
a -f- V6) is also a root. 

The proof is similar to that of theorem 1 and is left to the 
reader. 

EXERCISES 

If all the coefficients of f{x) = 0 are real numbers and the given number 
is a root, write another number which must be a root of f{x) = 0: 

1. 3 + 2i. 2. -2 + 3i. 3. -3 - 3i. 4. 3 - 4i. 6. 3i. 

6. -2i. 

7. Form a cubic equation with real coefficients having 1 -1- 2i and 
5 as roots. 

8. Form a cubic equation with integral coefficients having 2 — 3i 
and 1/2 as roots. 

9. Form a quartic equation with integral coefficients having 1 -\- i 
as a simple root and —1/2 as a double root. 

10. Form a quartic equation with real coefficients having 3 as a double 
root and 1 — 2i as a simple root. 

11. Solve X* — 2x* -b 3^^ — 2z -|- 2 = 0, given that 1 -}- i is a root. 

12. Solve X* — 2x* + 2i* -f- 6x — 15 = 0, given that 1 — 2i is a root. 

13. Solve X* -f- 3x* -b 2x® -b 3x -b 1 =0, given that i is a root. 

14. Solve X* — 4x* -b 5x* — 16x -b 4 == 0, given that —2i is a root. 

16. Solve X* -b 3x‘ -b 3x* -b 6x* -b 3x* -b 3x -b 1 =0, given that 
t is a double root. 

16. Prove that a cubic equation with real coefficients has either three 
real roots, or one real and two conjugate imaginary roots. 
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17. Prove that a qiiartic equation with real coefficients has either 
4 real roots, or 4 imaginary roots, or 2 real and 2 imaginary' roots. 

18. State and prove a thoerem similar to those of exercises 16 and 17 
for equations of degree: (a) five; (b) six. 

19. Prove that an equation of odd degree with real coefficients has 
at least one real root. 

20. Verify that the equation t — (1 + i) = 0 has the root 1 + *, 
but the conjugate 1 — i is not a root. Does this contradict theorem 1? 
Explain. 


Decide whether each of the follovnng statements is true or false and 
explain: 

21. If 1 4- t is a root of x® — (6 + i)x- + (11 + bi)x — (6 -f- 6i) = 0, 
then 1 — 2 is also a root. 


22. If i is a root of x* 


Vs + 1 


x’^ + X 


Vs + 1 


2 


= 0, then —i is 


also a root. 


23. Form a cubic equation with rational coefficients having 2 + 
and 1 as roots. 

24. Form a cubic equation with integral coefficients ha\’ing 1 — 
and 1/2 as roots. 

26. Form a quartic equation with rational coefficients ha\’ing 1 + 
2, and 0 as roots. 

26. Form a quartic equation ■with integral coefficients ha\-ing ^ ~ 



as a root and 0 as a double root. 

27. Solve X* — 4x* + 2x® — 4x + 1 = 0, given that 2 + Vs is a 
root. 

28. Solve x< — 3x* - 6x — 2 = 0, given that 1 - V2 is a root. 

107. Rational roots of equations with integral coefficients. In 
section 99, we learned how to find imaginary roots of a certain 
simple tjTpe of equation of the nth degree, namely the pure equa¬ 
tion. Aside from this case, we shall find imaginary roots only 
when they arise from a quadratic depressed equation, because, 
except for certain advanced apphcations, the real* roots are \\hat 
are generally needed for practical purposes. We are now ready to 
attack the problem of finding the real roots of an equation of any 
degree. Recall that real numbers are either rational or irrational, 
and that a rational number is one which can be expressed as a 
quotient or ratio of two integers. Hence all rational numbers are 

included in the follovsing scheme: 

• The student should review carefully the classification of number system m 
section 16. 
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0 +12 3 4 

0 , ± y y 

12 3 4 
— 2 ’ 2 ’ 2 ’ 2 ’ 
+ 12 3 4 
^ 3’ 3’ 3' 3’ 
^12 3 4 

X 

4 4 4 4 


In this section, we give a method for finding the rational roots 
of equations with integral coefficients. Whether any particular 
rational number r is a root of a given equation f(x) = 0 or not can 
be decided by substituting it for x in the equation; this work is 
most conveniently done by synthetic division, the last number 
in the third fine of synthetic division being f(v). The number r 
is a root if and only if /(r) = 0. Hence we might try to find all 
rational roots of the given equation simply by trying all rational 
numbers one at a time. (Compare section 13.) But since there 
are infimtely many rational numbers, this is a gloomy prospect. 
In fact, if we tried in this way to find the rational roots of an 
equation like x^ — 2 = 0 which has no rational roots, we would 
waste eternity on this one problem without reaching any conclu¬ 
sion. This is considered to be too long an assignment. The 
following theorem has the virtue of cutting the number of trials 

from infinitely many to a limited number, thus making the method 
of trial possible in practice. 

Theorem. If the coefficients of the equation 
(1) _aox" -I- -1- a2X"~2 ^ a„_ix a„ = 0 (uo 5^ 0) 

are all integers, and if p/q is a rational root, reduced to lowest terms 
then ’ 


(a) the numerator p must he a factor of the constant term a„, and 
{b) the denominator q must he a factor of the leading coefficient Oq. 

Proof. Since p/g is a root, it must satisfy (1). Hence 


^n—1 2 

«o-^ + ai^ + a2-^-f • • 


* + a 


2 

Q 


+ On = 0 


Multiplying both sides by the L.C.D. g", we have 


^2) 


®oP" -b flip" ig a2p"~2g2 -b 


+ a,^ipg"-i -b a„g" = 0 
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Transposing the last terra and taking the common factor p out 
of what remains in the left member, we have 

(3) + aip”-^q + a^p^-^q^ + • • • + = -a„g". 

Since all the letters Oo, , a„, p and q represent integers, 

both members of ( 3 ) and the quantity in brackets are integers, 
because the sum, product, and difference of integers are always 
integers again. The left member of (3) has p as a factor. There¬ 
fore p is a factor of the right member — dnq"• But p has no factor 
.in common wdth q, except ± 1 , since p/q was reduced to lowest 
terms. Hence p has no factor in common with 5 " (compare 
theorem A, section 13). By theorem 2, section 6 , p must be a 
factor of a„. This proves (a). 

Transposing the first term of (2) and factoring q out of what 
remains in the left member, we get 

(4) g[aip”“i + dip'^-^q -f- • • • + dn-ipq”~^ + = -dop”. 

An argument, exactly like that above, now proves ( 6 ). The 

student should write out the details. 

Exdmple 1. Find the rational roots of Ax* — + ISx^ - 

I2x -j- 3 = 0 , and if possible solve the equation (completely). 
Solution. By the above theorem we find that the only: 

possible numerators are ±1, ±3 (the factors of 3); 
possible denominators are ±1, +2, ±4 (the factors of 4); 

possible rational roots are +1, ±3, ±^> ± f ± I' 

Trying the numbers in the preceding line in order, we find that ^ 
is a root: 

414 -4 13-12 3 

2-1 6-3 

4 ^2 12 0 . 

Any further root must be a root of the depressed equation.4x* - 
2 x 2 _j_ i2x — 6 = 0 , or, dividing both members by 2 , 2 x* — x* + 
gj; _ 3 = 0. The only possible rational roots of the latter 
equation are ±1, ±3, ±4, ±1- Trjdng these in order, onutting 
those which failed before, we find 4 is a root agam; thus: 

4!2 -1 6 -3 

10 3 

2 0 6 0 . 
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Any further root is a root of the depressed equation 2x^ + 6 = 0, 
or X® + 3 = 0. The roots of tliis are ±i V3. Hence the given 

equation has ^ as a double root, and ± i a/ 3 as simple roots. 

Always make a complete list of possible numerators, possible 
denominators, and possible rational roots, as in example 1. One 
cannot be sme of finding by elimination what is sought unless one 
is careful not to omit any possibilities. 

Note 1. Our theorem cut the number of possible rational roots 
to be tried from infinitely many to twelve in this example. 

Note 2. The work of example 1 shows also that the poly¬ 
nomial — 4x® + 13x® — 12x + 3 can be expressed as 4(x — 

(x — ^)(x — i a/3)(x + i \/3), by section 104, theorem 1. If 
we wish to express this polynomial as a product of factors with 
integral coefiicients, we maj' write it as 2(x — ^) • 2(x — ^) • 
(x® + 3) or, finally, (2x — l)(2x — l)(x® + 3). 

Corollary 1 . If an equation has integral coefficients, and if 
the coefficient of the highest power of x is ±1, then every rational root 
is an integer and a factor of the constant term. 

Proof. Immediate consequebce of theorem. Left to reader. 

Example 2. Solve x® + 3x® + 4x + 12 = 0, finding rational 
roots first. 

Solution. The only possible rational roots are + 1, 2, 3, 4, 6, 12. 
Trjang these in turn, we find that —3 is a root, thus: 

-3;1 3 4 12 

-3 0 - 12 

1 0 4 0. 

Further roots must be roots of the depressed equation x® + 4 = 0 
or X = ±2i. Hence —3, ±2i are the roots of the given equation. 

Example 3. Factor the polynomial x® — 2x® — x + 2. 

Solution. We find that the rational roots of the equation 
~ 2x* X + 2 = 0 are 2 and +1. Hence x® — 2x® — x + 2 
= (x - 2)(x - l)(x + 1). 

Aofc 3. The method of theorem 1 can be used for equations 
with rational coefficients also, as follows. 

Example 4. Find the rational roots of x® — 4x® — -^x + 2 = 0. 

Solution. It is now incorrect to assert that a rational root 
must have a numerator which is a factor of 2 and a denominator 
which is a factor of 1, because not every coefficient of the given 
equation is an integer. But every coefficient will become intearai 
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if we multiply both members by the L.C.D. Thus our equation is 
equivalent to the equation — 8x^ — x + 4 = 0, and we can 
assert that a rational root must have a numerator which is a factor 
of 4 and a denominator which is a factor of 2. Hence the only 
possible rational roots are +1, 2, 4, \S e find that 4 is a root, 

thus: 

^2 -8 -1 +4 

8 0-4 

2 0-1 0 . 


The remaining roots are therefore ± \/2/2. 

Note Jf. Some theorems designed to shorten the labor by 
diminishing the number of necessary trials still further will be 
presented in sections 110 and 111. The instructor may delay the 
more tedious exercises until these are taken up if he wishes. 


EXERCISES 

Find all rational roots, and, if a quadratic depressed equation is obtained, 
solve the equation {completely): 

4^2 + X + 6 = 0. 

3x2 - 4x - 12 = 0. 


1. X® - 

2x2 - 5x + 6 = 0. 

• 

H 

1 

3. X® - 

5x2 — 83; -|- 12 = 0. 

4. x2 H 

6. x^ — 

x2 - 19x2 _ 113; + 30 = 

= 0. 

6. X* + 3x® - 12x2 _ 133; _ 15 

= 0. 

7. 9x^ - 

- 3x2 _j_ 73;2 _ 33; _ 2 = 

0. 

8. 3x2 . 

- 2x2 4. 153; _ 10 = 0. 

9. 4x‘‘ 

10. 3x2 . 

- 7x2 — 3x + 2 = 0. 


11. 6x^ + 2x2 + 7x2 + X + 2 — 

0. 

12. 3x< + 2x2 + 5 = 0. 


13. x« - 

• 6x2 _j_ 10x2 _ 6x + 9 — 

: 0. 

14. X * - 

■ 8x2 4 24x2 _ 32x + 16 

= 0. 

16. X * - 

- 2x2 4 x2 — 2x = 0. 

16. 2x^ 

17. 2x^ + 5x2 6x2 _[_ 2x — 0. 

00 

• 

• 

19. x^ - 

- 3 x 2 4 i^x 2 — 3x + X = 

= 0 . 

20. X* - 

- x 2 — tx 2 + 3 x — T = 

0 . 

21. X* - 

- ix2 4 x2 - 2x - 12 = 

0. 

22. x^ - 

- 1 x 2 - 7x - 4 = 0. 

23. x 2 

24. 9x* 

- ^x^ + 11x2 _ .^3; 4 2 = u. 


7x2 — 5^; — 1 = 0. 


■ 5x® — lOx® + 3x = 
4x* + x2 + 6x = 0. 


0 


^X 


5x + f — 0. 


Factcrr each of the following polynomials completely {that is, into linear 


•factors): 


26. x** + 3x* 

27. 2x* - X* 


lOx - 24. 
8x + 4. 


26. X* 

28. x» 


5x® + 2x + 8. 
4x* + X + 6. 
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29 ar- - to- - lOx + 3. 30. 2x- + to- + to + 3. 

31. 4x* + 12x» + 17x* + I0x+ 2. 32. x 4X -r 

£xpr«» eath of the following ae a product of Urtear and quadrotic factoro 
having real coeffivienls: 

3j* + 2x® + 27 x + 18. 

9x^ + 12a:* + 7x* — lOx + 2. 


33. 

35. 

37. 

38. 


2a-* 

4 


X* + 8z - 4. 


X' - 3x* + I* + 4. 

6x* -H 13z* + 24z* - 8. 

9j.4 _|_ 30x* + 82z* + 80z + 24. 


34. 

36. 


0 with real coefficients, 


Decide whether each of the foUowing statements is true or false and 
explain: 

39. If p/q is a rational root, reduced to lowest terms, of z® + isri“ 

_ 2 = 0 then p must be a factor of 2 and q must be a factor of 1. 

40. Every rational root of z* - Yx» - 2z* + ^z - 2 = 0 must be 
an integer and a factor of 2. 

108. Graphical solution of equations. The real roots, whether 

rational or irrational, of an equation/(z) = 

can be estimated approximately from the graph of the function 
y = fix), since they are the z-coordinates of the points where the 
graph mUts the z-axis. (The student should review section 37.) 

The following fact is useful (see section 37): 

If fix) is a polynomial with real coefficients, and /(a) and fib) 
hare opposite signs, a and b being two different real numbers, then 
the equation fix) = 0 has at least one root between a and b. 

Example. Solve graphically 2z* + 3x- — 5z — 6 = 0. 
Solution. From the function y = 2z® + 3z® — 5z — 6, we 


X 1 

-3 1 

-2 

-1 

0 

1 

2 

y ' 

-18 r 

. „ 

0 

-6 

-6 

12 


and the graph in Fig. 53. From the graph we estimate the roots 
to be —2, —1, and 3 2. 

It can be proved that at a multiple root, the graph is tangent 
to the z-axis. 

EXERCISES 

Plot the graphs of and estimate graphically the real roots of the equations 
in exercises 1-20, section 107, and of: 


21. r* -f z* - 2z 
23. z‘ -h z» - 2z* 
24- z* -|- z* — 6z* 


4= 0. 

2 = 0 . 

8z - 16 = 0. 


22. z« -f- 2z* - 6z - 9 = 0. 
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26. If /(a) and /(6) are both of the same sign, may we conclude that 

there exists no root between a and 6? 

26. If /(a) and /(6) are of opposite sign, may we conclude that there 
is only one root between a and 6? 



109. Transformation reversing the signs of the roots. The 


roots ri, rj, . . . , r, of the equation 


( 1 ) 


/(x) = OoX* + ^ + 


• • 


+ On = 0 


rt) 


(x - r,) = 0 


or 

(2) /(x) = ao(x - ri)(x - 

may be obtained by setting each of the Unear factors in <2) equal 
to ^ro. Clearly the equation /(-x) = 0, or 

- ri) • • • (-X - r,) = 0 


(3) /(-x) = oo( 


ri)( 


has the roots -r., -r..-r.. se may be seen by setting^ 

linear factors of (3) equal to zero. Hence the equation /( - 1 ) - 0 
has as its roots the roots of /(x) = 0 each with its sign reversed. 

From (1) we see that 

= at,(-xr + at(-x)--' + • • ■ 


(4) 


fi-x) 
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But a k is even, and = —a:*' if A: is odd. Hence 

to form the function/( —x) we have only to reverse the signs of the 

odd-powered terms. 

Example. As seen in section 108, 

fix) = 2x^ + Sx- - 5x - 6 = 0 

has the roots —2, —1, 3/2. Hence 

fi-x) = -2x=^ -f 3x2 -h 5x - 6 = 0 

has the roots +2, -}-l, —3/2. 


y y 



Note. Si — x) = 0 must be distinguished from —fix) = 0 

which is obtained merely by multiplying both members of/(x) = 0 

by —1 and consequently has exactly the same roots as/(x) = 0. 
See Fig. 54. 

It follows that if we wish to avoid negative multipliers in 
synthetic division, we may find the negative roots of fix) = 0 by 
finding the positive roots of fi—x) = 0 and then reversing their signs. 
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EXERCISES 

H ttfiout soltnng, urile an trgtiaiion xrhose root* are thoM of the men rgua- 
Iton^ each xrith iU 9ign reversed: 

1- X* — 2x* — 5x -+■ 6 = 0. 2. X* — 5x* — 8x + 12 = 0. 

3- — 4j* + X -I- 6 = 0. 4 . X* + 3x* - 4x - 12 = 0. 

6. 9x« — 3x» + 7x* — 3x — 2 = 0. 

6. 4x« — 7i* — 5x — 1 = 0. 7. 3x« + 2x» + 5 = 0. 

8. 3x* - 7x» - 3x + 2 = 0. 


Find the negative rational roote of the given equations hy means of the 
positive roots of /(—x) = 0: 


9. X* + 2x* - X - 2 = 0. 
11. 2x» - X* - 8x + 4 = 0. 


10. X* + 3x» - lOx - 24 = 0. 
12. X* + 6x» + 1 lx + 6 = 0.’ 


110. Upper and lower bounds for the roots. The method of 
trial for finding rational root.*^ (.section 107) cut.s the number of 
pos.sible triahs from infinitely many to a limited number. But if 
the coefficients are large, the numljer of trials may be unpleasantly 
large. For example, in the equation 

(1) X* + X* 70x* - 2x - 144 = 0 


the possible rational roots are the factors of 144 or ± 1, 2, 3, 4, 6, 8, 
9, 12, 16, 18, 24, 36, 48, 72, 144, or thirty factors in all. If we 
tried them all, we would find that none of them satisfy the equa¬ 
tion, which therefore has no rational roots. This work can be 
cut down by the following theorem: 

Theorem. If fix) = a^x* + Oix—» + • • . + = Okas real 

coefficients and has a positive leading coefficient Oo, and, if u-e dinde 
synthetically, using a positive multiplier k, and obtain a third line 
containing no negative numbers, then no root of fix) = 0 can be 
greater than k. 

Proof. Dividing/(x) bj* x — A: we get 

f{x) = (x — k)Q(x) + R. 


By h\-pothesis the third line of sj-nthetic di^dsion contain.*; no 
negative numbers; tiiat is, the coefficients of Q(x) and R are not 
negative. Consider any value x = m greater than k. Then 
m — A' is positive: and since k is positive, so is m. Then .sub¬ 
stituting m in Qix), wliich has no negative coefficients, it is clear 
that Q{m) is not negative. Also either Q(m) or R must be positive, 
since they cannot both be zero. Hence/i m) is positive and not 
zero. This completes the proof. 
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Note that any equation with real coefficients can be written 
with Co positive. (If it were negative, we could multiply both 
members by — 1 without altering the roots.) 

A number k such that no root is greater than k is called an 

upper bound for the roots. A lower bound for the negative roots 

can be found by finding an upper bound for the roots of f(—x) = 0 
and reversing its sign. 

Example. In the equation (1) above, we find that 2 is an 
upper bound for the roots, since no number in the third line of 
synthetic division is negative: 

^1 1 70 -2 -144 

2 6 152 300 

1 3 76 150 156. 


Therefore we need try no number greater than 2. 

Here /(-x) = — x® + 70x2 + 2x — 144 = 0 has 2 as an 

upper bound also, as can be seen from the synthetic division: 



-1 70 2 -144 

2 2 144 292 

1 72 146 148. 


Hence —2 is a lower bound for the negative roots of f{x) = 0. 
That is, we need try no number less than —2. 


EXERCISES 

Find upper and lower bounds for the roots: 

1. X* + X* - 2x - 4: = 0. 2. + 2a;» - 6x - 9 = 0. 

3. X® + - 2x2 -2 = 0. 

4. x< + X* - 6x2 _ gj. 1 10 = 0. 

Find all rational roots, using upper and lower bounds for the roots to cut 
down the number of trials: 

6 . x< - X* + 30x2 - 32x - 64 = 0. 

6 . X® + x® + 34x2 + 36x - 72 = 0. 

7. x< + x® + 32x2 - 4x - 144 = 0. 

8 . X® + 2x* + 33x2 -f 72x - 108 = 0. 

9. X* - 2x2 + 29x2 - 64x - 96 = 0. 

10. X* + 17x2 - 30x - 144 = 0. 

11 . x< 4- X* + 20 x 2 + 8x + 96 = 0. 

12. X* + X* + 10x2 — 8x — 144 = 0. 

13. x 2 + 2x2+ 15x2 - 6x - 54 = 0. 
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14. 

15. 

16. 


+ 2j-* + Gjt- - 12x - 72 = 0. 
x‘ + + 20 j‘ + 4x* + 59x* - bx ■ 

ji -j- j6 _j_ 2Ax* — 3x* - 85x* — 4x 


80 = 0. 
108 = 0 


111. Descartes’ rule of signs. Any infornmtion we can ol.tain 

concerning the roots of an equation before trying to solve it n 

likely to save us some labjr. In this section we shall obtain .-ome 

information concerning the numljer of positive roots and the 

number of negative roots we may expect to find. 

When the terms of a polynomial with real coefficients arc 

written in onler of descending powers, we say that a variation m 

sign occurs if two succes.sive terms have opposite signs, missnig 

terms being ignored. For example, the polynomial 2x* - Ax + 

I - 5 has three variations in sign, since its coefficients taken in 

succession liave the signs + - + - • The polynomial - 2rr - 
• 1 ,* _ + 5 has two variations in sign. The polinoniial 

I. + I + 5 has no variatiolM in sign. We shall prove the following 

Theorem 1. {Descartes^ rule of signs.) If the coeffixierds of 
fix) = 0 are real, (a) the number of positii'e roots is not greaier tlmn 
tL number of variations in sign; (6,. the number of negalne roots vs 
not greater than the number of variaiions in sign of the polynomval 

Example 1. The number of positive roots of /(x) = 2x* - 
4 -s _i_ x - 5 = 0 is three or le.ss. There are no negative rewts, since 
7(Jl\ = _ 2 x* - 4 x* - X - 5 has no variations in sign. That zero 

is not a root can be seen by inspection. Hence there are either three 
positive roots, or one positive 

rtKits (Whv can there not be two positive and one imaginary ) 
result we are saved the trouble of searching for negative roots. 
my 2. Show that f xi = X. - lOx + 1 . 0 iias exactly 

“soTuffo^l^"BToescartes- rule, there aie two or fewer ^.sitiiu 

S;er6 LTnrnitei l^ti ^i^ r" ^ ITd 

two imaginary roots. Thb completes - 

= o“ of none 


i 
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Hence there are either two real roots and two imaginaries, or else 
four imaginaries. 

Thus if one positive root in example 3 had already been located, 
we would not waste time looking for another. Similarly, if one 
negative root were already located, we would not look for more. 

These remarks should make clear the practical value of Des¬ 
cartes’ rule. 

Before proving theorem 1, we need the following. 

Preliminary Theorem. If r is a 'positive root of the equation 
f{x) = 0 with real coefficients, then the quotient Q{x) obtained by 
dividing f{x) by x — r has at least one less variation in sign than 

f{x) has. 

Outline of proof. We write the equation f{x) = 0 so that the 
leading coefficient Oo is positive; that is, if necessary, we multiply 
both members by —1, which has no effect on the roots or on the 
number of variations in sign. Now consider the process of syn¬ 
thetic division with r as multiplier. For example, consider the 
synthetic division of -f- x® + 2x® — 4x^ — 81x^ -|- x -|- 2 by 

X - 2: 



0 -1-1 -b 2 - 4 0 -81 

2 4 10 24 40 80 

-f2 -1-5 -f-12 -f20 -1-40 - 1 


-fl 

-2 

-1 


+2 

-2 

0 . 


It is clear from this example, and true in general, that the leading 
coefficient in Q{x) has to be positive and that the coefficients of 
Q(x) will remain positive at least until the first variation in feign 
of/(x) and possibly longer. When a variation of Q(x) takes place, 
from -b to —, the succeeding coefficients of Q(x) remain negative 
at least until the next variation in sign of f(x) and possibly longer. 
But since the last number in the third fine of synthetic division 
must be zero, the last coefficient of Q(x) must have the opposite 
sign from that of the last coefficient in /(x). Hence the largest 
number of variations Q(x) can have is one less than the number of 
variations of f(x), and it may have fewer than that. 

Proof of theorem 1. (a) Let r\, r 2 , . . . , r* be the positive 

roots of /(x) = 0. Dividing /(x) by X — ri we get a quotient 
Qi(x) which has at least one less variation than /(x). Dividing 
Qi(x) by X — r 2 we get a quotient Qi{x) which has at least two less 
variations than/(x). And so on until we have/(x) = (x — ri)(x — 
rf) ■ ■ • {x — rk)Qk(x) where Qk(x) has at least k less variations 
than/(x). But Qkix) cannot have fewer than no variations at all. 
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Hence f(x) has at least as many variations as the number k of its 
positive roots. 

(&) Part (b) follows at once from the fact that the positive 

roots off{—x) = 0 correspond to the negative roots oi f{x) = 0 . 
We get an even more itseful result than theorem 1 by extending 

Descartes' rule as follows. 

Theorem 2. 


fix) 


U(/wvU/0« 

If the number of positive roots of the equation 
0, with real coefficients, is fewer than the number of variations 


in sign, then it is fewer by an even number. 

Example 4.. From this theorem we see that the equation in 

example 3 above must have one positive and one negative root, 

since the number of positive roots cannot be one less than the 

number of variations in sign. ihr 

Outline of proof of theorem 2. By corollary 1, section 106, /(x) 
can be expressed as a product of linear and quadratic factors, with 
real coefficients. The quadratic ones arise from pairs of conjugate 

imaginary roots. They are of the form (i - [a + 6 ® (x [a 6 rD 
= I* - 2ax + + V or x^ + px + q where 4 = a + i> is neces 

sarily positive. The linear ones arise from real roots, positave, 

negative, or zero. Let r., .. n be the positive roots, Pi, 

p* the negative ones. And let there be ] pairs of 


— P2, • • • > -, , 

conjugate imaginary roots, and g zero roots. 


Then 


fix) 


o«(x - r.)(ai - ro • • • - ’’i) ' + f”) ' ' 

(x + pk ) ■ (X* + P.X + 9i)(x‘‘ + + f) • ■ ■ 

(x^ + PjX + qi) 




\ Tf 1)' ‘“-t).tirgrm" 

Le roots will have alternating signs. The product of all tte other 

itffirst and last coefficients have the same sign if fc is even 

k cicrrm if is odd But the number of variations in sig 
opposite signs d 1 is odC eoefficients have 

:l: sir s^n aid odHf the first and last coefficients have 

opposite Bi^s. He^ce the num ^ 

"rer I o nritive roots is odd. Since the difference between 
"r even nulers is even, and the difference between two odd 
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numbers is even, the number V — A; is always even. This com¬ 
pletes the proof. 

Note. The method of theorem 1, section 107, can be used to 
prove that numbers such as \/2, "v/S, v/O, -^2, etc., are not 
rational, as in the following example; 

Example 5. Prove that a/2 is not rational. 

Solution. Let x = a/^. Then x^ = 2, or — 2 = 0. The 
only possible rational roots of this equation are ±1, 2. Synthetic 
division wall show that none of these are roots. Hence the equa¬ 
tion — 2 = 0 has no rational roots. But it has the roots + a/2 . 
Hence these numbers are not rational. 

Ren6 Descartes (French, 1596—1650), to whom theorem 1 is 
credited, was a great mathematician and philosopher. Perhaps 
his most valuable contribution to human knowledge was his work 
in analytic geometry, of which he was the principal founder. 


EXERCISES 

Without solving, obtain whatever information you can concerning the 
number of positive, negative, and imaginary roots (a) by means of Descartes’ 
rvde {theorem 1) and previous theorems; (b) by means of the extended form of 
Descartes’ rule {theorem 2): 


1. a:® + 5x — 4 = 0. 

3. X* - 2x* + 3x2 -f- 5 = 0. 

6. x^ -f x2 — 3 = 0. 

7. X* + 2x^ + 4 = 0. 

9. x^ -b 2x2 - 2x - 3 = 0. 
11. x* - 2x2 -b X - 3 = 0. 
13. x« - x2 -b 5 = 0. 

16. x® + 32 = 0. 

17. x« - 1 = 0. 

19. x* -b X = 0. 


2. 2x» -b 3x + 1 = 0. 

4. x® — 3x2 -b 4x — 5 = 0. 

6. x® -b 2x2 + 3a; = _5 
8. x« + 2x^ -b 3x2 -b 7 ^ Q 
10. X® -b 2x2 -f 3x = 5. 

12. x^ -b 2x2 — x2 — 3x -b 5 = 0. 

14. X® -b x^ — 2x2 — 5 = 0. 

16. x2 - 1 = 0. 

18. x^ — 3 = 0. 

20. X® -b 2x2 -b 3x = 0. 


Prove that each equation has exactly two real and, two imaginary roots: 

~ lOx® -b 1 = 0. {Hint: consider the graph.) 

22. 2x* - 15x -b 3 = 0. 


Prove that each equation has exactly two real and four imaginary roots: 

23. X® - 14x» + x2 -b 3 = 0. 24. 2x« -b x^ -b lOx -b 3 = 0. 

Prove that each equation has exactly two irrational roots: 


26. x« + z2 0 =3 Q 


26. x* -b x® — 


2x2 - 


4 = 0. 


244 THEORY OF EQUATIONS [Ch. xv, §112 

Find all rational roots, using Descartes' rule to cut down the number of 
trials: 


27. + 30x2 _ 32a: _ 64 = 0. 

28. x« + 2 x 6 _ 2x^ + 2 x 6 + 333.2 _|_ 72 a: - 108 = 0 . 

29. Work the exercises of section 107, using the theorems of the 
present section to cut down the number of trials. 

Show by the method of example 5 that each of the following numbers is not 
rational: 

30. \/3. 31. Ve. 32. Vs. 33. V2. 34 Vs. 

36. \/ 6 . 36. Ve. 37. Vs. 

38. The lengths of the sides cf a rectangular box, measured in inches, 
are three consecutive integers. If the volume is 120 cubic inches, find 

the sides. 

39. After a slice 1 centimeter thick is cut off from one side of a cube, 
the volume wliich remains is 48 cubic centimeters. Find the side of the 

original cube. 

40. An open box is to be made from a rectangular sheet of tin 10 inches 
bv 14 inches by cutting equal squares from the comers and folding up 
the sides Find one possible length of the side of the cutout square il 
the volume of the box is to be 120 cubic inches. How many solutions 

are there? 

41. A rectangular box has the dimensions 3 inches, 4 inches, 5 inches. 
If the length width, and height were increased by the same amount, the 
volume would be doubled. Find the amount by which the dimensions 

are to be increased. 

42 An open box is to be made from a square sheet of tin 18 inches on 
each side by cutting out equal squares from the comers and fading up 
the sides. How long should the edge of the cutout square be if the 

volume of the box is to be 432 cubic inches? 


112. Real roots by successive approximations. In section 107 
a method was given for finding the rational roots of polynomial 
equations with rational coefficients exactly. For practical pur¬ 
poses an exact answer is seldom required. Rather, what is 
needed is a sufficiently good approximation. For example, m 
finding the distance of an enemy battleship from a shore battery 
we would not be interested in tenths of an inch. In drilling 
cylinders for an airplane engine we would, but there we would not 
cLe about milHontlis of an inch. Thus, for practical purposes it is 
sufficient if we provide a method which will yield as many decima. 

pZes of the reaWoots of an equation as we happen to 

whether the roots are rational or irrational, buch a method 
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equations with real coefficients will now be explained by an 
example. 

Example. Find the positive root of f{x) + — — 

3 x — 6 = 0, correct to the nearest hundredth. 

Solution. Substituting successive integers, we find that /(O) 
and/(I) are negative, while/(2) is positive. (The substitution is 
most conveniently done by sjmthetic division.) That is, 

^1 1 -1 -3 -6 

12 1-2 
1 2 1 -2 -8 = /( I ) 

^1 1 -1 -3 -6 

2 6 10 14 

1 3 5 7 8 = /(2). 

By section 108, the change of sign indicates that the graph has 
crossed the x-axis; that is, the positive root r is between 1 and 
2. Hence r = 1. • • • . 

To find the tenths place, we spht the interval from 1 to 2 into 
tenths and try them in succession. We find that /(l.l), /(1.2), 

/(1.3),/(1.4),/(1.5),/(1.6), and/(l,7) are negative, while/(1.8) is 
positive. That is. 


1.71 

1 

-1 

-3 

-6 



1.7 

4.59 

6.103 

5.2751 


1 

2.7 

3.59 

3.103 

—0.7249 = 

= /(1.7) 

1.811 

1 

-1 

-3 

-6 



1.8 

5.04 

7.272 

7.6896 


1 

2.8 

4.04 

4.272 

1.6896 = 

= /(1.8). 


Therefore, the positive root is between 1.7 and 1.8, or r = 1,7 • • • . 

To find the hundredths place, we spht the interval between 

1.7 and 1.8 into hundredths and try them in succession. We find 

that/(1.71),/(1.72), and/(1.73) are negative, while/(1.74) is post 
tive. That is. 


1.73jl 

1 

1.73 

-1 

4.7229 

-3 

6.440617 

-6 

5.95226741 


V 

2.73 

3.7229 

3.440617 

—0.04773269 = 

= /(1.73) 

1.74(1 

1 

-1 

-3 

— 6 



1.74 

4.7676 

6.555624 

6.18678576 


1 

2.74 

3.7676 

3.555624 

0.18678676 = 

= /(1.74). 


Hence the root r hes between 1.73 and 1.74, or r = 1.73 • • • 
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The nearest hundredth can be determined by finding the thou¬ 
sandths place; if it is 5 or more, we correct the hundredths place 
upwards bj' 1, and if it is less than 5 we leave the hundredths place 
as it is. But it is unnecessary to do this much work if one think.s 
of the graph. To correct to the nearest hundredth, we have only 
to try the 5 in the thousandtlis place; if /(J has the same sign 
as the lower hundredth, we must correct upward, if fix) lias the 
same sign as the uppxT hundredth, we leave the hundredths place 

as it is (Fig. 55). Thus 


6 

6.068069925625 


3 

6.497965375 


1 

4.745225 


1.735] 1 1 


1.735 


1 2.735 3.745225 3.497965375 0.068969926626 


/a.736) 


Since/(1.735) has the same sign as/(1.74), the crossing (Fig. 55) 
took place to the left of the middle point, and is nearer 1.73 than 


1.74. Hence r = 1.73 to the near¬ 
est hundredth. 



To find a negative root of 
f(x) = 0, we may use thie process to 
find the corresponding positive root 
of f{ — x) = 0 and then reverse the 

sign. 


Note 1. The process of succes¬ 
sive approximations is much like 
that of running dowm a base runner 
who tried to steal second base. We 
crowd the root r between narrow¬ 
ing bounds, first betw een succe.ssive 
integers, then between successive 


^ 9 

tenths, hundredths, thou.sandths. 


Fig. 55. 


and so on. In the case of an irrational number or a rational number 

which happens to have an endless decimal expression, we never tag 

it exactly, but we approximate it more closely at each stage. ^ 

o This nrocess mav be used for any equation /(x i U 










THEORY OF EQUATIONS 


247 


Ch. XV, 51131 


becomes tedious if it has to be carried beyond one or two decimal 
places. The next section will explain one way to avoid some of 
the labor. A further laborsaving de^dce will be discussed in 

section 115. 

EXERCISES 

Approximate to the nearest hundredth: 

1. The positive root of x* + x* + x- — 2x — 6 = 0. 

2. The root of x* — llx* + 15x — 2 = 0 Ijang between 0 and 1. 

3. The positive root of x* + 3x — 5 = 0. 

4. The positive root of x* + x* — 3x* — ox — 10 = 0. 

6. The largest real root of x* + x® — 9x — 7 = 0. 

6. The negative root of x^ — x* — llx* + 12x — 12 = 0. 

7. The negative root of x* — 2x* — 3x* — 2x — 4 = 0. 

8. V^. (Hint: is the positive root of x* — 3 = 0.) 

9. 10. 


*113. Linear interpolation. If a root r of an equation f(x) = 0 
has been computed, by the method of the preceding section, say, 
up to a certain decimal place, an approximation of the next place 
may be obtained as follows. 

Suppose that, in the example of the preceding section, we have 
found that/(I) = —8 and/(2) = 8. We want to find the value 
of r between 1 and 2 for which f(r) = 0. If we assume that the 
cliange in/(x) is proportional to the change in x, we may say that 
the total change in/(x) is/(2) — /(I) = 16, while the change in x 
« 2 — 1 = 1: but the change in/(x) from —8 to 0 is 8, while the 
change in x from 1 to r is called d. Then our assumption amounts 
to the proportion 




8 


16 


or d 



0.5. 


Thu.s we would conclude that r = 1 + 0.5 = 1.5 approximately. 
The calculation may be arranged as follows: 



X 

f(x) 



1 

-S' 


d 



8 


.r = 1 + d 

0. 



2 

8 



Therefore y = jg' or d = 0.5. Hence r = 1.5. 

This ae^^ion may be omitted if Horner's method is to be taken up. 
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Note that this is not accurate, since the more careful calculation 
of the preceding section shows that, as far as the tentlis place is 
concerned, r = 1.7 • • • . But the present calculation would 
serve a purpose if only to save us the trouble of calculating/(1.1), 
/(1.2 ),/(1.3),/(1 .4) in the more accurate computation of the pre¬ 
ceding section. 

The proportion (1) rewritten in the form S/d = 16/1 amounts 
to the assumption that the graph between the points (1,-8) and 
(2,8) is a straight line of slope 16. That is, we are replacing the 
actual curve by the chord (straight line segment) joining these two 
points. For tins reason, this process is called linear interpolation 
or interpolation by proportional parts. The accuracy of the result 
will thus depend on how closely the chord approximates the curve. 
Hence, the accuracj' is likely to improve as the distance between the 
values of x diminishes. Thus, suppose we have found in the 
example of the preceding section that /(1.7) = —0.7249 and 
/(1.8) = 1.6896. Then 


and 

Hence 

and 


d 


0.1 




X 

/(a:) 



1.7 

-0.7249 

0.1 

d 

_r = \.l + d 

0 



1.8 

1.6896 


0.7249 


2.4145 


0.7249 


0.30, approximately 


2.4145 

d = 0.03, approximately, 
r = 1.73, approximately, 


which is accurate as far as the hundredths place is concerned. 

The process of linear interpolation can also be done grapliically 
if desired. Thus in the preceding calculation w’e could have 
plotted on a graph the points (1.7,-0.7249) and (1.8,1.6896) as 
closely as possible, joined them by a straight line, and read from 
the graph the x-coordinate of the point where the straight hne 

crosses the x-axis. 

EXERCISES 

1-10 Work the exercises 1-10 of the preceding section, using the 
method of linear interpolation to find the digit m the hundredths place 

Avproxirnate to the nearest thousandth, using linear interpolation to find 
the digit in the thousandths place: 
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11. The positive root of + 2x^ — 3x^ + 2a: — 4 = 0. 

12. The negative root of x^ + 2x^ — 3x^ + 2x — 4 = 0. 

13. 14. 16. 16. 

114. Transformations of equations. It is often useful to 
transform an equation into a new equation whose roots have a 
certain relation to the roots of the given equation. One such 
transformation was taken up in section 109. 

(.4) Transformation diminishing all the roots by a specified 

constant h. From the form 

(1) = ao(a; - ri){x - ra) • • * (x - r„) = 0 
of the given equation 

(2) f{x) = ttox" + aix”~^ + • • • + a„ = 0, 

it is clear that substituting x = X -\r h will yield the desired equa¬ 
tion; for then the roots of 

f{X h) == ao{X h — ri){X -f — ra) • * • {X h — rn) = 0 

are obtained by setting each factor equal to zero, thus obtaining 
the required roots X = ri — h, X = ro — h, • • • , X = r„ — /i. 
Hence we could obtain the desired equation from (2) by writing 

(3) f{X h) = ao(X -b /i)” -}- ai(X -b -b • ■ • -b a„ = 0, 

expanding each power by multiplication, and collecting like terms, 
thus obtaining the desired equation 

(4) F(X) = AoX- -b -b • • • + An = 0. 

This process is tedious and we will calculate the coefiScients of the 

desired equation (4) by a more efficient method, as follows. 

Since x = X h, and/(x) = f{X h) = F(X), we may write 
(4) as 

fix) = Aoix - h)^ + Alix - h)^-^ -b • • • + An-iix - h) 

+ An = 0. 

Dividing the left member by x — \ we therefore must get the 
remainder Ri = An- Dividing the resulting quotient 

Ao(x — -b Ai(x — -b • • • + An_i 

by X - we get the remainder R 2 = A„_i, and so on until finally 
Ao = ao, as can be seen from (3). The successive remainders and 
flo are the coefficients we seek in reverse order. Writing x instead 
of X, we have the desired equation 
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(5) aox" + ^ + Rn—\X^ ^ + • • • + RiX Ri = 0. 

The divisions may be arranged synthetically, as in the following 
example. 

Example 1. Find the equation whose roots are the roots of 
X® — — 5x + 6 = 0, each diminished by 2. 

Solution. Dividing synthetically by x — 2 repeatedly, we get 

-2 -5 6 

2 0-10 

1 0 -5 — 4 = = Aj 

2 4 

1 2 —1 = R 2 — A 2 

_2 

Oq = 1 4 = R3 = Ai . 

The desired equation is, according to (5), x^ + 4x2 — ^ — 4 = 0 . 

Solving both equations as a check, we find the original equation 
has the roots 1, 3, —2, wlfile the new equation has the roots — 1, 1, 
— 4, as required. 

Example 2. Find the equation whose roots are the roots of 
— 2x2 _ 53 ; 6 = 0 , each increased by 2. 

Solution. Increasing by 2 is equivalent to diminisliing by —2. 
Hence, from the calculation 

-^1 -2 -5 6 

-2 8 -6 
1-430 
-2 12 
1 ' -6 16 
-2 

1 -8, 

we find the equation x^ - 8x2 + 15x = q. This equation has the 
roots 3, 5, 0, as required. 

(B) Transformation multiplying all the roots by a constant k. 
Substituting x = ^ (1) clearly produce an equation whose 

roots are X = kr^, X = kr^, • • • , X = as may be seen by 
setting each of the factors of 
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equal to zero. From (2) we see that 



MultipMug by the L.C.D. A:", we find the desired equation 

F{X) = ttoX” + aikX^~^ + a2k^X’'~^ + • ’ * 

+ an-ik^~^X a„A:" = 0. 


Hence the coefficients of the desired equation are obtained by 
multiphdng each coefficient a„ (m = 0, 1, 2, • • • , n) of the given 
equation by A:"*. 

Example 3. Write an equation whose roots are those of 
X® — 2x® — 5x + 6 = 0, each multiplied by 2. 

Solution. The desired equation is 

X® - 2 • 2X® - 5 • 2®X 4- 6 • 2® = 0 

or, writing x instead of X, 

X® - 4x2 - 20a: + 48 = 0. 

Since the original equation has the roots 1, 3, —2, the new equation 

should have the roots 2, 6, -4. The student should check. 

Note. The transformation of section 109 is a special case of 
(B), above, taking k = —1. 


EXERCISES 

Write an equation whose roots are those of the given equation, each 
decreased by the given number h, and check: 


1. x» - 3x* - 4a: + 12 = 0; h = 1. 

2. X* - 3x + 2 = 0; = 3. 

3. - 4z 2 + X + 6 = 0; At = 2. 

4. 4x< 4 12x» - 17x2 - 3x 4 4 = 0; A = -1. 

6. 2x* - 5x2 - 4x 4 3 = 0; /i = 

6. X* - 6x2 4 llx - 6 = 0; Ai = 

7. X* - 2x2 - z 4 2 = 0; Ai = ^ ^ 

8. X* - x* - 4x 4 4 = 0; ^ = -0.1. 

9. X* - 4x2 4 X 4 6 = 0; A = 0.02. 

10. x« 4 7.8x» 4 21.44x2 4 2l.922x - 0.7249 = 0; h = 0.03 




252 


THEORY OF EQUATIONS 


ICh. XV, §115 


11. a:* - 3x~ - 4.1: + 12 = 0; A- = 2. 

12. a;3 - 3a: + 2 = 0; A- = 3. 

13. a:3 - 4a:2 + a: + 6 = 0; A- = lo. 

14. 4x^ + 12.i:* - 17x2 - 3x + 4 = 0; A- = 10. 

16. x^ + 7.8x3 21.44x2 _|_ 21.922x - 0.7249 = 0; A: = 10. 

16. x^ + 2.3x3 _[_ i. 43 a ;2 _ 6.347x - 1.5782 = 0; A- = 10. 

116. Homer’s method. The most tedious feature of the 
method of section 112 is the fact that the synthetic divisions ^\dth 
multiphers of two, three, or more digits require numerous multi- 
phcations which, in the absence of a calculating machine, demand 
much labor. This labor can be somewhat diminished by a method 
pubhshed by W. G. Horner in 1819,* the advantage of wliich is 
that all multipliers in synthetic divisions will consist of one digit 
only, so that all multiplications can be done mentally. We shall 
explain the method by reworking the example of section 112. 

Example. Find the positive root of /(x) = + x® — x2 — 3x 

— 6 = 0, correct to the nearest hundredth. 

Solution. Substituting successive integers, we locate the 
positive root r between 1 and 2, since/(I) = —8 and/(2) = 8. 

Now instead of substituting 1.1, 1.2, 1.3, . . . , wliich ivould 
involve 2-digit multipliers, we apply the transformation (.4) of 
section 114, forming a new equation whose roots are equal to those 
of the original equation each diminished by 1, thus: 

m 1 -1 -3 -6 

12 1-2 

1 2 1-2—8 

13 4 

13 4 2 

1 4 

14 8 

1 

1 6 . 

The new equation /i(x) = x* Sx® -f 8x2 2x — 8 = 0 has a 
root between 0 and 1 which is exactly 1 less than the root r of the 
original equation. Hence in the new equation /i(x) = 0 we may 
try successive tenths. W^e find that/(0.7) = 0.7249 and/(0.8) 

= 1.6896. Therefore /i(x) has a root 0.7 • • • , and the original 

equation has the root r = 1.7 • • * . 

Instead of substituting 0.71, 0.72, 0.73, ... in /i(x), we 

* Horner’s method, or something closely resembling it, was anticipated by lUiffim 
in I8C4. and by the Chinese Ch’in Chiu-shno more than five centuries earlier 
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transform/i(a;) = 0 into a new equation whose roots are equal to 
those of/i(a:) = 0, each diminished by 0.7, thus: 

0.7| 1 5 8 2 -8 

0.7 3.99 8.393 7.2751 

1 5.7 11.99 10.393 —0.7249 

0.7 4.48 11.529 

1 6.4 16.47 21.922 

0.7 4.97 

1 7.1 21.44 

0.7 
1 7.8. 

The new equation faix) = + 7.8x® + 21.44x2 ^ 21.922x — 

0.7249 = 0 has a root between 0 and 0.1, exactly 0.7 less than the 
root of fi(x) = 0, and exactly 1.7 less than the root r of f(x) = 0. 
Hence in/ 2 (x) we substitute successive hundredths 0.01, 0.02, 0.03, 
and so on. We find that/2(0.03) = —0.04773259 and/2(0.04) = 
0.18678576. Hence the positive root of f^ix) = 0 is 0.03 • • • , 
the positive root of fi(x) = 0 is 0.73 • • • , and the root r of 
f{x) = 0 is r = 1.73 • • • . 

Instead of substituting 0.031, 0.032, 0.033, . . . , we may 
diminish the roots of fiix) = 0 by 0.03, thus: 

0.031 1 7.8 21.44 21.922 -0.72490000 

0.03 0.2349 0.650247 0.67716741 

1 7.83 21.6749 22.572247 —0.04773269 

0.03 0.2358 0.657321 

1 7.86 21.9107 23.229668 

0.03 0.2367 

1 7.89 22.1474 

0.03 
1 7.92 

The equation fsix) = x* 7.92x3 22.1474x2 + 23.229568x - 

0.04773259 = 0 has a positive root between 0 and 0.01 exactly 
0.03 less than that of /^(x) and 1.73 less than the root r of /(x). 
If we wished to find the thousandths place of r, we would substitute 
0.001, 0.002, and so on in /aCx). To find the value of r to the 
nearest himdredth, however, it is sufficient to substitute 0.005 in 
/sCx). By considering the graph (compare Fig. 55) it is obvious 
that if /3(0.005) has the same sign as at the left-hand end of the 
interval, w'e must correct the hundredths place upward; while if 
.fafO.OOo) has the same sign as at the right-hand end of the interval, 
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we leave the hundredths place unaltered. In our example, we 
find that/aCO.OOfi) is positive; hence r = 1.73 correct to the neaiest 
hundredth. 

Clearly tliis process will yield as many places as we wish in the 
decimal expression of a positive real root. To find a negative root 
of f{x) = 0, we find the corresponding positive root off{ — x) = 0 and 

reverse the sign. 

Note 1. After the tenths place of the root has been deter¬ 
mined, an estimate of the next decimal place can be made by 
neglecting the powers of x higher than the first, as follows. In the 
equation, f^{x) = 0 above, we obtain the equation 21.922x — 
0.7249 = 0 by neglecting powers higher than the first. This 


yields 


X 


0.7249 

21.922 


0.033 


= 0.03 approximately, 


which is accurate for the next place. The student may verify that 
this method will give a very inaccurate prediction if applied to 
fiix) = 0, or f{x) = 0. The reason for this becomes apparent 
when we understand the justification of the method, which is as 
follows. If the root is very close to zero, then its square, cube, and 
so on are very much smaller. For example, if the root is 0.03, its 
square is 0.0009 and its cube is 0.000027, and so on. Hence higher 
powers of x will contribute a negligible amount to the value of the 
function unless their coefficients happen to be correspondingly 
large, which is not usually the case. While the estimate obtained 
in this way is not reliable, it may be used to save unnecessary 
trials. Thus if we get an estimate of 0.07 with this method, 
we would not bother to try 0.01, 0.02, . . . , 0.05 at first, but 
would start with 0.07. The accuracy of this estimate increases as 

we work with later decimal places. 

Note 2. If it is desired to avoid the use of decimals, we may 

transform each equation after the original one into a new equation 
whose roots are equal to the roots of the preceding one, each 
multiplied by 10, by transformation {B) of section 114. Then 
instead of substituting 0.1, 0.2, and so on, we could substitute 


1 , 2, and so on. 

Note 3. Horner’s method incidentally provides a technique 
for calculating real nth roots. For </2, for example, is nothing 

else than the positive root of — 2 = 0. 

Note 4 .. Horner’s process applies only to polynomial or integral 

rational equations, while the process of section 112 may be applied 
to a wider class of equations. A still more efficient method, 
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devised by Isaac Ne^^i;on (English, 1842-1727), applies to the 
^^ide^ class of equations, but requires some preliminary study of 
differential calculus and cannot be taken up here. For a discussion 
of Newton’s method see textbooks on the theory of equations. 

Note 5. In solving a polynomial equation with rational or 
integral coeflScients, it is advisable to obtain information from 
Descartes’ rule first, then search for rational roots, then approxi¬ 
mate irrational roots. 


EXERCISES 

I- 10. Using Homer’s method, work exercises 1-10 of section 112. 

II- 16. Using Homer’s method, work exercises 11-16 of section 113 

/ 

Using Homer’s method, approximate to the nearest thousandth: 


17. The larger real root of x* — 4a:® -f- 2x® — 4x -|- 1 =0. 

18. The smaller positive root of x* 4x® — 4x® — 12x -f- 3 = 0. 

19. The two roots of x* -f- 2x» — 6x® — 4x -F 8 = 0 lying between 
1 and 2. 

20. The negative root of x"* -f- a:® — 5x® — 6x — 6 = 0. _ 

21. 22. ^-47. 23. ^-23. 24. V^16. 

26. All the real roots of x* — 6x® + 8x- -F 2x — 1 = 0. 

26. All the real roots of x* — 8x® -F 15x® + lOx — 28 = 0. 

27. In studjdng the performance of a certain airplane, it is necessary 
to solve the equation* x — x* = Z. If Z = 0.2, show that there are 
two real roots between 0 and 1 and find the larger one to the nearest 
hundredth. 

28. An open box is to be made from a rectangular sheet of tin 8 inches 
by 10 inches by cutting equal squares from the corners and folding up the 
sides. Find the side of the cutout square to the nearest hundredth if 
the volume is to be 60 cubic inches. 

29. In studying the lateral stability of a certain airplane, it is neces- 
sarj' to solve the equation* x* + 45x® -F 214x® -F 1492x -F 595 = 0. 
Find the real roots to the nearest tenth. 

30. Find the thickness of the wall of a hollow spherical shell of 
uniform thickness if its outer diameter is 10 inches and its capacity or 
volume is 300 cubic inches. 


116. Relations between coefficients and roots. Since the 
values of the coefficients of an equation determine the values of its 
roots, it is natural to expect the existence of some definite relations 
between the coefficients and the roots. 

Consider the equation 


(1) oox* -F oix" 1 -F a2X’* * -F • • • + a„_ix -F Un = 0 (ao ^ 0) 

* The equations of exercisea 27 and 29 are reprinted by permission from Theory of 
Flight by R. von Mises, copyrighted, 1945, by the McGraw-Hill Book Co., Inc. 
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of degree n, or, in factored form, 

(2) ao(x — ri)(x - n) ■ ■ ■ {x — r„) = 0. 

Dividing both members of (1) and of (2) by ao, we get the equiva¬ 
lent equations 



and 

( 4 ) 


n-l 


X" + — X 
CLq 


- n —2 


+ — X 
do 


+ 


+ ?==! I + 

ao Oo 



(x — ri)(x — r 2 ) * • * (x — r„) = 0. 


Since the left members of (3) and (4) are identically equal, it 
follows from corollary 2, section 104, that we may equate coeffi¬ 
cients of like powers. 

For simplicity, let us do this first for n = 3 . Multiplying 
(x - ri)(x — r2)(x - rs), we obtain 

^ ( — n — n — rz)x^ + (rir2 + rira + r2.rz)x + (—rir2r3) = 0. 


Comparing these coefficients with those of 


x® -f 


we find the relations 


( 5 ) 


ax 2 

,02 .03 o 

4- X -k- — = 0, 

flo 

do Oo 

^ __ 
ao 

ri -f r2 + Ta 

d2 

ao 

az _ 

rir2 + TiTa Tara 

do 

TiTaTa. 


Similarly, it can be shown in general that 




_ = j-i 4- r2 4- * * ' + ’’n (= 

^0 roots taken one at a time) 

£2 = rir, -h rxr, -!-•••+ (= the sum of aU 

^0 possible products of the roots 

taken two at a time) 

_ 2* = r,r,r. + w, + • • • + (= the sum 

flo of all possible products of the 

: roots taken three at a time) 

(_ 1)" = TiTi ■ • • r„ ( = the product of the roots taker 

all at a time). 
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.Vote i. These relations ( 6 ) are a generalization of the relations 
of section 78 for quadratics. 

\ote S. The first relation of ( 6 ) constitutes a convenient 
check on the correctness of the solution of an equation. If the 
roots have been found exactly, they should add up to — ai/uo. 
If ^hey have been found approximately as decimals, they should 
add up to something very close to — ai/Oo- 

Example. Solve the equation x* — 3x* /:x + 12 = 0, given 

tiiat one root is the negative of another. 

Fir$i solxtiion. Here Oo = 1, Ui = —3, = k, a* = 12, and 

ft = — ri. Then by the first relation of (5) or (G), we have 

( — 3) 

-j = ri -f r, + r,, or 3 = n + ( —rO + r,, or r, = 3. 

Hence 3 is a root. Therefore 3 must satisfy the equation, or 
3* — 3 • 3* + 3A: H- 12 = 0 . Hence k = —4. The remaining 
roots can be found by depressing the equation: 

ai -3 -4 +12 

3 0 -12 

10-4 0. 

Hence the remaining roots are found to be ±2 from the depressed 
equation x* — 4 «= 0. 

Second eolulion. .\fter finding r* = 3 as before, we may use 
tike third relation of (5) thus: 

—ri( —ri) • 3 = 12, or ri* = 4. 

Hence ri — ±2 and r* = +2. As before, the roots are ±2, 3. 

EXERCISES 

1. VMthokit solving, find the sum and product of the roots of 

2 r* - Sj* + + 1 - 0 . 

2. By the method used in deriving equations (5), derive similar 
relation-s for the equation OoT* + OjX* + a*z* + a*r + 04 = 0 . 

3. Sol^-e X* + 2x* + A-x — 6 =* 0 and find the value of k, given that 
the Bum of two of the roots is — 4 . 

4. Solve 2r* + 3x* + A'z — 3 =• 0 and find the value of k, given that 
one root is the negative of another. 

6 . ScJve X* + Arx* — 3x — 4 * 0 and find the value of k, given that 
one root u 4. 

6 . S^ve X* + hx k ■« 0 and find the values of h and k, given that 
one root is 2 and the difference between the other roots is 4 . 

_ 7. Solve X* + 2x* — 3x* + Arx + 4 =* 0 and find the value of k, 
given that there are two distinct double roots which arc real. 
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8. Show that if one root of x* + bx* + cx + d = 0 is the negative of 
another, then d — he. 

9. SoK'e 2x* — 3x* + hx + k = 0 and find the values of h and k, 
given that 3 and —2 are roots. 

10. Solve 2x* — 7x* + hx + k = 0 and find the values of h and k, 
given that — 1 is the first root and the third root is twice the second. 

117. Algebraic solution of equations. While the relations 
(6) of the preceding section between the coefficients and the roots 
are interesting and often useful, they do not suffice to determine 
the roots in terms of the coefficients. Howev’er, the formulas 

b 4- V 62 — 4ac , b — — ^ac . 

7 -, -- - -- and ra --- give the 


2o 2a 

roots of the general quadratic ox- + 6x + c = 0 as algebraic 
expressions* in the coefficients. An equation with literal coeffi¬ 
cients is said to be solved algebraically when the roots are 
written as algebraic expressions in the coefficients. The algebraic 
solution of the quadratic is attributed to the Hindus. It is 
natural to ask whether we can find formulas for the roots of the 
general equations of degree higher than 2 wliich similarly give 
the roots as algebraic expressions in the coefficients. Such 
formulas were obtained for the general cubic by Tartaglia, and 
possibly del Ferro, in the 16th century. They are sometimes 
called Cardano’s formulas because they were first published in 
1545 in the Ars Magna by Cardano, who obtained them from 
Tartaglia under a pledge of secrecy, t For the general equation 
of degree 4, similar formulas were obtained by Ferrari at about 
the same time. The ingenious solutions of the cubic and quartic 
will be sketched in the next sections. The next natural task ^ 
to find such formulas for equations of degree 5 or more. This 
question was attacked from the 16th century until 1824 when a 
brilliant young Norwegian mathematician, N. H. Abel, proved, 
at the age of 22, that such formulas cannot exist for the general 
equation of degree higher than 4. Abel’s proof is too advanced to 
1« presented here. Wide the general equation of degree 5 or 
more cannot be solved by algebraic expressions, some equations of 
degree 5 or more can be solved by such formulas. For example, 
the pure equation of degree 5, + / = 0, has a solution of the 

. The defmilioa ol algebrcic »<i challenge ether 

1 1„ Ihoee dare 

SSn™‘rthTdil~verer ah opportunity to gloat, and at other tiinea M to depute, 
over priority of diecovery. 
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form a: = which is an algebraic expression in the coeffi¬ 

cients. Hence a natural question is to find criteria for deciding 
which equations have such solutions and which have not. This 
task was completed by E. Galois, a young French mathematician, 
early in the 19th century. His work is likewise too advanced to 
be presented here. It is interesting to note that Abel died before 
he was 27, leaving behind him much original work which stimulated 
research for years afterward. Galois was killed in 1832 in a 
duel before he was 21, and before he received recognition for 
his remarkable work. It may comfort the student to know that 
Galois’ ability was not appreciated by his teachers. 

*118. Algebraic solution of the general cubic equation. The 
general cubic equation aox^ -H + a 2 X -f- Us = 0 (oq 0) can be 
written in the form 


( 1 ) 


x® -b bx^ cx d = 0 


by dividing through by Uq. Setting 


( 2 ) 

equation (1) becomes 

(3) 


X = y 


h 

3 


2/® + py + q = 0 


where p = c 


3 


and q = d 


be 26® 
3 27’ 


Substituting 


(4) 


y 


V 


3z 


in (3) and simplifying, we get z 


by 2 ®, this becomes 

(5) 


V 


3 


2 ^ + q = 0. Multiplying 


2 ® -b qz® 


E 

27 


0 . 


This is a quadratic in z®. Solving it for z® by the quadratic 
formula, we get 



q ± \/q® + 



( 6 ) 

and 


8 


3 4 . 21 u-E: 

2'^ \ 4 ^27 


(7) 


8 


q 

2 



2 


8 


3! 4 . P 
4 27 


* This section may be omitted on first reading. 
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By exercise 23, section 98, any number -V lias three cu^ rootj«, sucli 
that if ‘'yX is one of them then the others are co and w* v -V, 

1 

where oj = — 2 H^ ^ ^ of the imaginary cube roots of 1. 

Hence denoting one of the cube roots of the riglit member of (6) 
by a and one of the cube roots of the right member of (7) by /3, 
we have, from (6) and (7), six values of z, namely a, o>a, «*cr, /3, 
cojS, It is easy to verify that a and d can be ch^n so tliat 




7 uxx 


~P j 



because the product of the right members of (6) and (7) is ( — 77 / 8 )*. 
By (4), the roots of (3) are 

j/i = a + d> !/i = + aj*dj 2/» = 

Hence, by (2), the roots of (1) are 

b h b 

(8) ri = yi — 2 ' ri = yt — g* r, = t/, - g- 


If one traces back the values of yi, yt, yt, ot, d, P, Q, "e get algebraic 

expressions for ri, rj, rj in terms of b, c, d. 

Note 1. In practice, with given numerical coefficients, it is 

usually less tedious to solve a cubic by the methods explained 

in earlier sections of tliis chapter than by the method of this 

section. The principal interest of this section is that it proves 

that algebraic expressions for the roots of the general cubic in 

terms of the coefficients exist.* 


EXERCISES 

rt above, solve each of the follouying cubics 


1. X* + 2x* + 2x + 1 

3 . y* — 3«2/ — 2 = 0 
cube root of unity. 

4. t/» — Oy — 2 = 0. 


= 0 . 

where 


2 



Ci> 


X* — — X + 2 = 0. 

1 Vs is an i 


The 


*119. Algebraic solution of the general quartic eqtiauon. 
general quarticf equation a^x* + aix' + + a,x + 04 = 

(ao 0) can be ^\Tittea in the form 

.93*. 

♦ This eection may be omitted on first reading, 
t Or biquadratic, as it is often called. 
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X* + hx^ 4- + dx + e = 
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0 


by dividing by Oo* Setting 


,( 2 ) 

equation (1) becomes 


X 


y 


b 

4 


(3) 


y* gy^ hy k = 0, 


where g, h, and k are certain polynomials in b, c, d, e which should 

be calculated by the student. Adding and subtracting yH + 

where 2 is a constant whose value is to be determined presently, 
we get 


y^ + y^^' + 4 


yH 


4 


gy"^ + hy -\r k = Q 


or 


(4) 






g]y 


hy + 



k 



0 


The quantity in the second parenthesis is a quadratic function c f 
y which will be a perfect square if and only if its discriminant 

is zero, or 






Simplifying this, we get the so-called resolvent cubic equation 

(0) 2® — gz^ — Akz — {h^ — 4^Ar) = 0. 

Let 2 i be any root of (6), which may be found by the method of 
the preceding section or some other method. Then (4) becomes 

(7) + f) - [v V^g - 3 J = 0 

by virtue of (5). But an equation of the form = 0 is 

equivalent to two equations A A- B = 0 and A — B = 0. Hence 
(7) is equivalent to the two quadratics in y. 
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Hence the four roots of (3) are the roots of (8) and (9). The 
four roots of (1) may be obtained by substituting these in (2). 

Note. In practice, with given numerical coefficients, it is 
usually easier to solve quartic equations by the methods of earlier 
sections of this chapter than by the method of this section. The 
principal interest of this section is that it proves that there exist 
algebraic expressions for the roots of the general quartic in terms 
of the coefficients.* 


EXERCISES 


Following the steps in the text above, solve each of the following quartics: 


X* 2x + 


X 

•S’ 


0. {Hint: The resolvent cubic has a rational 


1 . 

root.) 

2. X* + 4x2 32 j: _ 43 = 0. 

3. The discussion in the text breaks do^m if Zi = g. (Why?) 
Show that then g satisfies (6) so that /i = 0, and (3) becomes a quadratic 
in y"^, which is thus easily solved. 

4. Solve x^ + 4x® + Tx^ + lOx + 3 = 0. 


♦ For a more detailed discussion of quartics, see L. E. Dickson, Elementary Theory 
of Equations, Wiley, 1914, and L. Weisner, Introduction to the Theory of Equations, 

Macmillan, 1938. 
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CHAPTER XVI 

Determinants and Elimination Theory 


After studying the solution of polynomial equations in one 
unknown in the preceding chapter, it is natural to investigate 
systems of equations in more than one unknown. The technique 
of sohTng such systems involves ehminating all unknowns but 
one, and therefore the theory of such systems may be called 
elimination theory. 

120. Solution of linear systems in two unknowns by deter¬ 
minants. Let us solve the general system 


( 1 ) 

( 2 ) 


oix -b hxy 
aox + &2y 


ki 

k<i 


by multiplication and addition (section 59). Multiplying (1) by 
62 and ( 2 ) by —61 and adding, we get 

(3) (0162 — a2bi)x — kib2 — k2bi. 

Multiplying (1) by —02 and (2) by Ui and adding, we get 

(4) (0162 — o,2bi)y = aik2 — 02 ^ 1 . 


Hence if 0162 

(5) 

( 6 ) 


— 0261 9^ 0, we have, from (3) and (4), 


X 

y 


kib2 — k2bi 
O 162 — 02^1 
Cl\k2 — 02^1 
ci\b2 — ci2bi 


The student should check by substitution. 

These formulas for the solutions can be written in 
pattern if we introduce a new symbol. 


a convenient 


Definition. 


A symbol of the form 


a 

c 



consisting of four 


numbers called elements arranged in two {horizontal) rows and 
two {vertical) columns flanked by vertical bars, will be called a deter¬ 
minant of order two and will denote the number ad — be. That is, 


a 

c 
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For example, 


2 

4 


3 

2 


2(-2) - 4(-3) = 8 . 


Using determinants of order 2, the solutions of the system of 
equations ( 1 ) and ( 2 ) may be written as 


(7) 


X 





ai 

k\ 



’ y - 

(X 2 

k^ 

ai 

61 

ax 

bx 

^2 

&2 


Cto 

62 


if 


tti 

CI2 


61 

bo 


9^ 0 . 


determinant in the denominators of (0 is denoted by A. 
Formula (7) may be called Cramer’s rule for the special case 
of a system of two equations in two unknowns. Note that the 
denominator is the same in the expressions for x and y. If the 
given equations are xoritten in the form of (!) and {2) with hke terms 
under one another in the left member and the constant terms in the 
right member, then the denominator for both unknowns consists of 
the determinant A of the coefficients of the unknowns as they stand 
in the given equations. The numerator for either unknown is the 
saine determinant except that the column of coefficients of the unknown 
being sought is replaced by the column of constant terms When 
determinants of orders higher than 2 have been defined it will 
turn out that this rule applies to systems of n hnear equations m 

n unknowns. 

y + 1 

Zy - 12 


Example 1. Solve the 


system | 



Solution. Rewriting the equations as 


x — y = 
2x + Sy 


0 . 

1 


12 , 


we find 


that 


A 


1 

2 


1 

3 


3 


and 


1 

12 


1 

3 


X 


5 


15 
5 


3, y 


(-2) = 5 


1 1 
2 12 


5 


K) 

5 


2 , 


rhe student should check by substitution. 
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EXERCISES 


Evaluate each determinant: 


1 . 


1 

1 


3' 

2 


2 . 


2 

1 


2 

3 


3. 


4 

5 


2 

3 


4. 


3 

6 


4 

8 


Solve, by means of determinants, and check: 

5-34. Exercises 5-34, section 59. 

Solve each of the follou'ing equations and check: 


36. 


2 

3 


4 

X 


= 0 


36 


7i 


37. 


X 


1 


2 

1 - X 


39. Show that 


40. Show that 


41. Siiow that 


Oi 

02 

lAroi 

^.kat 

Oi 

02 


= 0 

f). 

62 : 

bi 

b2 


38. 


X 

2 3i 

rc — 10 

2 + X 


! = 1 . 


2 

2 + X 


= 0 


I 


Oi 

61 


(Z 2 


I 


= fc 


Oi 

02 

!b2 


bi 

62 

o, 

<Z2 


, Iflt H" di^ 

5i 

\ai 

bi 


ai 

bi 

42. Show that 1- i ^ / 

!<l 2 “T CLi 

b2 

= !a. 

62 

1 

+ 

do 

b. 


43. Show that 


ai 

<l2 


Aroi 

/:a2 


= 0 . 


121 . Determinants of third order. A determinant of third 


order is a symbol of the form 


U) 


a 

d 

g 


b c 

e f 

h k 


consisting of nine numbers called elements of the determinant, 
arranged in three (horizontal) rows and three (vertical) columns. 
The symbol (1) stands for the number 


< 2 ) 


aek + bfg + cdh — gee — hfa — dbk 


which is called the value of the determinant (1). The expression 
(2) is called the expansion of the determinant (1). 

One easy way to remember (2) is to copy over the first two 
columns at the right of the determinant and take the “diagonal 
products” which go do^vnward from left to right with a plus sign, 
and the “diagonal products” which go upward from left to right 
with a minus sign. The algebraic sum of these six terms is the 
expression (2), thus: 
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Another scheme for n 
in the following diagram; 


2 



Exairipls. Evaluate the determinant 


2 

1 

3 


1 

2 

2 


3 

3 

1 


Solution. By either scheme above, we get 


2 • 1 + (- 1 ) 
1 • 1 • (- 1 ) 


3 • 3 + 3 • 1 
4-9-6 


(-2) - 3 • 2 • 3 
. 18 + 12 + 1 = 


( 


17 


2) • 3 • 2 
33 = - 16 


EXERCISES 


Evaluate each of the following determinants: 


1 . 


1 

0 

1 


1 

0 

2 


2 

1 

3 


2. 

-1 3 1 


-1 4 1 

• 

1 1 1 


3 


4 

4 

9 


2 

4 

7 


ll 

l‘i 

li- 


4. 


1 

3 

1 


2 

1 

2 


1 

0 

3 


5. 

12 3 

6. 

2 1 3 


4 5 6 


-1 2 1 

• 

7 8 9 


3 4-2 


Solve each of the following equations and check 


7. 


1 

2 

3 


X 

4 

G 


1 

2 

3 


8 . 


0 . 


9. 


3x 

1 

1 


3 

X 

1 


2 ' 

2 

1 


10 . 


= 0 . 


4 

2 

2 

2 

4 

6 


2x 

X 

1 

1 

X 

3 


1 

3 

2 


0 . 


2 

1 

X 


O. 


Evaluate each of the following determinants: 


11. 



bi 

Cl 

12. 

ai 

fci 

Cl 

ai 


as 

A-2 

Ca 

a% 

as 

5a 

C2 

Cs 


[as 

A-a 

Cs 
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13 . 

Show that 

ai 

61 

Cl 



Cl 

bi 

ai 



as 

ha 

Cs 

ss — 


Ca 

ha 

da 



as 

63 

Cs 



Cs 

6j 

as 

14 . 

Show that 

ax 

A:hi 

Cl 


ai 

61 

Cl 



Os 

kb2 

Cs 

= k 

aa 

62 

Ca 



as 

kbz 

Cs 


as 

hs 

Cs- 

16 . 

Show that 

ai 

ax 

Cl 








as 

a% 

Ca 

= 0. 







as 

as 

Cs 







122. Solution of linear equations in three 
determinants. Let us solve the general system 


unknowns by 
of three linear 


equations in three unknowns 


( 1 ) 

( 2 ) 

( 3 ) 


aix 4 - biy + CiZ 

a^x + h^y + Cnz 

asx 4 bay 4 caz 


ka 

ka 


by multiplication and addition. Multiplying (1) by Ca and (2) 
by —Cl and adding, we eliminate z, obtaining 


(4) 


(aiC2 — aaCi)x 4 (biCa — baCi)y = kiCa — kaCi. 


Multiplying (2) by Ca and (3) by — C 2 and adding, we eliminate z, 



( 5 ) 


(a 2 C 3 — daCa^X 4 (&2C3 — baC^y — kaCa — kaCa. 


Soh-ing the system of equations (4) and (5) for x by any previous 
method, we get 

(Q1C262C3 — daCibaCa — <11026302 4 daCibaCa — O2O361C2 4 daCabiCi 
4 daCab\Ca — daCabaCi)x — baCakxCa — 62C3A12C1 — baCakiCa 

4 baCakaCi — bxCakaCa 4 baCikaCa 4 biCakaCa — baC^kaCa 

or, simplifying, 

(6) Ca{dibaCa — dibaCa 4 daCiba — 026103 4 O361C2 — d 3 baCi)x 

— Ca{k\baCa — kibaCa 4 kabaCi — kabiCa 4 kabiCa — kabaCi) 


or 


( 7 ) 


kjbaCa 4 kabaCi 4 kabxCa — kabaCi — kabiCa — k\baCa 
dibaCa 4 dabaCi 4 dabiCa — dabaCx — dabiCa — O163C2 


pro\'ided the denominator is not zero. Solving similarly for y 
and 2 , we get 

• step is valid only if Cj ^0. But the check by substitution reveiils that the 

result is correct even if c* = 0. Another proof of these formulas will be eiven In 
section 127. 















268 DETERMINANTS AND ELIMINATION THEORY [Ch.xvi, §122 


(8) y 


aik^Cz + a^kzCi + a^kiC^ — ~~ d^kyCz 


(9) 


+ Ci 2 bzC\ + (Xs^iCo 

aihjx-z + d^bzki + dzbiko 
UibzCz + ^ 263^1 + 03 ^ 1^2 


CLzb2Ci 

ctzb^ki 

Clzb2Ci 


(l2biCz 
Gobikz 


(X\kzC2 
dihzC2 
(I \bzk 2 


CZ'2^1^3 G\bzC2 


The' student may check the solution (7), (8), and (9) by sub¬ 
stitution in the original equations. 

Comparing (7), (8), and (9) with the definition of deter¬ 
minant of order 3, we have the following result. 

bi 

b. 


If A 


ai 

02 


Cl 

C-i 

C-i 


0, then the solution of the system of equa- 


az bs 

tions {!), (^), and {3) is given by 


( 10 ) 


X 


ki 

bx 

Cl 


Oi 

ki 

Cl 


dl 

k2 

b. 

Ci 


0-2 

^2 

Cz 


02 

kz 

bz 

Cz 


dz 

kz 

Cz 


dz 

\ 



y y - 


A 


/ 



fei 

&2 

&3 


kr 

ki 

kz 


A 


Formula (10) is known as Cramer’s rule for the special case of 
three linear equations in three unknowns. Note that the denomina¬ 
tor for each unknown is the determinant A of the coefficients of the 
unknowns as they appear in the given equations when they are written 
with like terms under each other on the left and constant terms on 
the right. The numerator for any unknown is the same determinant 
A except that the column of coefficients of that unknown is replaced 
by the column of constant terms. The same rule will apply ver¬ 
batim to systems of n equations in n unknowns after we have 

defined determinants of order n. 

Example. Solve the system 


X 4- 
2x - 


X 


y + z 

y - 2z 

2y - z 


4 


1 


1 . 


Solution. We have 



X 
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The student may check by substitution in the original equations. 


EXERCISES 

Solve by means of determinants, and check: 

1-10. Exercises 1-10 of section 61. 

11. In the electrical circuit pictured in the accompanying diagram, 

suppose El = lOvolt&yEa = 20 volts, Jt\ = 5 
ohms, Ea = 10 ohms, Rz = b ohms. We find 
by Kirchoff’s laws, the system of equations 

( i\ — — Is = 0 
I 5ii + 5is = 10 

[ 1012 - 5i3 = 20. 

Find the currents I’l, iz, iz in amperes. Rz 

*123. Area of a triangle by determinants. We digress to point 
out an interesting geometric application of determinants. 

Theorem. If the vertices of a triangle have the rectangular 
coordinates (^ 2 ,^ 2 ), and {xz,y^, the area of the triangle is given 

by the absolute value of 




1 

Xi 

2/1 

(1) 


1 

Xz 

1/2 



1 

Xz 

2/* 



Proof. Suppose that all three vertices are in the first quad¬ 
rant, as in Fig. 56; it can be shown that the result is unaffected if 
they are anywhere else. Then the area of triangle ABC equals the 
area of trapezoid ABED plus the area of trapezoid BCFE minus 
the area of trapezoid ACFD. Now^ trapezoid ABED has the 
altitude DE = — Xi and the bases 2/1 and y*- Hence the 

area of ABED is 


U(6 -H b') = - xi){yi + yz) = U^zyi + x^yi - x^yi - Xiyt). 

section may be omitted on first reading. 
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Similarly the area of BCFE is 
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iixz — X 2 ){yi + yz) -- 

and the area of ACFD is 

= ^{xzyz + xzyz - 

- Xzyz — 

xzys)t 

i(x3 - xi)(yi + yz) = 

Hence the area of ABC is 

= i(.xzyi + Xzyz - 

- xiyi — 

xiyz). 


— x-iVi + x^y^ — XiVz + XzUi — x^.yz). 


But this is the expansion of (1), except for sign, wliich proves the 
theorem. 

y 



Corollary 1 . Three points ixi,yi), (x 2 ,l/ 2 ), Rwd (,Xz,yz) are in 
the same straight line if and only if 


1 

1 

1 


Xi 

yi 

Xz 

Vi 

Xz 

ys 



Proof. Left to the student. 

Corollary 2 . An equation of the straight line passing through 
two points {xi,y-i) and {x 2 ,yf) is 


1 X 

1 Xi 

1 Xz 



Proof. Left to the student. 
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EXERCISES 

Find, by determinants, the area of the triangle having the following 
vertices: 

1 . (-1,-2), (3,-2), (1,5). 

2. (0,0), (0,-5), (-12,0). • 

3. (-2,3), (-6,-3), (1,1). 

4. (-4,-3), (6,-5), (-3,2). 

Show by determinants that the following sets of points are collinear: 

6. (-3,-3), (3,5), (6,9). 

6. (1,2), (2,6), (4,14). 


Write in determinant form an equation of the straight line joining the 
following pairs of points, expand and simplify: 

7. (2,3), (5,6). 8. (2,-3), (-1,-2). 

9. (2,-3), (2,5). 10. (3,-2), (-1,-2). 


124. Determinants of order n. Consider any arrangement of 
the whole numbers 1, 2, 3, . . . , n in some order in a line. An 
inversion is said to occur whenever a larger number precedes a 


smaller one. 

Example 1. The arrangement 14325 has three inversions 
because 4 precedes 3, 4 precedes 2, and 3 precedes 2. 

In an arrangement of letters in a line, an inversion is said to 
occur whenever a letter precedes one which occurs earlier than 
it in alphabetical order. 

Example 2. The arrangement b e c d a has six inversions 
because b precedes a, e precedes c, e precedes d, e precedes a, c 
precedes a, and d precedes a. 

Definition. A determinant of order n is a symbol consisting 
of n^ numbers, called elements of the deterrriinant, arranged in n {hori¬ 
zontal) rows and n {vertical) columns, written in the form 



ai 

bi 

Cl ... 

hi 

0-2 

62 

C2 • • • 

h. 

Oa 

• 

63 

• 

C3 • • • 

• 

hz 

• 

% 

• 

« 

• 

• 

• 

• 


Un bn On ... Hn 


The symbol {1) stands for the algebraic sum of all possible products 
of n factors each such that - .i ., 


.1 
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(o) each product has as its factors one and only one element 
from each row and each column; 

(b) each product is preceded by a plus or minus sign according 
as the number of inversions in the subscripts is even or odd, after 
the letters have been written in the order in which they appear in the 
first row of the determinant. 

The algebraic sum of these products is called the expansion 
of the determinant, and each product is called a term of the 
expansion. The number resulting from calculating the expansion 
is called the value of the determinant. The elements lying in a 
straight line from the upper left-hand corner to the lower right- 
hand corner of the determinant constitute the principal diagonal 
of the determinant. 

Example 3. Consider the determinant 



ai 

61 

Cl 

D = 


&2 

C2 


az 

63 

C3 


of order 3. Every term in the expansion of D must be a product 
of an a, a b, and a c, and the subscripts must be the numbers 1, 2, 3 
in some order. No matter which of the three numbers is chosen 
as the subscript for a, there are two choices for the subscript 
for b. Hence there are 3 • 2 ■ 1 choices in all, since the subscript 
for c is determined by the choice of the other two. Therefore 
there are 6 terms in the expansion, namely 

O 1 & 2 C 3 , a^bzCi, afbiCz, azb^Ci, a^biCz, and aibzCz. 

The numbers of inversions in these terms are 0, 2, 2, 3, 1, 1, 
respectively. Hence 

D = flibzCs -}- a^zCi»-\~ azbyCz — azbzCi — -a^biCz — aibzCz, 

which is in agreement with the definition of section 121. 

For n > 3, it is too tedious to expand a determinant directly 
from this definition. Better ways of evaluating determinants of 
order higher than 3 will emerge from the follovdng sections. 

A more systematic notation is obtained by using double sub¬ 
scripts, such as O 32 , where the first subscript indicates the row 
and the second indicates the column. Thus azz is the element 
in the third row and second column, while 023 is the element 
in the second row and third column. Then part (6) of the defini¬ 
tion above should read: each term is preceded by a plus or minus 
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sign according as the number of inversions in the row-subscripts 
is even or odd, after the factors have been written so that the 
column subscripts appear in order of magnitude. The determinant 
(1) is written in this notation as 



CLi2 

Ctia . * • 

Ctln 

^21 

a22 

(X2Z • • • 

a2n 

Ctsi 

az2 

dzz • • • 

d>Zn 

ft 

ft 

ft 

% 

ft 

ft 

ft 

ft 

ft 

dnl 

ft 

an2 

• 

dnZ m m • 

ft 

®nn 


Determinants were invented by G. W. Leibniz (German, 1646— 
1716) and also independently by Seki-Kowa (Japanese, 1642- 
1708). Because of the isolation of Japan, the latter’s work had 
no influence outside of Japan. 


EXERCISES 

1. Write out the expansion of 

oi bi 
0,2 

according to the definition of this section. 
* 2. Write out the expansion of 


ai 

bi 

Cl 

di 

{Z 3 

b2 

Ca 


az 

b3 

Ca 


di 

b. 

Ca 

d4 


according to the definition of this section. 


126. Some properties of determinants. Some useful proper¬ 
ties of determinants are given in the following theorems. While 
examples will be determinants of order 3, for convenience in 
writing, the theorems apply to determinants of any order. 

Let the symbol n!, read “factorial n,” denote the number 
n(n — l)(n — 2) • • ■ 1, where n is any positive integer. For 
example, 3! = 3*2-l = 6, 4! = 4- 3- 2*l = 24, and so on. 

Theorem 1. The expansion of a determinant of order n con¬ 
tains n\ terms. 

Proof. By (a) of the definition of section 124, in for min g a 
term of the expansion, there are n choices for the subscript attached 
to the a-factor, (n — 1) choices for the subscript attached to the 

* May be omitted without disturbing continuity. 
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6-factor, and so on. But there are n factors in each term. Hence 
there are n{n — l)(n — 2) • • • 1 terms. 

Theorem 2. The value of a determinant is unchanged if corre¬ 
sponding rows and columns are interchanged. 

Proof for order 3. The student should expand the deter¬ 
minants 



ai 

61 

Cl 


tti 

<22 dz 

D = 

(I2 

62 

C2 

and D' =- 

61 

h-i 63 


dz 

63 

C3 


Cl 

Ct Cz 


by the scheme of section 121, and verify directly that the resulting 
expansions are equal. 

Proof for order n. Suppose as above that D has the same 
letter for elements in the same column, while D' has the same letter 
for elements in the same row. By definition of determinant, D 
and D' have the same terms in their expansions except possibly 
for signs. (In reading the definition for D' we must of course 
reverse the roles of letters and subscripts.) We shall show that 
corresponding terms of D and D' have the same sign by showing 
that they have the same number of inversions. Suppose a term 
of D is written with the letters in alphabetical order. The inver¬ 
sions in the subscripts can be removed by interchanging adjacent 
factors, repeatedly. But each such interchange introduces one 
inversion in the letters. Hence, when the subscripts have been 
restored to order of magnitude, we have introduced into the 
letters the same number of inversions that the subscripts had 
originally. 

From theorem 2 it follows that for every theorem concerning 
the columns of a determinant, there is a corresponding theorem con¬ 
cerning the rows, and conversely. The proof of one of these theorems 
automatically suffices to prove the other. 

Theorem 3. If all the elements of some column (or row) of a 
determinant are equal to zero, the value of the determinant is zero. 

Proof. By definition, each term of the expansion contains 
an element from the column of zeros as a factor. Hence each 

term of the expansion is equal to zero. 

Theorem 4. If two columns (or rows) of a determinant are 

interchanged, the sign of the determinant is reversed. 

Proof. If we interchange two adjacent rows, we interchange 
two adjacent subscripts in each term of the expansion. This 
either increases or decreases the number of inversions in the 
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subscripts of each term by one. Therefore the sign of each 
term and hence of the entire determinant is reversed. 

Now suppose we interchange two rows separated by wi inter¬ 
mediate rows. It will take m interchanges of adjacent rows to 
bring the lower row to just below the upper one, one to inter¬ 
change them, and m more to bring the upper row to where the lower 
one was originally. Hence there have been 2wi -1- 1 interchanges of 
adjacent rows. Since -f- 1 is odd, this is equivalent to revers¬ 
ing the sign of the determinant an odd number of times, which 

leaves the sign reversed. 

Example 1 . If 



ai 

6i 

Cl 


Cl 


ai 

D = 

a2 


C 2 

and D' = 

C 2 

62 

CL 2 . 


as 

63 

C 3 


C 3 

bz 

as 


then D' = —D. The student should verify this by expanding D 
and D'. 

Theorem 5. If two columns {or rows) of a determinant are 

identical, the value of the determinant is zero. 

Proof. If we interchange the two identical columns of the 
determinant D, it is unaltered in value. But by theorem 4, its 
sign must be reversed. Hence D = —D, or 2D = 0, or Z> = 0. 
Example 2. By inspection. 



since the first two columns are identical. The student should 
verify this by expanding the determinant. 

Theorem 6 . If each of the elements of a column {or row) of 
a determinant is multiplied by the same quantity k, the valite of 
the determinant is multiplied by k. 

Proof. Since each term in the expansion has as one factor 
an element from the column in question, each term is multiplied 
by k. The factor k is thus common to all the terms of the expan¬ 
sion and hence the entire determinant is multiphed by k. 

Example 3. 


kax 

61 

Cl 


ax 

bx 

Cl 

ka% 

hz 

C 2 

= k 


bz 

C 2 

kaz 

bz 

C 3 


as 

bz 

C 3 


The student should verify this by expanding both determinants. 
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Theorem 7. If correiponding elemenU of two cdumru (or rotrt) 
of a determinant are proportional, the value of the determinant ie 
zero. 

Proof, The hj'pothesis that corresponding elements of two 
columns are proportional means that there is a constant factor 
of proportionality k such that every element of one column is k 
times the corresponding element of the other colunm. Then, 
if this factor is taken out, by theorem 6, the two columns become 
identical, and the determinant is sero, by theorem 5. Illustrating 
this for a third order determinant, we have 


kbi 

61 

Cl 

I^l 

bi 



kbi 

b. 

Ct 

= k 16, 

b. 

cr, = 

= k’O 

kb. 

b. 

C, 

b. 

b. 

c. 




Example By inspection, 


I 





since the first two columns are proportional. 

Theorem 8. If each element of a certain column (or row) of 

a determinant is ex:press€d as a sum of two terms, the whole deter¬ 
minant may be expressed as a sum of two determinants, each of which 
has one of these terms in the corresponding position and both of 
which are identical with the given determinant in all other elements. 
Illustrating this for a determinant of third order, we may write 


( 1 ) 


(ai + cti) 

bi 

Cl 

11 

bi 

Cl 

1 

ai' 

bi 

Cxj 

(a, + a,') 

b. 

c. 

b. 

Cl 

+ 

V'' 

a* 

b. 

c*! 

a 

(gi 4 - a») 

b. 

c. 

! 

b. 

C, 


b. 

Cli¬ 

Consider 

a 

tjpical term 

of 

the 

left 

me: 

mber of (1), 


each 


Proof. 

such as (oi + ax)bfCx. It is equal to ai6iC, + Oi'b^t; bi 
of these two terms is a term of one of the determinants in the 
right member of (1). Hence the expansion of the left member 
of fl'i is the sum of the expansions of the determinants in the 

While the proof has been given for the 
I third order determinant, it is clear that 


right member of (1). 


the argument applies to determinants of any order. 

Theorem 9. If to every element of any column (or row) of a 
determinant is added the corresponding element of any other colwisn 












a. XVI. ii25; DETERMINANTS AND ELIMINATION THEORY 277 


(or roic), each multiplied by the same quantity k, then the value oj 
the determinant is unaltered. 

Illustrating this for a determinant of order 3, we may write 


■Oi -1- kci 

bi 

Cl 

1 

j 


bi 

Cl 



(2) loi + kct 

bt 

Cl 


at 

bt 

Cl 



jo, + kct 

bt 

Cj 


at 

bt 

Ci 

• 


Proof. In the illustration. 








’oi + kci bi Cl 
at -f kct bt Ct 

T 


Oi 

bi 

Cl 


kci 

bi 

Cl 

= 

at 

bt 

Cl 

+ 

kct 

bt 

Cl 

■at -f- kci bi Cl 


at 

bt 

c» 


kct 

bt 

Cl 


hy theorem 8. By theorem 7 the last determinant is zero. This 
proves the theorem for the illustration. Clearly the argument 
applies in general. 

Example 5. Write a determinant equal to 


-2 3 1 

1 2 3 

2 3 3 


hut having zeros everywhere in the first row except the upper 
right-hand corner. 

Solution. Multiplying the (elements of the) last column by 

L = 2 and adding to the (corresponding elements of the) first 
column, we get 


0 3 1 

7 2 3 
S 3 3. 

Multipl>'ing the last column by -3 and adding to the second 
column, we get 

0 0 Ij 

7 - 7 3 

is -6 3|. 


EXERCISES 


1. Without expanding show that 




ithout expanding show that 4 

3 
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3. Without expanding find the root of the equation 


12 4 

3 X 12 
1 2 1 


= 0 


4. Write a determinant equal to 


1 

3 

4 


2 

1 

2 


3 

1 

2 


but having zeros 


everywhere in the first row except the upper left-hand corner. {Hint. 
See example 5 above.) 

2 1-3 

-5 2 1 

1 3 4 


6. Write a determinant equal to 


but having zeros 


everywhere 


6. Write a determinant equal to 


2 

1 

3 

4 


1 

2 

0 

3 


0 

1 

2 

1 


3 

3 

0 

2 


but having 


zeros everywhere in the third column except for the element m the last 
row. 

7. Write a determinant equal to that given in exercise 6 but having 
zeros everywhere in the second row except for the element m the first 

column. 

1 X 

1 2 / 2 /* 

\l z 2 * 


*8. Without expanding show that 


= {x- y){y - 2 )(z - x) 


126. Expansion by minors. By the minor of an element in 
a determinant of order n is meant the determinant of order n - 1 
obtained by removing both the row and the column to which 
the given element belongs. The minor of an element is denoted 
K.. fbP, eorresDonding capital letter; thus the minor of 6i is denoted 

For example, in the determinant 


by Bi, and so on. 


( 1 ) 


D 


the minor of Oi is 




ai 

&1 

Cl 

dx 

0,2 

b2 

C 2 


Us 

&3 

Cs 

ds 

04 

64 

C 4 

d. 



C 2 

dz 



63 

Cs 

ds 

1 


&4 

C 4 

d. 



♦ May be omitted without diaturbing continuity. 
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the minor of 63 is 



ai 

Cl 

di 

Bz = 

G’2 

C 2 

da, 


04 

C 4 

d4 


and so on. 

Theorem 1. The value of a determinant D may be obtained as 
follows: 

(a) Select any column {or row); 

(b) Multiply each element in this column {or row) by its minor; 

(c) Insert a plus or minus sign before each of these products 
obtained in {b) according to the following rule: if the element is in 
the ith row and jth column, we use a plus sign if i + j is even and a 
minus sign if i + j is odd; 

{d) Then D is equal to the algebraic sum of the signed terms 
obtained in (c). 

For example, the value of D in ( 1 ) may be obtained in any of 
the following ways: 


D — a\Ai — 02^2 + a^Ai — 04.44, 
or, D = - 61 B 1 + 62^2 - 63^8 + b^Bt, 

or, D = azAi- bzBz + C3C', - dzDz, 

or, D = -0*44 + 64B4 - C4C4 + d^D^, 

s 

and so on. 

The signs determined in (c) of theorem 1 may’be found also 
by means of the so-called “checkerboard rule"; n 


+ — -j- - . - . 

- + - + • • • 

+ — + — . . . 



that IS, the signs alternate, beginning udth plus in the upper left- 
hand corner of the determinant. 

Example 1. Evaluate by expanding by minors: 










280 DETERMINANTS AND ELIMINATION THEORY [Ch. xvi, §126 

Solution. Selecting the third column to work with, we have 


D = 4 


5 

3 


1 

3 


(- 2 ) 


2 

3 


1 

3 


+ (-4) 


2 

5 


4(-18) + 2(-3) - 4(7) 


72-6 


1 
1 
28 


106 


Example 2 


( 2 ) 


Evaluate by expanding by minors: 

1- 1 3 2 ' 

2 - 2 2-1 

3 0 0 -2 

4 3 11 


D 


Solution. In order to simplify the calculation, we use the 
third row, since it contains two zeros. Thus 


/) = 3 


-1 

3 

2 


1 

3 

2 


1 

-1 

2 

-2 

2 

-1 

- 0 

2 

2 

-1 

+ 0 

2 

-2 

-1 

3 

1 

1 


4 

1 

1 


4 

3 

1 


(- 2 ) 


1 

2 

4 


1 

2 

3 


3 

2 

1 


The second and third minors need not be evaluated nor even 
written down, since they are to be multiplied by zero. Hence 

D = 3(-22) + 2(28) = -66 + 56 = -10. 

Expansion by minors reduces the task of evaluating a deter¬ 
minant of order n to that of evaluating several determinants 
of order n — 1. The technique of example 5, section 125, may be 
used to produce zeros by a judicious choice of the multiplier k, thus 
diminishing the number of minors to be worked out in an expansion 

by minors. 

In (2) we may add —3 times the last row to 

— 2 times the last row to the second row. 


Example 3. 
the first row, and add 
obtaining 


D 


11 

6 

3 

4 


10 

8 

0 

3 


0 

0 

0 

1 


1 

3 

2 

1 


Using the third column 
obtaining 


minor 


D 


1 


11 

6 

3 


10 

8 

0 


1 

3 

2 


10 
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Proof of theorem 1. (A) The sum of all terms in the expansion 

of D wliich have Oi as a factor is equal to OiAi. This is so because 
each such term is the product of a i by one element from each of 
the remaining rows and columns of D, that is, the product of Oi 
by a term of the expansion of Ai] furthermore, the sign before 
each such term of D is the same as the corresponding term of Ai, 
for writing ai to the left of any term of Ai cannot alter the number 
of inversions in either subscripts or letters. 

(B) Let X be the element in the tth row and jth column of D, 
and let D' be the determinant formed from D by successive inter¬ 
changes of rows with rows and columns wdth columns so that x 
is in the upper left-hand corner of D'. Since it takes i — 1 inter¬ 
changes of adjacent rows to bring x to the top row, and i — 1 inter¬ 
changes of adjacent columns to bring it to the first column, we have 

D' = 

since each such interchange multiplies the value of the deter¬ 
minant by — L By (A), the sum of all terms in the expansion 
of D' which have x as a factor is equal to xX where X is the minor 
of X in D'. But the minor of x in D' is the same as its minor in D. 
Hence the sum of all terms having x as a factor in the expansion 
of D is equal to ( —1 xX. 

(C) Each term in the expansion of D contains as a factor 
one and only one element of a given column (or row). By (B), the 
sura of all the terms containing each element of the given column 
(or row) is equal to this element times its minor times ( — 1 )*+-' 

where the element is in the ith row and jth column. This com¬ 
pletes the proof of theorem 1 . 

Theorem 2. If, in the expansion of a determinant by minors, 
using the elements of a certain column (or row), we replace the elements 
of this column (or row) by the corresponding elements of any other 
column (or row), the resulting expression has the value zero. 

Proof. Consider the expansion of ( 1 ); 

^ = —biBi -f 62B2 — b^B^ -f- 64B4. 

Replacing 61 , 62 , 6 », 64 by Ui, 02 , a,, a^ respectively in the right 
member, we get 

—fliRi -f azBz — azBz -b 04 ^ 4 . 

But thi.s is the expansion of the determinant 
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ai 

Oi 

Cl 

di 

CI 2 

0)2 

cz 


as 

Oi 

Ci 

dz 

CL^ 

ai 

Ci 

d. 


axjcording to minors of tli6 socond. column, and is therefore equal 
to zero by theorem 5, section 125. Clearly, any expression of the 
type (3) may be treated similarly, and the argument obviously 

applies to determinants of any order. 

Note. If X is the element in the ith row and jth column and X 

is its minor, then the quantity ( —is often called the cofactor 
of X. 

EXERCISES 


1. Expand 


by minors of the first column and verify that 


ai hi ci 

0,2 62 C2 

Os bs Ci . o • j 

the same result is obtained as when the scheme of section 121 is used. 

oi bi 


2. Expand 


(I 2 


h 


2 


by minors of the first column and verify that the 

(We here regard 


same result is obtained as by the scheme of section 120. 
an element as a determinant of order 1.) 


Expand each of the following by minors. 
3-6. The determinants of exercises 3- 


7. 


9. 


11 . 


13. 


3 

2 

5 

1 

1 

0 

2 

2 

0 

2 

0 

3 
1 
5 
2 


1 

6 

4 

1 

0 

1 

0 

2 

2 

3 
1 

•2 

0 

4 
2 


3 

3 

1 

1 

1 

1 

1 


8 . 


6 of section 121. 

1- 2 3 

2 - 1 1 

-321 


1 

1 

2 

1 

6 

2 

3 

5 


1 

0 

1 

3 

3 
1 

4 
1 

4 

■1 

0 

6 


10 . 


12 . 


14. 


1 

1 

2 

2 

1 

2 

1 

3 

1 

•1 

2 

3 


3 

1 

1 

1 

2 

1 

3 

2 

2 

3 

2 

2 


2 

0 

0 

1 

1 

1 

2 

1 

1 

1 

3 

1 


1 

2 

3 

2 

3 

2 

1 

2 

1 

2 

2 

1 


16 . 


D = 


1 

4 

4 

2 

1 


2 

4 

6 

4 

1 


1 

1 

3 

1 

1 


1 

1 

2 

1 

1 


1 

1 

3 

2 

0 


{Hint: First express D in 
terms of minors [of fourth 
order] of some row or col" 
umn. Then evaluate each 

of these minors separately 

fVioir values.) 
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127. Solution of linear systems in n unknowns by deter¬ 
minants. Consider a system of n linear equations in n unknowns. 
For example, for n = 4, 


( 1 ) 

( 2 ) 

(3) 

(4) 


an + hiy -1- CiZ 4- dyt = ky 

QyX -|- h^y -|- CoZ -|- d'lt = A"2 

an + hiy + c,z -1- dzt = A's 

an + hyy + C4Z + dit = A4. 


Let A be the determinant of the coefficients as they appear in the 
equations when like terms are written below one another; that is, 



ai 

by 

Cy 

dy 

^3 

by 

Cy 

dy 

az 

by 

Cy 

dz 

a* 

by 

Cy 

dy 


Then we have the following theorem, known as Cramer’s rule, 
after G. Cramer (Swiss, 1704-1752). 

Theorem 1. // A 0, the solutions of the above system are 

given by 


(5) 

where 






ki 

by 

Cy 

dy 


ay 

ky 

Cy 

dy 



kz 

by 

Cy 

dz 

. \r _ 

ay 

ky 

Cy 

dy 



k% 

by 

Cy 

dy 

> iV 2 — 

ay 

ky 

Cy 

dy 

) 


ky 

by 

Cy 

dy 


ay 

ky 

Cy 

dy 


Oi 

by 

ki 

dy 




ay 

by 

Cy 

ky 

laj 

by 

ky 

dy 

» and Na s 


ay 

by 

Cy 

ky 

03 


k% 

dy 




ay 

bz 

Cy 

ky 

04 

64 

ky 

dy 




ay 

by 

Cy 

ky 


Proof. 
At, (4) by 


(.4) Multiplying equation (1) by Ay, (2) by -A^, (3) by 
— At, and adding, we get 


{ayAy - ayA^ + ayAy - atAt)X + (byAy - byAy + byAy - btAt)y 
4 (CyAy - CyAy + CyAy - CtAt)z + (dyAy - dyAy 4 - dyA, 

— dtAt)t = {kyAy — kyAy 4" kyAy — A 4 A 4 ). 

By theorems 1 and 2 of section 126, this reduces to A • a: = Ny 

Since A ^ 0, this yields x = A4/A, which is the first equality 
m (5) Sinularly, multiplying (1), (2), (3), (4) by -By, By 

Bi, By respectively, and adding, we get A • y = Ny, and so on! 
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This proves that if there exist values of x, y, z, t which satisfy the 
given equations, they can only be the values given by (5). 

{B) To show, conversely, that these values really satisfy these 
equations, we may check by substitution, or proceed as follows. 
The determinant of order 5 



since the first two rows are identical. Expanding it by minors 
of the first row, we get 


— aiN I — — CiN 3 diN i 0 . 

Transposing /biA and dividing by —0), we get 



which proves that the values (5) satisfy equation (1). A similar 
device shows that they satisfy the other equations. This com¬ 
pletes the proof for the case n = 4. It is clear that the argument 

applies as well for any value of n. 

Cramer’s rule can be stated in words as follows: In a system 

of n linear equations in n unknoums, let IS. he the determinant of 

the coefficients as they appear in the equations after like terms have 

been written below each other in the left member, and constant terms 

in the right member. Then if A ^ 0, the solution can be written 

down by expressing each unknown as a quotient of two determinants, 

the denominator being A and the numerator for a given unknown 

being the determinant obtained from A by replacing the column of 

coefficients of that unknown by the column of constant terms. 



— 23 -|- t — 

Ay “b 33 -h = 

6r/ — 3 — t = 


2 

6 


Example. Solve the system 


1 


2 . 


-1 6 


1 2 

2 0 

0 4 


2 10 

0-2 1 

4 3 2 

6 -1 -1 


Solution. The denominator A 


92. 
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The numerator for x is Ni = 





-184. 


Hence x = 



Similarly y = 




and / 




f 


The student may check bj' substitutinja; in the given equations. 

Note. While determinants are valuable for the theory of sys¬ 
tems of linear equations, the methods explained here are too tedious 
for the numerical solution of a system of n equations in n unknowns 
if n is large. Some progress has been made recently in methods 
of solution suitable for use with calculating machines. 


EXERCISES 

Solve by determinants and check: 


I^ + y+ z + 3t = 3 

)Zx + y — z = Q 
) 2x — z Qt = 4 
\ ix - y - 2z - 3t = 0. 

3. {x-\-y-\-z-\-t = 3 
)2x - 2y - z + 2t = 0 

) 3x - y + 2z + 2( = 2 

\x-y — 2z + t = 0. 

6 . l2x + 3y + z + t = l 
)x-y-z+t =1 

) 3x y z 2t = 0 

\ —x+z — t= — 2 . 

7. lx 2y z t = 3 

) X + z = t 

I 2y — z = t 
\x-\-Ay-\-2z — t = 1. 


2 . / -2x ■\-y-Sf.z^2w = 5 

) 3x -|- 2z — w = — 5 
) X 3y 3z 3w = 0 
\ 4j; -h 6z — 3w = 0. 

ix + y + z-\-w = Q 

) 2x Z — ly = 0 

) X + y + 2w = —4 
\2y + z -]r w = — 2 . 

6* lx+y-{-z-\-w = ^ 

) X — z = 0 

)y + z — w = 3 
\ 2x — z — 3w = 1 . 

8. I 3x — 2y ^z — Aw = 2 
) X 2z = w 
) 5x + 3z 4y = 0 
\ Gw 2y 2x = 5z. 


128. Systems of homogeneous linear equations. If in a linear 
equation in two or more unknowns the constant term is zero, 
the equation is called homogeneous. Clearly any homogeneoas 
equation or system of several homogeneous equations is satisfied 
d we let every unknown equal zero; this solution is called the 
tnvial solution. Con.sider a system of n linear homogeneous 
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equations in n unknowns. The proof of the theorem of section 
127 shows that if A 5 -^ 0, the trivial solution is the only solution. 

Hence we have the following theorem. 

Theorem 1. A system of n homogeneous linear equations in n 

unknowns can have a non-trivial solution only if A — 0. 

Theorem 2. Conversely, if, in a system of n homogeneous linear 
equations in n unknowns, we have A — 0, then there exist infinitely 
many non-trivial solutions. 

The proof of theorem 2 is beyond the scope of this book.* 

We shall take up one particular case. 

Theorem 3. If, in a system of n linear homogeneous equations 

with A = 0, the minor of at least one element is not zero, then the 

system has infinitely many solutions. 

Proof. For simplicity, take n = 3. Suppose in the system 


( aiX + hiy CiZ — 0 

a^x + 622 / + C 2 Z = 0 

azx + bzy -A C 3 Z = 0 

we have A = 0 but A 1 0, say. Then we may solve the last two 

equations for y and z in terms of x, obtaining 



— 0,2^ ^2 


2^2 €L2X 



— ttsX Ca 

—xBx 

2)3 CL^X 

xCi 

y - 

Ax 

■ — A ^ ^ 

Ax 

Ax 

Ax 

Substituting these values in the first equation, we have 



hxBx , CxC 

1 



a\X 

A, A, 

- X = 0 

• 


or 

x{axAx — biBx + CxCx) — 



which is true since the parenthesis has the value A = 0. Hen^ 
for any value of x whatever, say x = m, the values x = m, y = 
-mBifAi, and z = mCilAi satisfy the system. 

The same proof may be applied for any value of n. 

Example. Find infinitely many solutions of the system 


X + y z — 0 

4 x + + 2 z = 0 

Sx - Sy - z = 0. 


Solution. The student should verify that A = 0 while the 
minor Ax 7 ^ 0. Hence we may solve the latter two equations 
for 2 / and z in terms of x, obtaining y = 2x, z = - 3x. H^ce for 
any value x = m whatever, the numbers x = m,y = 2m,z - 

• See for a more complete treatment of linear syatema, 
/fm;re^i/^Xa,XcmillaS. 1907, or Birkhoff-MacJ^e,^.rr^ o/ f 
Macmillan 1941. or Dickson. ElemerUary Theory of Equations, Mdey, 1914. etc. 
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will satisfy the given system. For example, x = 1, y = 2, 
z = —3, or a: = 4, 1 / = 8, z = —12, etc. 


EXERCISES 

Find an expression for infinitely many non-trivial solutions, and list two 
particular non-trivial solutions, or else show that no non-trivial solutions 
exist: 


1. [x4-2/ + z = 0 
<x + 2?/ + z = 0 
^ 2x + 3y + 2z = 0. 

3. j 2x + 2?/ + z = 0 

\2x — y — 2z — Q 

4x + 2 / — z = 0. 

6. [2x4-y+z = 0 
j 3x + 2?/ + 4z = 0 

1 X — 2?/ — 3z = 0. 


2. jx + 2 / — z = 0 
|x + 3i/+z = 0 
( 2x - y + 5z = 0. 

4. I 2x — y — z = 0 
•jx + y — z = 0 
( X — 5y + z = 0. 

6. f X + 4y — 5z = 0 

I 2x + 3?/ — z = 0 
\ 3x + 7y + 2z = 0. 


Find the value which k must have in order that non-trivial solutions may 
exist: 


7. [ 3fcx + 4y4-3z = 0 8. [5x + A:y + z = 0 

|A:x + 2y+z = 0 1^“ + 3z = 0 

I 2x + 3y + 2z = 0. I 3x + 3A:y - z = 0. 

129. Systems of m linear equations in n unknowns. A 
system of m linear equations in n unknowns is called consistent 
if all the equations of the system possess at least one solution in 
common; otherwise inconsistent. By section 127, if rn = n and 
A 0, the system is consistent. 

Theorem 1. If m = n, and A = 0, and at least one of the 
numerator determinants Ni, N^, N^, ... is not zero, then the 
system is inconsistent. 

Proof. By the proof of theorem 1, section 127, if there were 
a common solution, x, y, z, . . . , we would have 

(1) A • X = Nx, A - y = Ni, A - z = Na, • • • . 

But the left members are all zero, while at least one of the right 
members is not, by hypothesis. Hence tliis is impossible. 

If m > n, the system is usually inconsistent, although under 
special circumstances it may be consistent. If it is possible 
to solve n of the equations for the n unknowns, then the values 
thus obtained can be substituted into the remaining m - n equa¬ 
tions; if these are satisfied, the system is consistent. A special 
case IS given by the following theorem. 
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Theorem 2. If a system of m linear equations in m — 1 
unknowns is written with the constant terms in the left member, it is 
inconsistent unless the resulting determinant is zero. 

Proof. For simplicity, we take ??i = 3. The given system 

( aix + 6iy + Cl = 0 
a^x + 622 / + C 2 = 0 
aiX + 63 ?/ + C 3 = 0 

can have a solution only if the system 

{ aix + biy -h CiZ = 0 

a^x + b2y + C 2 Z = 0 
asx + bzy + C3Z = 0 


of homogeneous equations has a non-trivial solution with z — 1. 
By section 128, this implies that 



ai 

by 

Cl 


Q2 

bz 

C2 

= 0. 

dz 

63 

C3 



This completes the proof. 

Note 1. This does not imply that the vanishing of the deter¬ 
minant (4) guarantees the consistency of the system (2). 

Note 2. If the system (2) is consistent, the equations represent 

straight lines having a point in common. 

Example 1. If possible, solve the system 

( X y — 1 = 0 

I rr — y — 1=0 

I 2x — 3y -1-1=0. 


Solution. 


Since the determinant 


1 

1 

2 



-7 
-1 
+ 1 


= 0, it is pos¬ 


sible that the system may be consistent. Solving the first two 
equations, we find x = 4, y = 3. Substituting these values in 

all three equations, we find that they are satisfied. 

If m < n, then usually the system has infinitely many solu¬ 
tions, although, under special circumstances, it may be incon¬ 
sistent. To find the solutions, when they exist, we may solve 
for m of the unknowns in terms of the remaining n - rn unknowns, 
which may then have arbitrary values,* as in the following example. 

• For a morp complete discussion of the material in this section, 

BdchOT. Birkhoff-MacLane, and Dickson cited in section 128. Also. Dresden, Solid 

Analytical Geometry and Determinants, Wiley, 1930. 
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Example 2. Solve the system 

{ X y 22 = 3 

I X — 2?/ + 2 = 1. 

Solntion. Solving for x and y in terms of x we obtaiii x = 
, + } V - X + J- Hence, x may be given an arbitrary value a, 

= a + y = a + I, z = a "'ill satisfy the system. 


EXERCISES 


Show 

1 . 


j + 2i/ — z = 3 
2 j + -ly + 3z = 1 

3j + 6y - 2z = 2. 

each system, or else show that 


2 . 


2 x — y + 3z = 1 
4 i — 2y + 6z = 3 
X + y + z = 1- 


3. 



4. 



5 


7 


9. 


X + y = 1 
2 jr — y = 11 
X — y = 3. 

- y + 3 = 0 

- 2y + 5 = 0 

- 3y + 1 = 0 

X 4- y — 02 = 0 

z — y + 3z = 4. 


6 



8 


2 x + y = 0 
X - 2y + 10 = 0 

3x + y + 2 = 0. 
X + y + 4 = 0 

X — 4y — 1 =0 
2x - 5y + 1 = 0 


10 . 


2x 4- y 

X — 2y 


z = 1 
2z = -3 


11 . 


12 . 


13. 


X 4- 2y 4- 3z - 4 
2x 4- 4y 4- 6z = 5. 

Prove that if x, y, and z satisfy the system 


2 x 

4x 


y 4- 3z = 1 
2y 4" Gz = 3 


Qix 4- biy 4- Ciz = 0 

oix 4- bjy 4- csz = 0 


and if at least one of the three determinants below is different from zero, 
then 


z:y:z 


bi 

Cl 

.w 

ai 

.'lai bi 

bi 

C% 

Id 

at 

* iQj hr 


14. Prove that if Xi, yi, Zi and xj, y*, zj are two solutions of the system 

{ aix 4- biy 4- Ciz = di 
am 4- hty + = di 

and if none of the determinants below are zero, then 
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Xi - 


_ yi - 

- yi n - 

- tt 

bi 

Cij 

Ici 

-i 1- 

at\ Qt 


bi 

Cal 

\c% 

{)* 

1 


*130. The resultant of two polynomials. Having studied the 
simultaneous solution of linear equations, it is natural to investi¬ 
gate when equations of degree higher than the first have a solution 

in common. j 

Theorem 1. If Six) = a.zT -f OxX—^ -f • • • + a,, and g^x) 
_ -!-’••+ bnj both Qq and &« are equal to 

zero. Iheo f\x) and gM haie a common /oclor tmoh-ny r ./ 
only if niere exM polynomials Hx) and Hx) of degrees not greater 
than n - 1 and m - I respectively, not both identically zero, such 

that 

( 1 ) fix) • hix) - gix) • kix) 

identically. 

Proof. (A) If (1) holds, and say ao 
factors of which at most m 


0 



1 fix) has m linear 
1 can be factors of kix). Therefore 
‘aUeasVone 'onhes'eTaVtora is a factor of gl.x). A similar argument 

“"(Bi Conver^ir «/W ‘'“'•e a common factor f(x), 

’’"xow let the polv-nomials hW and l.-(x) be Pveo by = 

^«-l 4- 4- • • ■ + «n-l ^ 

“ . -i- respectively. Then condition (1) says that 

1 t ... 4- a«)(Q;oX"~^ 4- oux" *-!-••• 

bix""^ 4- ... 4- ^ 

• • • + 1/ " ^ 


( 2 ) 


(aox” 4- 0^1^ 

4- an-i) "■ i^o^ 





live Blit a Dohnomial can be identically zero only u au 

"ffloientfare Zo' Hence multiplying (2) out and equatmg 
the total coefficient of each power of i to aero, we get 


aoCKo ■“ bo^a 
aicco + aoai 


0 
&ij3o 


bo^ 


0 


( 3 ) 


OmOtn-l 
a«a„_i 

Mav be omitted 


- 6J3 

bnBm-X = 0- 

disturbing contimritT- 




0 
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This is a system of m + n 
m + n unknowns ao, cri» 
with the determinant 


linear homogeneous equations in the 

• • , OCn—lf — 1 




I 

Oo 

Oi flo 
fll 


bo 

bi bo 

. &i . 



where the large zeros indicate that all other elements are zero. 
It Is customary to interchange the rows and columns, and to. 
denote the determinant thus arrived at by R. Thus, 





oi.a* 

Qq • 9 m • • 


ao ai 

• • • • ^1% 
bo • • • • b^ 





n rows 




m TOWS 


By theorem 1 above, and theorems 1 and 2 of section 128, we have 
the following theorem. 

Theorem 2. Either f{x) and g{x) have a common factor involving 
X, or ao = bo = 0, if and only if R = 0. 

The determinant R given by (4) is called the resultant of the 
polj'nomials /(x) and g(.x). 
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Example. Show, by means of the resultant, that the equations 
^ -I- 0 = 0 and g{x) = 2x - G = 0 have a common 

solution. 

Solution. The resultant is 



Since Oo = 1 0 and = 2 0, /(x) and g{x) have a common 

factor involving x. Therefore /(x) = 0 and g(,x) = 0 have a 

common solution. 

EXERCISES 

1, Find the resultant of aoX. + Oi and + bii + bj. 

Show by means of the resullant that the following pairs of equations have 
a common root: 


4 


2x 

X* - 

3x* 

Cx* 


4 = 0 

5x + 6 = 0. 

- 5x + 2 = 0 

- X - 2 = 0. 


3 


2x 

2x> 


1 = 0 
5x + 2 


6. f 2x* - 3x 

6x* + X 


= 0 

= 0 
= 0 . 


6 


. I X* — 1 = 0 

\ X* + X + 1 = 0. 


7 


. I x» - 8 = 0 

I X* - 5x + 6 = 0. 


*131. Systems of higher degree in two unknowns. Nothing 

in the preceding section requires that the coefficients uo, a„ ... , 
bo ... ,bn he constants. Hence we may u^ theorem 2 

of section 130 to solve systems of two equation-s of degree ug er 
than the first in two unknowns x and y, by wntmg the equations 
L" poi™o:3al equations in x .nth c<«fficienU whtch are poly- 

nomials in y, as in the following example. 

Example. Solve the s>^tem 


x^ 



- 2y* + X - 8y - 8 

5t/* + 4x — 17i/ - 12 


0 

0 


Solution. Writing the given equations as poljmo^l 
^ f*npfficients which are pol>Tiomials in y, we £ 


+ X + ( 



-j- 4x -h ( 


5y* 


2y* - 8y 

- 17y 


• 8 ) 

12 ) 


0 

0 . 


May be omitted without disturbin* coutinuity. 
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Hence 


R = 


1 1 
iO 1 
2 4 

iO 2 


(- 21 /* 


( 


oi/* 


8y 

1 

4 


8 ) 

12 ) 


0 


(-2y 


8y -- 8) 


0 


(-5y* - 17y - 12) 


Evaluating R and setting it equal to zero, we have 

R = y* + 2y* - 13y* - 38y - 24 = 0, 

which has the roots y = —1, —2, —3, +4. 

f + X - 2 = 0 

For 1/ = — 1, the given equations reduce to j 2 ^! -|_ 4j; = 0 
wliich have the root x = —2 in common. 

( X* + X = 0 

Fory = —2, the given equations reduce to | 2^.2 4 . 4x + 2 = 0 
which have the root x = —1 in common. 

{ x^ + X — 2 = 0 

2x2 _|_ 4x — 6 = 0 

wliich have the root x = 1 in common. 

, . . j ( x2 + x - 72 = 0 

Fory = 4, the given equations reduce to j 2^.2 + 4x - 160 = 0 

which have the root x = 8 in common. 

Hence the common solutions of the given equations are 


•r 1 

-2 i 

-1 j 

1 

8 

» 

y 

-1 i 

-2 . 

-3 

4 


The real solutions are the coordinates of ihe points oj intersectio-n 
of the graphs of the given equations. 

The form of the resultant u.sed in the method of elimination of 
one unknown from a pair of equations explained here is attributed 
to J. J. Sylvester (Enghsh, 1814-1897) who was one of the first 
great mathematicians to teach in an American university. Syl¬ 
vester made many important contributions to mathematics. 

For a further study of resultants and systems of equations 
see B6cher, Introduction to Higher Algebra, Macmillan, 1907. 


EXERCISES 

Find the common solutions of each of the follounng systems of equations: 

1. / X* — — z = 0 2. I z* — .3i — 2y* — 4y = 0 

2z* — oy* -f 3y = 0. | 2x* — 4x — oy* — 7y = 0. 

z* - Szy -f 2y* - IGz - 28y = 0 

z* — x»/ — 2y* — oz - hy = 0. 


3 . 
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4. I X* — 4jr -I- y* = I 
1 X* + y* - 2y =■ 9. 

6. Find the (real) coordinates of the points of intersection of the 
graphs of the equations 

j V* — X* = 0 

1 (y - 1)* + 1 * - 1=0- 


Solve the system of equations gii'en 

6. Exercise 1, section 86. 

8. Exercise 7, section 86. 

10. Exercise 15, section 86. 

12. Exercise 21, section 86. 

14. Exercise 25, section 86. 


in: 

7. Exercise 3, section 86. 
9. Exercise 9, section 86. 
11. Exercise 17, section 86. 
13. Exercise 23, section 86. 
16. Exercise 27, section 86. 


• e • 

V 


I 
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CHAPTER XVII 

Permutations and Combinations 


132. Fundamental principles. The follou-ing principles will 
provide the basis for the work of this chapter. 

{A) If one event can occur in h different ways, and if, after it 
has happened in one of these ways, another event can occur in k 
different ways, then both events can occur, in the slated order, in 
h • k different ways. 

Since any one of the h ways in which the first event can occur 
can be coupled with any one of the k ways in which the second 
event can occur, there are obviously h groups of k pairs or h • k 
pairs of possible occurrences. 

Example 1. A game consists of drawing 2 cards in succession 
from a pack of 4 different cards marked a, h, c, and d, respectively, 
the first card not being replaced before the second is drawm. 
How many different results can there be? 

Solution. The first drawing can produce any one of 4 different 
results. The second drawing can produce any one of 3 different 
results. Both drawings in the stated order can produce 4 • 3 = 12 
different results, namely db, ac, ad; ba, be, bd; ca, cb, cd; da, db, dc. 

Example 2. The same as example 1 except that the first card 
is to be replaced before the second card is drawn. 

Solution. The first drawing can produce 4 different results. 
The second can then produce 4 different results again. Both 
therefore can occur in the stated order in 4 • 4 = 16 different 
ways, namely aa, db, ac, ad; ba, bb, be, bd; ca, cb, cc, cd; da, db, dc, dd. 

If the two events are independent of each other, that is, if 

neither is influenced by the outcome of the other, then we rnay 
state the following principle: 

{B) If one of two independent events can occur in h different 

ways, and the other in k different ways, then both can occur, dis¬ 
regarding their order, in h • k ways. 

Example 3. A luncheon tray is to contain a sandwich and a 
beverage. There are 4 different kinds of sandwich and 3 different 
kinds of beverage. How many different lunches can be formed? 

295 
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Solution. The order is immaterial; we do'not care whether 
the sandwdch or the beverage is put on the tray first. Hence, 
according to principle B, there are 4 • 3 = 12 ^fferent lunches. 
Two events are called mutually exclusive if they cannot both 

occur together. 

(C) If two events are mutually exclusive, and one can occur 
in h different ways while the other can occur in k different ways, 
then either one or the other {but not both) can occur in h k different 


ways. , 

Example A. The same as example 3, except that, because ot 

financial embarrassment, a lunch is now to consist of either a 

sandwich or a beverage but not both. 

Solution. According to principle C, 4 + 3 = 7 different 

lunches are possible. i. 

In connection wdth principle C, care must be taken that the 

events are mutually exclusive. 

Example 5. We are to choose either a heart or an ace from 
a deck of 52 playing cards. How many choices are there? 

Solution. There are 13 hearts and 4 aces. But it is wrong 
to say that there are 17 choices, because these events are not 
mutually exclusive; there is one heart which is also an ace. Actu¬ 
ally there are only 16 different choices. 

Example 6. How many different symbols, each consisting of 

6 different letters in succession, can be formed from the letters 
of the word “algorithm,” if each symbol is to begm and end with 


a vowel? 
Solution. 

to be filled; 


There are 3 vowels and 6 consonants, and 6 places 

For the first place we may choose 


any oae of the 3 vowels. For the last place we /hoose any 
one of the 2 remaining vowels. The first of the 4 


remammg 
the 7 remaimng letters, the 

nex? byTny “one of“the fi'mVaLfing letters, the next by any one 

of the 5 remaining letters, and the last by any one of the 4 remam- 

mg fetters. 3 . 7.6 • 5 • 4 • 2 and multiply these numbers, 

by ^rt"ue of principie"(A). "Hence there are 5040 

V^nnks each can be made on a shelf with space for 6 books. {b) I 

f +hP books are English and 3 are French, how many arrange- 

ments of the 6 books can be made on the same shelf if books m 
the same language are to be kept together. 
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Solution, {a- In the first space we maj’ put am' one of the 
6 books, in the next space any one of the 5 remaining books, and 
so on. Hence there are 6 • 5 • 4 • 3 • 2 • 1 = 720 arrangements. 
(6) If the English books are at the left, we may put any one of the 
3 English books in the first position, any one of the 2 remaining 
English books in the next place, and so on; hence there are 3*2* 
1 • 3 • 2 • 1 = 36 such arrangements. But there are 36 others 
ha\ang the French books at the left. Hence there are 36 + 36 = 
72 arrangements in all. 


EXERCISES 

1. In how many ways can 5 students be seated in a row of 5 seats? 

2. How many different signals can be made from 5 different flags if 
each signal is to consist of 3 flags hung in a horizontal row? 

3. How many different numbers of 2 different digits each can be 
formed using the digits 1, 3, 5, 7, 9? 

4 . How many different numbers of 3 different digits each can be 
formed using the digits 0, 2, 4, 6, 8? 

6. How many different symbols, each symbol consisting of 3 letters 
in succetssion, can be formed using the letters a, 6, x, u, r if (a) no letter 
may be repeated in the same symbol, {b) repetitions are allowed? 

6. How many different numbers of 3 different digits each can be 
formed from the digits 2, 3, 5, 0, 7, 9, if each number is to be (a) odd, 
(6) even? 

7. In how many ways can the positions of president, vice-president, 
and secretary be filled in a club of 20 members if no person is to hold 
more than one position? 

8. Two cubical dice, one red and one white, are thrown. In how 
many ways can they fall? 

9. Three different cubical dice are thro\vn. In how many different 
waj*8 can they fall? 

10. If a penny, nickel, dime, quarter, and half dollar are tossed 
together, in how many ways may they fall? 

11. How many numbers of 4 different digits, each greater than .50(M) 
can be formed from the digits 2, 4, 5, 7, 8, 0? 

12. In how many ways can a baseball team of 9 men be arranged in 

hatting orders, if a certain 4 men must occupy the first 4 positions in 
some order? 

13. In how many ways can a party of 5 people be seated in a row of 
5 seats (a) if a certain 2 insist on sitting next to each other, (6) if the same 

2 refuse to sit next to each other? 

•» a set of 4 different mathematics books and 

3 d^e^t phv-sjcB books be placed on a shelf aith space for 7 books if 
■iJ Doou the a&me subject are to be kept together? 
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16. A telephone dial has 10 holes. How many different sisals, 
each consisting of 7 impulses in succession, can be formed (a) if no 
impulse is to be repeated in any given signal, (b) if repetitions are 

permitted? 

16. In how many different ways can 4 people be seated in a row of 
7 seats? 

17. (a) How many different symbols, each consisting of 4 different 
letters in succession, can be formed from the letters of the word certainf 

How many of these begin and end \\’ith a vowel? (c) How many 
begin with a consonant and end with a vowel? 

18. In how many ways can 4 boys and 3 girls be seated in a row of 
7 seats if boys and girls are to occupy alternate seats? 

19. In how many different ways can the letters of the name Naomi 
be arranged if all vowels are to be kept together? 

20. In how many different ways can the letters of the name Leonard 
be arranged if consonants and vowels are to alternate? 

21. (a) How many numbers can be formed using some or all of the 

dieits'l 3, 4, 7, 8 if no number is to contain repeated digits? (b) H^ow 
many of these numbers will be even ? (c) How many wall be greater than 


350? - . , j c 

22. How many arrangements of 3 different English books aim 5 
different French books can be made on a shelf with space for 8 books il 
all the English books are to be kept together? 

23. From 3 English, 4 French, and 5 German books, all different, 
how many different sets can be chosen, each set consisting of 2 books in 

different languages? _ , j -xu 

24. How many 3-digit numbers begin with an odd digit and end wi 

an even digit? {Hint: Zero is to be counted among the even digits.) 


133. Permutations of n distinct objects taken r at a time. 
An arrangement of a set of objects in some order in a straight 
line is called a permutation of these objects. More precisely, 
if we have n distinct objects, any arrangement of r of them m 
some order in a straight Une is called a permutation of the n 

distinct objects taken r at a time. The number of 

of n distinct objects taken r at a time is denoted by P(n,r), othe 

- Pr, P 


n.r 


symbols in common use are i^ry n • ^ 

Example 1. Find the number of permutations of the lour 

letters a, 6, c, d taken two at a time. 

Solution. Any one of the four letters may be put m tbe fcst 

position, and any one of the three remaimng letters m the ^on 

position. Hence there are 4 • 3 = 12 permutations, w hich are 

listed in example 1, section 132. Thus P(4,2) 12. 

Example 2. The number of permutations of the four letters 
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a, b, c, d taken all at a time is similarly 4 • 3 * 2 • 1 = 24. Thua 
P(4,4) = 24. 

These permutations are: 



abed 

bacd 

bead 

beda 




abde 

bade 

bdac 

bdea 




aebd 

cabd 

ebad 

cbda 




aedb 

cadb 

edab 

cdba 




adbc 

dabc 

dbac 

dbca 




adeb 

dacb 

dcab 

deba. 




Example 3. The number of permutations of the four 

letters 

a, b, c, d taken tlnee at a time is 4 • 

3*2 = 

= 24. Thus, P(4,3) 

= 24. 

These permutations are: 







abc 

abd 

acd 

bed 




acb 

adb 

adc 

bde 




bac 

bad 

cad 

cbd 




bca 

bda 

eda 

cdb 




cab 

dab 

doc 

dbc 




eba 

dba 

dca 

deb. 




We have 






(1) 

Pin,n) = n • 

(n - 1) • 

(n — 

2) • • • 

2 1, 


since the first position can be filled by 

anv one 

of the n distinct 

objects, the next by any 

one of the remaining (n 

— 1), and 

80 on. 


Introducing the symbol 




(2) 

n! = n(n 

- l)(n 

-2) • 

•21 

f 


read “factorial n,” we have 





(3) 


P(n,n) 

= n! 




For example, 11=1, 1 

J! = 2 • 1 

= 2, 

3! = 3 • 

2-1 =6, 

4! = 

4 • 

3 • 2 • 1 = 24, 5! = 5 • 

4 • 3 • 2 • 

1 = 120, and i 

BO on. 



If r is less than n, then 





(4) 

P(n,r) = n(n - 

- l)(n - 

2) • • 

• (n — : 

r + 1) 



where there are r factors in the right member, since there are 
r places to be filled by n distinct objects. Multiplying numerator 
and denominator of the right-hand member of (4) by 

in — r)(n — r — l)(n — r — 2) • • • 2 • 1, 
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we get 
P(n,r) 



2 • 1 


or 

(5) 


P{n,r) 


n 




(n — r)! 


In practice, it will sometimes be desirable 
directly by use of the fundamental principles, 
use of these formulas. 

EXERCISES 


if r < n. 

to work problems 
and sometimes by 


‘ Evaluate each of the following symbols: 

4. P(5,2). 


1 . 6 ! 


2 . 


3! 


3. 


7! 


6. P(6,6). 


7. P(7,3). 8. P(7,4). 


6. P(9,2) 


P(6,2) 


9. 


10 . 


P(8,3j 


2! . - 3! 

11. How many different arrangements can be foimed on a shelf with 
snace for 3 books if there are 5 different books available. 

" 12 . A bookshelf has space for 4 books. If there are 6 

avaUable, g There are 6 different English 

Vs and 6 different French books available. If we wish to put 3 
Engtah books and 3 French books on the shelf, how many apgements 
can\e made keeping all books in the same language topthe „ 

14 In how many ways can a coach assign positions on a basebal 

are qualified to be catcher but aU are able to play any other position? 

In how many ways can 7 people sit in a row of 7 seatsjt^ certai 

^ of 5 different ay ts cen be formed from 

‘‘IS l^dtrirto rntt ^rd^ch^other. . 

If - nh%iri“2 3°f r 6 J no nSnber is to have repeated digits? 
How Iny p^sidv’e even numbers can be 

all of the digits o, o, fr^rmpd from some or 

20 How many positive whole numbers c rlicrits'^ 

*1l H"ny’posWve even numbers can be 
all oUhXro, I 2, 3, 4 if no number is to have repeated digits. 

* May be omitted without disturbmg contmuity. 


. w 




•% 




I 
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134. Permutations where some things are alike. The number 
of permutations of the distinct letters a, h, c, d taken all at a 
time is 24. The permutations are hsted in example 2, section 
133 If three of the letters were indistinguishable, for example, 
if instead of a, b, c, d we had a, x, x, x, then there would be only 

four permutations, namely 


axxXj xaxx, xxax, xxxa. 

Clearly each column of 3! = 6 permutations of a, 6, c, d hsted 
in example 2, section 133, gives rise to only one permutation 
of axxx, since the letters bed may be permuted among them¬ 
selves in 3! ways which are indistinguishable for xxx. Hence 
we may arrive at the answer 4 by dividing the answer of example 2, 

section 133, by 3!; thus 4!/3! = 4 • 3 • 2 • 1/3 • 2 • 1 = 4. 

In general, if a set of n objects is such that a set of p of them 
are indistinguishable, another set of q of them are indistinguishable, 
and so on, then the number of permutations of the n objects 

taken all at a time is 

n\ 

'f) p\q\ • • ’ 

Example 1. How many permutations can be made of the 

letters in the word Mississippi, taken all at a time? ^ 

Solution. There are 11 letters of wliich 4 i’s, 4 s’s, and 2 p’s 

are indistinguishable. Hence the answer is 


11 ! 

414 !2! 


11 • 10 • 9 • g ■ 7 • 6 • 5'4 • 3 • 2 • 1 _ 

4-3-2-4*3-2-2 


11 • 10 • 9 ■ 7 • 5 

= 34650. 


EXERCISES 


1. How many permutations can be formed from the letters of the 
word reiterate taken all at a time? 


2. How many permutations can be formed fro 
iriHiitution taken all at a time? 


the letters of the word 


3. How many permutations can be formed from the letters a, a, a, 

b, b. c, c, c, c, d taken all at a time? 

4. How many different eight-digit numbers can be formed from the 

digits 2, 2, 2, 5, 5, 5, 5, 3? 

6. How many different signals, each consisting of 7 flags hung in a 
liurizontal line, can be formed from a set of 4 indistinguishable blue flags 

and 3 indistinguishable yellow flags? 

6. How many different eight-digit numbers can be formed from the 
digits 5, 5, 5, 5, 3, 3, 7, 7? 
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7. A modern town is laid out in square blocks. By how many differ¬ 
ent routes can we go from the corner of East First Street and North First 
Avenue to the corner of East Seventh Street and North Fifth Avenue, 
each route being of the smallest possible length, that is, 10 blocks? 


136. Circular permutations. We agree that when objects are 
arranged in a circle, only their relative order as we traverse the 
circle in a definite sense is to be considered. Hence the arrange¬ 


ments 


( 1 ) 


cO 


C 

o 


6 

aOe 


are regarded as the same. Similarly the arrangements 

a b c 

(2) fcOc cOa aOb 

are regarded as the same. Thus, there are only two possible 
arrangements of three distinct objects in a circle. Therefore, 
to calculate the number of arrangements in circular order, w^e must 
first fix the position of one object arbitrarily, and then we may 
calculate the number of permutations of the remaining objects 
as if they were in a straight line. Hence n distinct objects con 

he arranged in a circle in (n — 1)! ways. 

Example. A group of 6 people can be arranged at a circular 

table in 5! = 120 ways. 

Note. In arranging keys on a ring, it is usually agreed that 
two arrangements are the same if one can be gotten from the 
other by turning the ring over like a flapjack. Thus the arrange¬ 
ments (1) and (2) above are the same with this agreement. In 
this case we must divide the answer by 2. Thus, there is only 
one possible arrangement of three different keys on a ring. In 

general, there are Z — different arrangements of n keys on a 


ring. 


EXERCISES 

The following questions are to be answered in accordance with the con¬ 
ventions set forth above: 

1. In how many different orders can 6 people take seats at a round 

table? . . 1 1 - • ? 

2. In how many different orders can 7 children join hands in a nng. 

3 ! In how many different orders can 6 keys be placed on a^key ring? 

4. How many different necklaces can be formed from 7 differently 

colored beads? 




303 


Ch. XVII, §1361 PERMUTATIONS AND COMBINATIONS 

6 . In how many orders can a party of 3 girls and 3 boys be placed 
at a round table so that boys and girls alternate? 

6 . In how many orders can a party of 4 girls and 4 boys be placed at a 
round table so that boys and girls alternate? 

7 In how many orders can 6 people be seated at a round table (a) if a 
certain 2 insist on sitting next to each other, (b) if they refuse to sit next 

to each other? 

136. Combinations of n distinct objects taken r at a time. 
A set of r objects chosen from a given set of n distinct objects, 
without regard to the order in which they are chosen or arranged, 
is called a combination of n distinct objects taken r at a time. 
The number of combinations of n distinct objects taken r at a 
time is denoted by C(n,r). Other symbols in common use are 

”Cr, nCr, C/^, C^.r and (”). 

Example 1. The number of combinations of the four letters 
a, b, c, d taken two at a time is 6 . The combinations are ab, ac, 
ad, be, bd, cd. Clearly each of these combinations gives rise to 
2! = 2 permutations which are listed in example 1, section 132. 

TT -P(4)2) 

Hence C(4,2) = —~ 

Example 2. The number of combinations of the four letters 
a, b, c, d taken three at a time is 4. The combinations are abc, 
abd, acd, bed. Each of these gives rise to 3! = 6 permutations 
which are listed in columns in example 3, section 133. Hence 

Pf4 31 4 • 3 • 2 

C(4,3) • 3! = P(4,3), or C(4,3) = = 3 . 2 - = 4. 

Clearly, any combination of n distinct things taken r at a time 
gives rise to r! permutations since each set of r objects can be 
permuted among themselves in r! ways. Thus C{n,r) • r! = 
P(n,r), or 

( 1 ) C{n,r) = (0 < r < n). 

Using (5), section 133, we have 

( 2 ) C(n,r) = j (0 < r < n). 

Using (4), section 133, we have 



C (n,r) 


nin — l)(n — 2 ) • • • (n — r + 1 ) 


(0 < r < n). 


We write C(w,0) = C{n,n) = 1 , since there is only one way to 
select no tilings from the given n things, and only one way to 
select n things from the given n things, namely to take them all. 
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Note 1. Whenever we select a set of r things from a set of n 
distinct things, we also automatically select a set of n — r things 
to be left behind. Hence 

( 4 ) C{n,r) = C(n, n - r). 


This can also be proved by using (2). 

Note 2. Notice that 9 ! = 9 • 8 ! = 9 • 8 • 7!, and 

9! 

Hence, by (2), we may write C(9,7) = C(9,2) = 217 j ~ 


so on. 

9 • 8 • 7! 
2-7! 


= 36. 

Example 3. How many committees of 5 can be formed from a 
group of 6 Democrats and 3 Republicans if each committee is 

to have at least 3 Democrats? 

Solution. The number of committees with: 

exactly 3 Democrats is ^(6,3) • C(3,2) = 20-3 = 60; 
exactly 4 Democrats is C(6,4) • C(3,l) = 15 • 3 = 45; 

exactly 5 Democrats is C(6,5) =_ 6 ^ 

either 3, 4, or 5 Democrats is the total 111. 

Hence the total number of committees with at l^ast 3 Democrats 


is 111 . 

Evaluate each symbol: 

1. C(5,2). 

4. C(10,4). 


EXERCISES 

2 . C(7,3). 

6 . C(20,18). 


3. C(7,4). 

6 . C'(6,2) • C(5,3). 


In how many ways can we select: 


A committee of 3 from a group of 10 people? 

A committee of 5 from a group of 8 people? 

A set of 3 books from a set of 7 different books? 
A set of 5 books from a set of 9 different books? 


7. 

8 . 

9. 

11. How many different sums of money, each compos^ of 3 corns, 
can be formed from a cent, a nickel, a dime, and a quarter? 

12 (a) How many straight lines are determined by the vertices of a 
regular hexagon? (&) How many of these lines go through a given 

I^0X ? 

1?. How many triangles are determined by the vertices of a regular 

VjoYO DTQTl f 

14. In how many ways can we select a committee of 3 Democrats 
and 2 Republicans from a group of 8 Democrats and 6 Republicans 

16. In how many ways can we select a set of 3 "-^^hematics books 
and 2 physics books from a set of 7 mathematics books and 5 physics 

books, all different? 
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16. From a group of 12 Democrats and 10 Republicans, how m y 
different committees of 7 can be chosen -which wntain (a) exac y 
Democrats? (b) at least 4 Democrats? (c) at most 4 Democrats? 

17. (a) How many committees of 5 can be chosen from a group of 
15 men? (6) How many of these will include a specified man A i fc; 

From how many will -4 be excluded? 

18. How many committees of 5 can be chosen from a group of 10 men 
if each committee must include 2 certain men A and B? 

19. In how many ways can we select a committee of 5 from a group of 
10 men (a) if a certain 2 men insist on serving together or not at all? 
(6) if a certain 2 men refuse to serve together? 

20. How many different committees of 7 can be chosen from a group 
of 8 Democrats and 5 Republicans if each committee is to contain (a) 
exactly 4 Democrats? (b) at least 4 Democrats? (c) at most 4 Democrats? 

21. In how many different orders can we shelve sets of 5 books, each 
set consisting of 3 mathematics books and 2 physics books, if the books 
are to be chosen from a set of 10 mathematics books and 8 physics books, 

all different? 


22. If P(n,4) = 11,880, find C(n,4). 

23. If C(n,4) = 210, find P(n,4). 

24. Prove that C(n — 1, r) + C(n — 1, r — 1) = C{n,r). 

26. (a) How many straight fines are determined by 10 points, no 3 
of which are in the same straight fine? (b) How many of these fines 
pass through any given point? 


26. From an urn containing 5 black and 7 white balls, in how many 
ways can we draw a set of 6 balls of which 4 are white and 2 black? 

27. In how many ways can 10 different books be di-vided among A, B, 
and C so that 5 are given to ^4, 3 to R, and 2 to C? 


28. In a league of 8 basebell teams, how many games -will be played 
in a season if each team plays 10 games with every other team? 

29. How many numbers of 5 different digits, each number to contain 
3 odd and 2 even digits, can be formed from the digits 1, 2, 3, 4, 5, 6, 7, 
8, 9? 


30. How many different sums of money can be formed from a cent, 
a nickel, a dime, a quarter, and a half dollar, using any number of coins 
at a time? 


31. A cent, a nickel, a dime, a quarter, and a half dollar are tossed 
simultaneously. In how many ways can it happen that 2 coins fall 
heads and the remaining 3 tails? 

32. (a) How many different hands of 13 cards each can be dealt from 
a pack of 52 different cards? (b) How many different sets of 4 hands 
can be dealt, ignoring the order in which the 4 hands are distributed 
around the bridge table? 
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CHAPTER XVIII 

Probability 

137. Definition of probability. In everyday speech, the word 
‘'probable” is used in a vague sense, as in the statements “It 
will probably rain tomorrow,” or “I shall probably pass mathe¬ 
matics.” In fact, some have asserted that probabiUty is merely 
a measure of behef. But different people believe opposite state¬ 
ments with equal firmness, and the same person often believes 
opposite statements at different times. To be scientifically useful, 
a definition of probability must be more objective. 

Definition. If an event can occur in a total number t of alter¬ 
native ways, all of which are considered equally likely, and if a certain 
number s of these ways are considered successful or favorable, then 
the number s/t is called the probability of success. 

Example 1. What is the probability of tossing “head” in 

a single toss of a coin? 

Solution. Here t = 2, s = 1. Hence the probability is 1/2. 
Example 2. An urn contains 10 balls, of which 3 are red, 4 
are blue, 2 are green, and 1 is yellow. Then the probability of 
obtaining a red ball in a single draw is 3/10, the probability of 
drawing a blue ball is 4/10, green 2/10, yellow 1/10. The prob¬ 
ability of drawing a white ball is 0, while the probability of drawing 

a colored ball is 10/10 = 1. 

As seen in example 2, a probability of 1 indicates certainty, 
while a probability of 0 indicates impossibility. The probability 

of any event is a number between 0 and 1. 

The student should now review carefully the fundamental prin¬ 
ciples of section 132, chapter XVII, which will be useful in working 

problems on probability. 

Example 3. Three different English books and 3 different 
French books are to be arranged on a shelf with space for 6 books. 
If they are stacked at random, what is the probability that they 
will be arranged with all books in the same language together? 

Solution. According to the fundamental principles of section 
132, chapter XVII, there are 6 • 5 • 4 • 3 • 2 • 1 ways in which the 
books can be stacked. Of these only twice 3-2-l-3-2-l=36 
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or 72 will satisfy the condition that all books in the same language 
are together. (See example 7, section 132, chapter XMl.) 

Hence the probability is 72/720 = 1/10. r . • 

In practice, the statement that the probability of tossing 

“head” is 1/2 is understood to mean that “head” should turn 

up close to half the times if enough tosses are made. That is, 

probability is interpreted as relative frequency; if fin) is the 

number of favorable events in n trials, the relative frequency is 

fin)/n. Thus by experiment, we might find that, in tossing 

a coin, we get 


n = number of trials_ 

10 

100 

1000 

10000 

100000 

• • • 

f(n) = number of heads 

2 

45 

512 

4982 

50137 

• • • 

f{n)/n = relative frequency 

0.20 

0.45 

0.512 

0.4982 

0.50137 

• • • 


Here it appears that the relative frequency is approaching the 
probabiUty 1/2 as n increases indefinitely. Needless to say, 
this is an assumption, though well verified by experience. 

Also of great importance is the assumption, in the definition 
of probability, that the alternative possibilities are equally hkely. 
For instance, in example 2, it would be wrong to say that the 
probability of drawing a red ball is 1/2, because there are only 
two possibiUties, drawing a red ball and not drawing a red ball, 
since these two possibiUties are not equally likely. 

Even if the computation is correct, the relative frequency 
cannot be expected to correspond to the probability in a practical 
application unless the alternative possibilities are in fact equally 
likely (or very nearly so). For instance, in example 1, we would 
not expect a relative frequency of nearly 1/2 if the coin were 
weighted on one side, or if it had two heads. The ultimate test 
of the appUcability of a theory to reaUty is whether or not it 
works. The theory of probabiUty, properly used, has been found 
to be of great value in such diverse subjects as physical chemistry, 
statistical mechanics, heredity, biometrics, econometrics, the 
theory of gases, quality control in mass production industries, 
insurance, social sciences, games of chance, experimental method 
in general, etc. 

Note. The theory of probabiUty was founded by two great 
French mathematicians Blaise Pascal and Pierre de Fermat in the 
17th century. Pascal was a child prodigj' who did valuable 
research in mathematics at the age of 16. 
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EXERCISES 


1. Find the probability of throiving a six with a single die. 

2. Throw a single die 100 times and record the number of sixes 
obtained in 10, 20, 30, . . . , 100 throws. 

3. Find the probability of throwing a total of two with a pair of dice. 

4. Find the probability of throwing a total of three with a pair of 
dice; a total of four; a total of seven. Which is more probable, a total of 
three or a total of seven? 

6. (a) Find the probability of drawing a spade from a pack of 52 
playing cards; (h) an ace; (c) the ace of spades. 

6. Toss a coin 100 times and record the number of heads obtained 


in 10, 20, 30, . . . , 100 tosses. 

7. Find the probability of obtaining (a) no heads; (b) 1 head; (c) 2 
heads in tossing a pair of coins. 

8. Toss a pair of coins 100 times and record the relative frequencies 
of 0, 1, and 2 heads. 

9. Four different books are to be placed at random on a bookshelf 
with space for 4 books. What is the probability that a certain 2 books 
ivill be next to each other? 


10. An urn contains 5 white, 3 black, and 2 green balls, (a) Find 
the probability of dravdng a black ball in a single draw; (6) a white ball; 
(c) a white or green ball. 

11. In a single throw of a single die, what is the probability of obtain¬ 
ing a three or anything larger? 

12. In a single throw of a pair of dice, what is the probability of 
obtaining a total of ten or more? 

13. If 3 balls are drawn simultaneously from the urn of exercise 10, 
what is the probability that 2 will be white and 1 black? 


14. If 3 balls are drawn simultaneously from an urn containing 5 white 
and 3 black balls, what is the probability that all 3 vdW be white? 


16. If 7 people are seated at random in a row of 7 seats, what is the 
probability that a certain 4 people vull occupy adjacent seats? 

16. If 5 cards are dravm from a deck of 52 playing cards, what is the 
probability that they will be, regardless of order, the ace, king, queen, 

jack, and ten of spades? 

17. A number of 3 different digits is formed from the digits 1, 2, 3, 4, 5. 
(a) What is the probabihty that it will be even? (6) What is the 
probability that it A\'ill be greater than 325? 

18. If 6 people are seated at random at a round table, what is the 
probability that a certain 2 wdll be neighbors? 

19. Find the probability of drawing (a) cither an ace or a king in a 
single draw from a deck of 52 playing cards; (5) either an ace or a spade. 

20. If 5 cards are drawn from a deck of 52 playing cards, what is the 


probability that they veil be all of the same suit? 
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138. Statistical probability. Probability as defined in section 
137 is called a priori probability, because we determine its value 
without conducting experiments. A priori probability is of 
great importance in both theoretical and practical work, and we 
shall develop it further in the next section. But it can be used 
only where one has sufficient data to determine the probability 
without experiment or statistical observation. It would hardly 
do for such things as life expectancy in insurance, or other statistical 
questions. For such considerations, we use relative frequency 
as the definition of probability. That is, if /(n) is the number of 
favorable events in n trials, the relative frequency/(n)/n is called 
the statistical probability, or a posteriori probability, or empirical 
probability of success. It may be expected to change if n is 
changed, that is, if the basic data or number of cases examined 
is changed. 

For life insurance, the Commissioner’s Standard Ordinary 
Mortality Table (table VIII) is based on many observations of 
holders of life insurance policies. 

Example. What is the probability that a man aged 32 will 
live to 50? 

Solution. From the table, of 917880 men aUve at age 32, 
810900 are alive at age 50. Hence the probability is 810900/917880 
= 0.883 or 88.3%. 

Needless to say, this means nothing to any particular man 
.since it takes no account of his health, occupation, etc. But it 
has statistical significance. 

EXERCISES 

Using table VIII, estimate the statistical probability of: 

1. A lO-year-old reaching the age of 35. 

2. A 10-year-old reaching the age of 60. 

3. A 10-year-old reaching the age of 70. 

4. A 30-5'ear-old reaching the age of 60. 

6. A 35-year-old reaching the age of 70. 

6. A 31-year-old reaching the age of 90. 


139. Some theorems concerning probability. The following 
theorems are useful in more complicated examples of probability. 

Theorem 1. If the probability of success is p , then the probability 
of failure is 1 — p. 

Proof. If the event can happen in s successful ways out of a 
total number t of possible equally likely ways, then it fails in 
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t 


t 


1 


p 


t — s ways. Hence the probability of failure is 

where p = s/t is the probability of success. 

Example 1. The probability of throwing a two with a single 
die is 1/6 while the probability of failing to throw a two is 1 - 

1/6 = 5/6. 

Two or more events are called independent if the occurrence 
or non-occurrence of any one of them is not affected by the occur¬ 
rence or non-occurrence of the rest. 


Theorem 2. 


If Pits the probability that a first event will occur, 
and p 2 is the probability that a second independent event will occur, 
then the probability that both will occur is piP 2 . A similar theorem 

can be stated for more than two events. 

Proof. Liet pi — Si/ti, and p 2 — 82 /^ 2 * By the fundamental 
principles of section 132, chapter XVII, any of the h possibilities for 
the first event may be combined with any of the tz possibilities 
for the second event, yielding a total number tit 2 of possibihties 
for both events. Similarly, the total number of successful possi¬ 
bilities for both events together is S 1 S 2 . Hence the probability of 

r 11 ' ^ 1^2 

both events occurring successfully is -rj- = pipt. 

VIL2 

Example 2. The probability that an ace be drawn from a 
pack of 52 playing cards is 4/52 = 1/13. Suppose that, after a 
card is drawn, it is replaced in the pack. Then the probabiUty 

of drawing two aces in succession is ' J 3 ~ iqq’ 

drawings are independent of each other. 

Theorem 3. If the probability of a first event is pi and if the 

probability of a second event, after the first event has happened, ts p 2 , 

then the probability that both events will occur in succession is piP 2 . 

A similar theorem can be stated for more than two events. 

Proof. Similar to theorem 2. 

Example 3. Suppose that when a card is drawn from a pack, 
it is not to be replaced before the second drawing. Then the 
probability of drawing two aces in succession from a pack of 

52 playing cards is ^ ^ 

been drawn and not replaced, the probability of drawing the 

second ace is 3/51. , . -r + 

Two or more events are said to be mutuaUy exclusive if not 

more than one of thorn can occur. 
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Theorem 4. If the probability that one event will occur is pi 

and the probability that a second event will occur is p 2 and if the 

two events are mutually exclusive, then the probability that either 

the first or the second event will occur is p\ + pi- ^ similar theorem 

can be stated for more than two events. 

Proof. Let the total number of possibilities be t, of which Si 

cases are favorable for the first event and S 2 cases are favorable 

for the second event. The Si cases and the S 2 cases are all different 

since the two events are mutually exclusive. The probability of 

the first event is pi = Si/« and the probability of the second 

event is 7)2 = s-z/t. One or the other of the two events can occur 

in Si + S 2 ways. Hence the probability that either one or the 


other will occur is 


Si + S2 

t 



= Pi + P2. 


Example 4 . The probability that either an ace or a king will 
be drawn in a single drawing from a pack of 52 playing cards is 


± . ± ^ A 

52 52 “ 13‘ 

One must be careful, in appljdng theorem 4, to be sure that 

the events are mutually exclusive. 

Example 5. The probability of drawing a heart in a single 
drawing from a pack of 52 playing cards is 13/52. The probability 
of drawing an ace is 4/52. But the probabihty of drawing either 
an ace or a heart is not 17/52 but 16/52 = 4/13. 

Theorem 5. If p is the probability that an event will occur in a 
single trial, then the probability that it will occur exactly r times out 
of n trials is C{n,r) • p'q'^~^, where q = 1 — p is the probability of 
failure in a single trial. 

Proof. The probability that the event will occur in any 
particular set of r trials and fail in the remaining n — r trials 
is p'q^~^, by theorem 2. But the particular set of r trials may be 
selected from the set of n trials in C{n,r) ways. Hence, by theorem 
4, we must add C(n,r) terms each of wliich has the value p'q^~^. 
Therefore the desired probability is C{n,r)p^q'^~^. 

Example 5. Find the probabihty of throwing a two with a 
single die exactly 3 times out of 5 trials. 

Solution. The probabihty of throwing a two in a single trial 


is 1 / 6 . Hence the answer is C(5,3) 

125 
~ 3888’ 




216 36 
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Example G. A mass production factory makes rods which 
are to be 1 inch in diameter, with a tolerance of 0.1 inch. That u , 
they are acceptable if their diameters lie between 0.9 inch and 
1.1 inches. In normal production it is found that 1 out of 10 
will fail to meet this requirement. Suppose, on a given occasion, 
a sample of 20 shows 5 unsatisfactory rods. Can this be attrib¬ 
uted to chance? That is, what is the likelihood that o unsatis¬ 
factory rods should occur out of 20? By theorem 5, the probal)ility 

is C(20,5) ~ approximately. Since this Is 

a very small probabihty, careful investigation of the production 
process is indicated to discover the cau.se of the excessive failures. 

If p is the probability of a person winning an amount A of 
money, then pA is called his mathematical expectation. 

Example 7. A man will win $12 if he throws a two with a 
single throw of a single die. His mathematical expectation is 

5 • $12 = S2. 

6 

If the probability of an event is s/t, the odds in favor of the 
event are slot — s, and the odds against the event are i — « to s. 
Example 8. The odds against throwing a two with a single 

throw of a single die are 5 to 1. 

EXERCISES 

1. What is the probability of throwing a six twice in succes.sion with 
a single die? 

2. What is the probability of drawing an ace twice in succession 
from a pack of 52 placing cards (a) if each drawn card is replaced in the 
pack before drawing again; (b) if drawn cards are not replaced? 

3. Find the probability of drawing an ace 4 times in succes.don from 
a pack of 52 placing cards (a) if each drawn card is replaced in the pac-k 
before drawing again; (b) if dra\vn cards are not replaced. 

4. An urn contains 6 white and 5 black baUs. If drawn balls are 
to be replaced in the urn before the next drawing, what is the probabUity 
of drawing (a) 2 white balls in succession; (b) 3 black balls in succession. 

6. The same as exercise 4 except that drawm balls are not to be 
ropl&cod • 

6. WTiat is the probability that a sLx will turn up exactly once in 

3 successive throws of a single die? 

7. WTiat is the probability that a six will turn up exactly twice m 

5 successive throws of a single die? 

8. Find the probability that a six will turn up at least once m 4 
successive throws of a single die. {Hint: Consider the probability of 

failure.) 
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9. If 10 coins are tossed in succession, what is the probability that 
(a) exactly 3 will be heads; (b) at least 3 will be heads? 

10. If 10 coins are tossed, find the probability that (a) exactly 8 will 
be heads; (6) at least 8 ivill be heads; (c) at most 8 will be heads. 

11 If 5 dice are thrown, find the probability that (a) exactly 3 o 
them yvill turn up a six; (6) at least 3 of them wdl turn up a six; (c) at 

most 3 of them will turn up a six. 

12. If a man will win $G0 if he throws a total of seven in a single throw 

of a pair of dice, what is his mathematical expectation? 

13. What is the probability of throwing a total of seven with a pair 
of dice (a) 5 times in succession? (b) 10 times in succession? (c) Is the 
probability in (b) half as great as that in (a) ? 

14. If 13 cards are drawn from a pack of 52 playing cards, what is the 
probability that they will all be spades? 

16. The probability that A will be alive next Christmas is 3/4. The 
probability that B will be alive next Christmas is 2/3. What is the 
probability that at least one of them will be alive next Christmas? 
{Hint: Consider the probability of failure.) 

16. Three different red and 3 different blue books are shelved at 
random on a shelf with space for 6 books. Find the probability that 
they will be shelved with colors alternating. 

17. In a tennis tournament, the odds that A will win the tournament 
are 4 to 3 and the odds that B will win are 1 to 4. Find the odds that 
either A or B will win. 

18. The probability that A will solve a problem is 2/3. The proba¬ 
bility that B will solve the problem is 3/5. If both work on it independ¬ 
ently, w'hat is the probability that the problem Avill be solved? 

19. Two people A and B are to draw alternately one ball at a time 
from an um containing 3 white and 2 black balls, drawn balls not being 
replaced. If A takes the first turn, w-^hat is the probability that A will 
be the first to draw white? 

20. A machine has two component parts, A and B. If either one 
breaks dowm, the machine breaks down. The probability that A will 
break down in 1 year is 1/4. The probability that B will break down in 
1 year is 1/5. Find the probability that the machine will break down 
in 1 year. 

21. A machine has three parts A, B, C. If any one of them breaks 
down, the machine breaks down. Suppose that the probability that 
A breaks down in 1 year is 1/5; similarly for B and for C. Find the 
probability that the machine will break down in 1 year. 

22. (a) Two men are to be chosen at random from a group of 8. 
What is the probability that a certain 2, A and B, wdll be those chosen? 
(6) The 8 men are to be seated in a row of 8 seats What is the proba¬ 
bility that a certain 2, A and B, will be seated next to each other? 

23. (a) Find the probability of throwing a total of seven at least 
once in 3 successive throws of a pair of dice, (b) What are the odds 
against this happening? 
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24. Five students are assigned seats in a row of 5 seats, (a) If they 
sit down at random, find the probability that every one will sit in his 

own seat. (6) Find the probability that at least 3 will sit in their own 
seats. 

26. Under normal conditions 10% of a certain mass production item 
will be defective. In a certain sample of 10 items, 3 of them are found 
to be defective. What is the probability that this happened by chance? 

26. One urn contains 5 black balls and 2 white balls. A second um 
contains 3 black balls and 4 wliite balls. If we are to draw just 1 ball, 
what is the probability that it will be w'hite? 

27. In a “multiple choice” test, each question is to be answ^ered by 
selecting 1 of 5 different proposed answ^ers, of which only 1 is right. If 
there are 10 questions on the test, what is the probability of (a) getting 
exactly 6 right by pure guesswork; (6) getting at least 6 right by pure 
guesswork? 

28. A gambler bets $72 that he will obtain a total of either eight or 
five in a single throw of a pair of dice. What are the odds in his favor 
and what is his mathematical expectation? 




CHAPTER XIX 

Mathematical Induction 

140. The nth term of a sequence. By a sequence of numbers 
meant a succession Ui, a*, as, . . • , Qn, • • • • The subscript n 
indicates the position of the term On in the sequence, llius ai 
is the first term, a, the second term, and in general, a„ is the nth 
term, or general term, of the sequence. A sequence may be 
specified bv stating its nth term as a function of n, as follows. 

Example 1. The sequence whose nth term is 2n lias the 

numbers 2 • 1 = 2 , 2 • 2 = 4, 2 • 3 = 6, 2 • 4 = 8, 2 • 5 = 10 as 

the first five terms. ^ 

Example 2. The sequence whose nth term is has the 

numbers 1, iVj ^ ® terms. 

However, there is no po.'^sibility of conversely determining 

the nth term as a function of n from a knowledge of the first 

five (or first thousand) term.s alone. For example, the nth term 

of the sequence of example 1, namely 

(1) 2, 4, 6, 8, 10, . . . 

is 2n. But the first five terms given in (1) are also the first five 
terms of the sequence whose nth term is 

f2) 2n -H (n — 1 \(ji — 2)(n — 3)(n — 4)(7i — 5), 

and also the first five terms of the .sequence whose /ith term is 
(3) 2n + (n - l)!n - 2,i(n - 3)(n — 4)(n - 5)/(n), 

where/(n) may be almost any function of n at all. 

Sole. It follows that the question, “What is the next term 
of the sequence 2, 4, 6, 8, 10, . . . ?” which is often asked on 
intelligence teats, cannot be answered logically. For if the nth 
term were 2n, the next term would be 2 • 6 = 12; but if the nth 
terra were (2), then the next terra would lie 2 • 6 + 5 • 4 -^3 • 2 • 1 
= 132: indeed, the next term may be any number at all if the 
function /(n) in (3) is properly chosen and (3) then taken as the 
nth terra. 
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EXERCISES 

Write (a) the first 6 terms, (b) the 10th term, (c) the kth term, {d) the 
{k + l)th term, of the sequence whose nth term is: 

4. 2n — 1. 6. n{n + 1). 

7. ; : TT’ 8. 2n “1“ 3. 


1. 2n. 


2. 3n. 


6 . 


(- 1 )" 


3. 


(- 1 ) 


n+l 


n(n + 1) 


141. The axiom of mathematical induction. The following 
so-called axiom of mathematical induction is one of the basic 
axioms of algebra. 

If a proposition involving the positive integer n can he proved 
to have the following properties: 

(A) The proposition is correct for n = 1; 

(B) If k is any value of n for which the proposition is true, then 
the proposition is also true for the next value n = k 1, 

then the proposition is true for all positive integral values of n. 



Condition (6) not satisfied 

Fis. 57. 



This axiom is extremely plausible. For if (A) is established, 
the proposition is true for ?i = 1. But if {B) is established, then 
it is true for 1 -f- 1 or 2. But then (B) also implies that it is true 
for 2 4- 1 or 3. And so on. But we cannot go on so for more 
than a limited number of cases in a lifetime. Hence we assume 

the axiom above. 

The axiom of mathematical induction may be made intuitively 
plausible by con.sidering an endless single file of toy soldiers 
(Fig. 57). Suppose we wish to knock over all the soldiers. We 
cannot knock over more than a limited number of them if we 
knock over one at a time. But we can be sure they will all fall 
if we can make sure of two things, namely that: 

(а) yhe first soldier is knocked over; 

(б) The soldiers are spaced so that if any one is knocked over, 
it automatically knocks over the next. Clearly, (a) corresponds 
to (A) and (b) to (B) in the axiom of mathematical induction. 
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mathematical induction. Let us prove 


142. Proofs by r 

following theorem: 

Theorem 1. If n is any 'positive integer, then 


( 1 ) 


3 + 6 + 9 4- 


+ 371 


3n{n + 1) 




317 

the 


Note 

that (1) a.sserts that 

for n 

= 1, 

3 

for n 

= 2, 

3 4-6 

for 71 

= 3, 

3 4- 6 4-9 

for n 

= 4, 

3 4- 6 4- 9 4- 12 


3 ■ 

1(1 

4- 

1) 


2 



3 

■ 2(2 

-b 

1) 


2 



3 ■ 

3(3 

4- 

1) 


2 



3 

• 4(4 

-b 

1) 

2 


and so on. But we cannot prove the infinite number of proposi¬ 
tions contained in theorem 1 by checking one case at a time in this 
way. Hence we prove it by means of the axiom of mathematical 
induction, as follows: 

Proof. (A) For n = 1, we verify that (1) is true by direct 
substitution of 1 for n; that is, w'e verify that 

Q _ 3-1(1 + 1) 


(B) We prove the so-called auxiliary proposition, that if the 
proposition is true for n = k, then it must be true for the next value 
n = k + 1. 


The hj'pothesis of this proposition is obtained by substituting 
71 = /c in the proposed formula (1). The conclusion is obtained 
by substituting ti = 1 in (1). Thus, 


Hypothesis. 

Conclusion. 


3 4-6-1-9-1- • • 

3 4- 6 4- 9 -1- • 

3{k 4- 


4- 3A: = 

• 4-3(^ 

1)(A: -H 1 


3k(k 4-1) 3A:* 4- Sk 


2 


2 


-b 1) 
4- 1) 


2 


3fc* 4- 9^■ 4- 6 

2 


Proof. By hypothesis. 


o 1 « I n I 1 07 3A:* -f 3fc 

3-f64-9-l- • • • 4-3A: = -^- 


Adding the {k -|- l)th term, 3(fc -j- 1), to both sides, we obtaia 
(2) 3 -H 6 -h 9 -h • • • + 4- 3(A: 4- 1) = + 3(k + \). 
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which is then true, because if equals are added to equals the results 
are equal. The left member of (2) is the same as the left member 
of the conclusion. It remains only to verify that the right member 
of (2) is the same as the right member of the conclusion. Since 


3/c2 + Sk 


O 


+ Sik + 1 ) 


+ 9A- + 6 


the auxihary proposition is proved. 

By virtue of (A) and (B), the axiom of mathematical induction 

assures us that (1) is true for all positive integral values of n. 
That is, theorem 1 is proved. 

The work may be arranged compactly as in the following 
example: 

Theorem 2. If n is any positive integer, then 

/o IN n{Zn + 1) 

(3) 2 + 5 + 8 + • • • -b (3n - 1) = - 2 - 


Proof. (A) We verify (3) for the case n = 1 


2 


1(3 • 1 + 1) 


2 


2 = 2 . 


(B) Hypothesis. 2 + 5 + 8 + 




+ (3fc - 1) 


3A:2 ^ 

2 

Conclusion. 

2 + 5 + 84- 


A:(3/c + 1) 
2 


• • 


, (jfc + 1)(3[A; + 1] + 1) 

+ (3[k + 1] - 1) = ^^- 2 - 


J 


or 


2 + 5 + 8 + 


+ (3A: + 2) 


Sk^ + 7/c + 4 

2 


Proof. 


By hypothesis, 

2 + 5 + 8 + • • • + (3fc - 1) 


3k^ + k 

■ I ■■ » 

2 


Adding the {k + l)th term, (3fc + 2), to both sides, we obtain 

2 -I- 5 + 8 + • • • + (3fc + 2) = 2 ^ + 3fc + 2 

3fc2 + 7A: + 4 

2 


which agrees with the right member of the conclusion. 
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This completes the proof of (B), and hence, by the axiom of 

mathematical induction, completes the proof of theorem 2. 

Note 1. The analogy with the endless file of tin soldiers in 

section 141 makes clear that both part (A) and part (B) must be 
established. We give two algebraic examples to show that neither 
(A) nor (B) alone is sufficient. The student should fill in all 

details. 


(a) Consider the false formula 


3 + 6 + 9 + 


+ 3n 


Sn(n + 1) 
2 


+ (n - 1) 


3 • 1(1 + 1) 

Part (A) is correct, since 3 = - 2 -^ part (B) will 

3k(k + 1) 

not work. For, adding 3(A': + 1) to- ^ -b (k — 1), we do 


2 


. . 3(k + l)(k + 2 ) , 

not get- 2 - ' 

(6) Consider tlie false formula 


3 + 6 + 9 + • 


, „ 3n (n 4- 1) , , 
+ 3m = -2-b 1 


3k(k + 1) 

Here part (B) is correct, since, if we add 3(A + 1) to —-b 1, 


, , 3(A + 1)(A + 2) , , 

we do get -s-b 1. 


3 


3 • 1(1 + 1) 
2 


2 

+ 1 - 


But part (A) is false, since 


Note 2. A proof by mathematical induction is deductive logic 
and must be distinguished from the induction or inductive logic 
used in experimental science. In exfierimental science we might 
test a formula hke (1) for n = 1, 2, 3, • • • , 1000. If it worked 
for 1000 trials we might conclude that it was (very) probably 
true. But we could not conclude more without further information. 
For the false formula 


3 + 6 + 9+ • • • +3n 

= —'• 2 ~^ —^ + (n — l)(n — 2)(n — 3) • ■ • (n — 1000) 

would also work correctly for n = 1, 2, 3, • • ■ , 1000, but would 
l)e false thereafter. TVTiy? 

Note 3. The axiom of mathematical induction is one of five 
axioms, stated by Peano in the 19th century, upon which all of 
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elementary algebra can be based, but the idea of proving theorems 
by mathematical induction can be traced, in some form, to the 
16th century. 

Note Jf.. In the examples above and many of the exercises 
below, theorems giving the sum of the first n terms of a given 
sequence are verified by mathematical induction. But no hint 
is given as to how the right-hand member of the given formula is 
discovered. Many of these can be obtained by methods discussed 
in chapter XXI. 


EXERCISES 

(a) In each of the following exercises, verify the correctness of the given 
formula for n = 1, 2, S. (b) Does the work done in part (a) suffice to 
establish the correctness of the given formula for all positive integers n? 
Explain, (c) Prove by mathematical induction that the given formula is 
correct for all positive integers n. 


1 . 

2 . 

3. 

4. 

5 . 

6 . 

7. 

8 . 









1- 1-3-1-5-1- 

2- |-4-h6-l- 
4-1-8-1-12-1- 

1 -1- 2 -1-3-1- 


-1- (2n 
-1- 2n - 
-b An 

+ n = 


5-1-10-1-15-1- • 


-b 5n = 


— 1 ) = n^. 

= n(n -b 1). 

= 2?l(7^ -b 1). 
n(n -b 1) 

2 

5n{n -b 1) 
2 


5 -b 7 -b 9 -b 

' +A + 


• • 


• -b (2n -b 3) = n(ii -b 4). 

1 In 


1-2 ' 2-3 ' 3-4 


-b 


-b 


n(n -b 1) n -b 1 

n(n -b l)(n -b 2) 

1 • 2 -b 2 • 3 -b 3 • 4 -b • • • -b n(n -b 1) = - 


3 


«>• 


12 -b 2* -b 3* -b • • • -b n* = 


1» -b 2* -b 3» -b 


-b n® = 


n(n -b l)(2n -b 1) 

6 

n®(n -b 1)* 


3-b32 + 3»-b 
1 -b 5 -b 9 -b ■ 
5 -b 8 -b 11 + 


-b 3" = 


3'*+' - 3 
2 


-b (4n — 3) = n(2n — 1). 

^ n(3n -b 7) 
-b (3n -b 2) = -^-2 -- 


1.34.2-4-b3-5-b • • • -bn(n-b2)=^(n-b l)(2n -b 7) 


a + ar + ar^ + ' 


+ ar 


i 


a 


ar 


1 - r 















Ok m. 


mathematical induction 

U ^ di -•-(« -h W) -I- •*• + (•*♦■ I 


3t1 





•IT. 

*IA 





J 


•u. 
- r 

U^* - 



< (• +1)1 
• +1 #)^ 


H 




* 












«#). (H* Moivre’* 

y b * factor of 
(HtM: **♦» - 




iT*)) 




nxi> ♦ <MvD + + * 


# ^ 


-f €*(• -f 1.1) - ^*(*« + 1. *1. 









CHAPTER XX 

The Binomial Theorem 


143. The binomial theorem for positive integral exponents. 
By direct multiplication, the student may verify that 

(ci -f“ ~ Q b 

(a + by = + 2ab + 6* 

(a + 6)" = a® + Sa^b -|- 3a6^ + 6® 

(a b)* — 'a* Aa^b + 6a^6^ + 4a6® + 6^ 

(a + by = a® + ba*b + lOa^b^ + lOa^fe® + bab* + 6®, 

% 

and so on. The right member is called the expansion of the left 
member. From these examples, we might guess that the expansion 
of (a + by, where n is any positive integer, has the following 
properties: 

(A) The expansion has n + 1 terms; 

{B) The first'term is a" and the last is 6”; 

(C) In each successive term after the first, the exponent of 
a decreases by 1 and the exponent of b increases by 1 so that the 
sum of the exponents in each term is n ; 

(D) The coefficients of terms equidistant from the ends of the 
expansion are equal; 

{E) The coefficients may be determined from the triangular 
array 


1 1 
12 1 
13 3 1 

1 4 6 4 1 

1 5 10 10 5 1 


in w’^hich each number, except those at the ends, is the sum of 
the two nearest numbers in the line above. This scheme is known 
as Pascal’s triangle, although it was known, both in Europe and 
in China, considerably before Pascal's time (17th centur>;). 
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Pascal studied it in connection with permutations, combinations, 

and probability. . 

Example 1. From properties (A) to {E), we can write 


(a + h) 


= a® + 6a6& + 15a^6" + 20a®6* + 15026^ + 6a6^ + 

To find the coefficients from Pascal’s triangle is tedious if 
the exponent n is high. For example, to find the coefficients of 
(a _)_ if,)i6o by this scheme requires writing out the first 149 hnes 
of Pascal’s triangle before the 150th can be determined. A better 
way of writing the expansion is given by the following theorem, 

called the binomial theorem. 

Theorem. If n is any positive integer, 


(1) (a + h) 


n 


+ 


n{n — l)(w 


+ 


# • 


+ 


1 • 2 • 3 

n(n — l)(n 


a” + Y ^ 

T_ 2 ) „n_3^,3 4 . !i(!L 


2 


^ a"- 


2^2 


l)(n - 2)(n - 3) 


1 • 2 • 3 • 4 


*b 


2 ) 


(n — r + 1) 


1 • 2 ■ 3 


a 


n 


6 " + 


+ 6” 


Proof* Recall that (a + 6)”, where n is a positive integer, 
stands for the product of n factors each equal to (a + b). Hence 
each term in the result is a sum of terms each of which is a product 
of one letter from each factor (a + b). Thus, the term involving 
?)’■ will be a sum of terms of the form d^~^b^, each of which is a 
product of r b’s [one from each of r factors (a + b)] and n — r a’s 
[one from each of the remaining n — r factors (a + b)]. There 
are as many such terms as there are choices of r factors from the 
n factors, from which to take a b. Hence there are C{n,r) such 
terms and the total coefficient of a”^~^b'" will be C(n,r), or, by (3) of 
section 136, chapter XVII, 


C(n,r) 


n{n — l)(n — 2) • * • (n — r + 1) 

1 • 2 • 3 • • • r 


Note 1. The coefficient of the term involving b’' in the expan¬ 
sion of (a + 6)" has the product of the first r positive integers 
(or r!) in the denominator, and r factors in the numerator beginning 
wdth n and successively decreasing by '1. That is, the term 


* Chapter XVII on Permutations and Combinations is needed for this proof 
.\nother proof by mathematical induction will be given in the next- section. 
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involving b"" is 


( 2 ) C{n,r)a^-^b 


n(n — l)(n — 2) 


(n — r-\- 


1 • 2 • 3 


— a"-^ 


b 


This is the (r + l)th term of the expansion. The rth term would 
be, accordingly, 


(3) C(n, r - 


n{7i — l)(n — 2) • • • (w — r + 2) 

1 • 2 • 3 • • • (r - 1) 



The number of factors in either numerator or denominator of the 
coefficient is equal to the exponent of b. 

Note 2. The binomial formula (1) may be written, for positive 
integral exponents, as 

(4) (a + 6)" = a" + C(n,l)a"-i& + C{n,2)a^-^b^ + • • • 

+ C{n,r)a^~'^b'' + • • • + 6 ”. 


In particular, setting a = 6 = 1 in (4), it follows that 

C(n,0) + C(n,l) + C(n,2) + • • • + C{n,n) = 2" 

where we have written C(n,0) = C(n,n) = 1. That is, the total 
number of sets of any size that can be selected from a given set of n 
things is 2^ provided we include just 1 '‘empty” set [C(n,0) = 1]. 
If we do not wish to count this “empty” set, the number is 2”^ — 1. 

Note 3. If the product of the coefficient of any term and 
the exponent of a in that term is divided by the number of that 
term, we obtain the coefficient of the next term. For example, the 
coefficient of the 4th term in the expansion of (a + 6)® (see example 
1) may be obtained from the third term by calculating 15 • 4/3 
= 20. 

Note 4- If the entire expansion is desired, for a low value 
of n, the coefficients may be obtained by means of note 3, or 
(4), or (1), or Pascal’s triangle. If a particular term only is 
desired, (2) or (3) will be useful. 

Note 5. Since a — b = a + [ — b], the expansion of (a — b)" 
will have alternating signs beginning with plus. The minus signs 
will appear whenever the exponent of [ — 6] is odd, namely in the 
even-numbered terms. 

Example 2. Expand [2x — ^) > and simplify each term. 
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By (1), or various other considerations above, 



2 




= 2x 4- 


2 



6 


(2x)‘ + j (2x)^ [ 


+ (2x)> [ 

6 • 6 


2 
2 


+ 


r4 [ 


+ 


6 • 5 • 4 • 3 
1 • 2 • 3 • 4 


_ ^ 

2 

(2x) 



5 • 4 


1 • 2 • 3 • 4 • 5 




64x* - 96x'6- + 60x^6^ 


- IT - 

15 

3 



2 


6 


12 


— 4“ — 

8 ^64 


Example S. Write and simplify the 8th term in the expansion 



Solution. The 8th term will involve Hence it is 


Z2 • 11 • 10 • 9 ■ 8 • 7 • 6/uV , 
1 •2-3-4-3-6-> W ^ 


u 

99 •8^1- 


14 — 


4 




Example 4- Write and simplify the term involving A:* in the 
expansion of (h* — A**)®. 

Solution. This is the fourth term since we must have b or A-^ 
raised to the third power. This term is 

(.h‘n-k‘)‘ = -56A“A;*. 


Example 5. By means of the binomial theorem, calculate 
(1.02)® to the nearest hundredth. 

Solution. (1.02)® =(14- 0.02)® = 1® 4- j • H(0.02) 4- 

• l‘(0.02)» 4- • l‘(0.02)» 4- • • • = 1 -b 0.16 4- 0.0112 

4- 0.000448 + • • • = 1.171648 = 1.17 to the nearest hundredth. 
It is intuitively clear that further terms w’ill contribute negligible 
increases since higher powers of 0.02 are very small. 

Note 6. Some elementary practical applications of the 
binomial theorem \sdll be found in chapter XXIV. It will prove 
to lie a useful theorem in more advanced courses in mathematics. 
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EXERCISES 

Write the expansion of each of the following and simplify each term: 


1. {x + hy. 2 . (a + 6 ) 8 . 


6. (2a8 + 362)6. 


8 . (a - 6 )^ 


11 . 


\>J 


14. 


ab 


4z\6 


2x a^b 


6 


- a * f 


3. (p + qY 

•l\ 6 


4. (2a + 36)^ 


9. (a — 6 ) 6 . 


12 



2 



7. (a - 6 ) 8 . 


10. 2a8 


13 



2 


62\6 


2 a 



Write, in simplified form, only the specified term: 


16. 

16. 

17. 

18. 

19. 


20 . 

21 . 

22 . 


The term involving /i® in the expansion of (x + hy^. 
The term involving 6 ® in the expansion of (a + 6 )^^ 
The sixth term of (x + hY^. 

The eighteenth term of (x + hY^- 

/a® \8o 

The term involving 6 ® in the expansion of ( ^ + 26® 1 

/ 

The term involving 5 ^® in the expansion of I — + 6 g 2 

The middle term of (a — 6 )*. 

The middle terms of (2a — 36)“. 


12 


23. The sixth term of 


2 


(v X 


X 

2 


2 \ 9 


24. The term involving x® in the expansion of (2.c2 + ^) 8 °. 
26. The eighth term of { 2x2 _ 



2 x 


26. The term involving y“ in the e.xpansion of (^x 2 + 2 '\/yY. 


27. The term involving x® in the expansion of 




10 


2 x 


28. The fourth term in the expansion of (3x2 2x}^Y- 


29. The tei'm involving x’' in the expansion of 


(M) 


8 


30. The term involving x® in the expansion of (2x^ 


31. The term involving x® in the expansion of 




X-2)8. 
6 


32. The fourth term of 



16 


2 x 
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33. The terra invoh-ing x* in the expansion of 

34. The fifth terra of (Vx - 2x-*)*. 


Compute by means of the binomial theorem, using only enough terms 
to get the result aceurate to three decimal places: 


36. (1.01 i» = (1 + 0.01)». 36. (1.02)‘. 

37. (0.99)« = (1 - 0.01)«. 38. (0.98)». 

39. (1.02)”. 40. (0.99)*. 41. (0.98)^ 

42. (1.03)‘®. 

43. Explain the connection between Pascal’s triangle and exercise 24 
of section 130, chapter X\ II. 

44. Expand (a + 6 + c)* by the binomial theorem. {Hint: 
a + 6 + c = [a -p 6] + C-) 


*144. Proof of the binomial theorem by mathematical induc¬ 
tion. We give a .second proof of theorem 1 or formula (4), section 
143, for pa-^itive integral exponents, by mathematical induction. 


Proof. (A ) For n = 1 the formula (4), section 143, is true, 
since (a + 6)‘ = a + 6. 

(/i) If the formula (4) is true for n = k, then it must be true 
for n == A: + 1. 

Hypothesis, (a 6)* = a* -1- C(A:,l)a*“‘6 + ‘ + 

C(k, r - -|- Cik,r)a^b’- + • * • +6*. 

Conclusion, (a + 6)*“^' = 4- C{k + 1, l)a*6 + • * * + 

C{k + 1, + ■ • • + 

Proof. Multiply both sides of the hypothesis by (a b). 
The left meml:)er Ijecomes (a + In the right member let 

us consider a tj'pical term in the product, say the term involving b’’. 
Thai will be the sum of two terms, the first being the product 
of a b^' the term involving b' in the hypothesis, and the second 
l>eing the pro<luct of b by the term involving b'^^ in the hj'pothesis. 
Thest* two products are C(k,r)a^~^'*'^b’‘ and C{k, r — l)a*~^*6’' 
respect iveh'. Hence their sum is 


[C(A-,r) -b C(A, r - l)]a*-^+'6^ 

By direct calculation,* we find that C(k,r) -|- C(k, r — 1) = 
Cik -4- 1, r). Hence the general term of the conclusion is C(k -|- 1, 

This completes the proof. 

* May be omitted without disturbing continuity. 

• See 24. eerfion 136, chapter XVII, 
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146. The binomial series. Consider the binomial expansion 


(1) (1 + x)" = 1 


. n , n{n — 

+ I^ + 1-2 


1 ) 


x^ + 


n(n — l)(n — 2) 

1 • 2 • 3 


X* + 


• • 


+ 


n{n — 1) • • • (n — r + 1) 

1 ' 2 • • * r 


x^ + 


• • 


If n is a positive integer, the term involving x” is the last non-zero 
term, since if r = n -b 1, n -b 2, • • * the coefficient contains 
the factor zero in the numerator. But if n is not a positive 
integer, the expression (1) does not terminate. It becomes what 
is known as an infinite series which has significance under circum¬ 
stances which will be explained in chapter XXVII. 

This binomial series was used by Isaac Newton (English, 
1642-1727) for negative and fractional values of n. The cor¬ 
rectness of the expression (1) under suitable conditions was 
established for all complex values of n by N. H. Abel (Norwegian, 
1802-1829). 

Example 1. Write and simplify the first four terms of the 

expansion of (1 -b x)~^''®. 

Solution. 

(1 + = l-x + ~ + 


!)(-»-2) 


1 • 2 • 3 


l-H-33.3 _i_ 


1 


^ X “b 

3 


2 

9 


14 

81 


x» -b 


Example 2. Find to the nearest hvmdredth the positive cube 
root of 29. 

( 2 

we have 




1 -b 0.0247 



m -1) (i_y 

1 •2 \ 27 j 

, m - i)(i - 

+ 1 -2-3 

0.0006 -b 0.00002 - 



• • • = 1.02412 

approximately. 


Hence \/29 = 3(1.02412) = 3.07 to the nearest hundredth. 
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Write the first Jour terms in the expansion of: 

1. Vl + X. (Hint: Vl + x = (1 -f x)^-) 

2. (1 + x)-\ 3. V^l + x. 4. -4— 6. - 6. 

1 + X I - X Vl + X 

Using the binomial expansion, calculate to the nearest hundredth: 

7. VI?. 8. 9. v^. 10. (1.01)-‘. 

11 . 12 . ( 1 . 02 )-><'. 

By the binomial expansion, calculate to the nearest thousandth: 

13. V^. 14. \/48. 16. ^25. 16. ^8. 










CHAPTER XXI 


Progressions 

146. Arithmetic progressions. A sequence* of numbers in 
which each term is obtained from the preceding one by addition 
of a constant number d is called an arithmetic progression. The 
number d is called the common difference. If a is the first term 
of an arithmetic progression with difference d, the first n terms 

are 

(1) a, a d, a 2d, a Sd, • - a (n — l)d. 

The nth term or last term I is 



I = a (n — l)d. 


Example 1. The first five terms of the arithmetic progression 
with first term equal to 3 and common difference equal to 2 are 

3, 5, 7, 9, 11. The nth term is 3 + (n — 1)2 = 2n 4- 1. 

Example 2. Given that 4, 7, 10 are the first three terms of an 

arithmetic progression, find the 11th term. 

Solution. Here d = 7 - 4 = 3. Hence the eleventh term is 

a + (11 - l)d = 4 + 30 = 34. 

Let Sn stand for the sum of the first n terms of the arithmetic 

progression (1). That is, 

(3) s„ = a + (a + d) + (a + 2d) + (a + 3d) + • • • 

-^- (Z — d) + 1. 


Reversing the order of the terms, we have also 
(4) s„ = Z + (Z - d) + (Z - 2d) 4- (Z - 3d) 4- 


\ J- 




Adding terms written under each other in (3) and (4), we obtain 

(5) 2s„ = (a + Z) + (a + Z) + (a 4- 0 + (a + 0 + • • • 

^ ^ 4- (a + Z) + (a + ^ 

where there are n parentheses in the right member. Hence, 

2sn = n(a 4- Z), or 

(6) s„ = I (a 4- Z). 

• See section 140, chapter XIX, for the general definition of a sequence. 
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Using (2), we can rewrite (6) as 


^7) 


n 


n 


2 (2a + [n 


l]d) 


Example 3. Find the sum of the first 20 terms of the arith- 
etic progression in example 1. 

First solution. Here a = 3, d = 2, n = 20. Hence, from (7), 


S20 


20 
2 


(2 • 3 + [20 - 1]2) = 440. 


Second solution. The twentieth term is 3 + [20 — 112 = 41 


From (6), 


^20 


20 


^(3 4- 41) = 440. 


Example 4 . Find the sum of the first 50 positive integral 
multiples of 3. 

Solution. The positive integral multiples of 3 form an arith- 

50 


metic progression with a = 3, and d = 3. Hence Sso 


2 


(2 ■ 3 


+ [50 - 1]3) = 3825. 

In an arithmetic progression of n terms, the first and last 
(nth) terms are called the extremes, while those in between are 
called arithmetic means. 

Example 5. Insert five arithmetic means between the numbers 
4 and 22. 

Solution. After the five arithmetic means are inserted, the 
number of terms in the arithmetic progression is n = 7. We 
liave a = 4, I = 22. From (2) we have 22 = 4 + (7 — l)d; 
hence d = 3. Therefore the arithmetic means are 7, 10, 13, 16, 19. 

Note 1. If we insert one arithmetic mean between a and h, 


we find d = 


6 


a 


2 


arithmetic 


b 


a 


a 


h 


2 


2 


The number —^— is often called the arithmetic mean 

(or average) of a and b. Generalizing this definition, the number 

Qi + 02 + as + • * • + a„ . „ , , 

- IS called the arithmetic mean (or 

average) of the numbers Oi, a^, ... , a„. 

Note 2. Further applications of arithmetic progressions vull 
be found in chapter XXIV. 
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EXERCISES 


Find the common difference, the laet term, and the sum of each of ihe 
following arithmetic progressions: 

1 . 3, 7, 11, . . . to ten terms. 

2. 4, 7, 10, . . . to nineteen terms. 

3. 10, 7, 4, ... to eight terms. 

4 . — 12, — 9, — 6, . . . to fifteen terms. 

6. 2, 3f, 5^, . . . to twelve terms. 

6. 8, 6.6, 5.2, ... to sixteen terms. 

7. Find the sum of the first 80 positive integers divisible by 4. 

8. Find the sum of the first 75 positive integers divisible by 5. 

9. (a) How many even numbers lie between 11 and 65? (b) lind 

their sum. 

10. (o) How many numbers divisible by 4 lie between 50 and 190. 
(b) Find their sum. 

11. (a) How many numbers divisible by 6 lie between 75 and 190.^ 
(b) Find their sum. 

12. (a) How many numbers divisible by 8 lie between 100 and 500. 



Find their sum. 

13. Insert five arithmetic means between 2.9 and 15.5. 

14. Insert six arithmetic means between 4 and 25. 

16. Insert seven arithmetic means between —5 and 11. 

16. Insert eight arithmetic means between 18 and —9. 

17. Find the sum of the first n even positive integers. 


,8. Find the sum of the first n odd positive integers. 

.9. Find the sum of the first n positive integral multiples of 4. 

10. Find the sum of the first n positive integral multiples of 5. 

'n each of the following problems, some of the quantities a, d, I, n, Sn 


are 


given; find the remaining ones: 

21. d = 3, n = 13, s„ = 286. 

23. a = 7,1 = 75, n = 18. 

26. a = 5, I = 25, d = 2. 

27. d = 5, n = 13, I = 63. 

29. a = 6, = 720, I = 74. 

Find a foTTTivXn foTi 

*31. d in terms of a, s„, and Z. 
*32. Sn in terms of n, Z, and d. 
*33. d in terms of s», Z, and n. 
*34. Z in terms of d, n, and Sn. 
*36. a in terms of d, n, and Sn. 

* May be omitted without disturbing 


22. d = 2,n = 11, Sn = 165. 
24. a = 8, Z = 88, n = 17. 

26. a = 4:, I = 40, d = 3. 

28. d = -3, 71 = 15, Z = -27. 
30. a = 7, 8n = 472, Z = 52. 


continuity. 
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Find the arithmetic mean of: 

36. 14 and 20. 37. 60. 72, 87. 38. 50, 75 82. 95. 

39 The first year a man is employed he saves In ® 

ceeding year he saves S50 more than the year before. How much has h 

accumulated at the end of 15 years? 

plus 5% interest on the amount unpaid during that year. Find his 

total payment. ... i 

41. A man receives a salary of $1600 per annum with the under¬ 
standing that his salary will increase by $160 per year up to and includmg 
the tenth year, (a) What will his salary be for the tenth year? (6) 

What are his total earnings during the 10 years? 

42. A body faUs 16 feet during the first second, 48 feet during the 
second second, 80 feet during the third second, and so on in arithmetic 
progression, (a) How far does it fall durmg the tenth second, (b) 

How far does it fall during the first 10 seconds? 

43 Show that if the nth tenn of a sequence is a linear function of n, 
say pn + q, where p and q are constants, then the sequence is an arith¬ 
metic progression. Find expressions for o, d, I, and m terms of p, q, 

and n. 

147. Geometric progressions. A sequence of numbers in 
which each term is obtained from the preceding term by mul¬ 
tiplication by a constant factor r is called a geometric progression. 
The constant factor r is called the common ratio. If a is the first 
term of a geometric progression, with common ratio r, the first 

n terms are 

(1) a, ar, ar^, ar^, . . . ; 


ar 


fl—1 


The nth term or last term I is 


(2) I = ar" h 

Example 1. The first five terms of the geometric progression 
with first term equal to 3 and common ratio equal to 2 are 3, 6, 

12, 24, 48. The nth term is 3 • 2"“h 

Example 2. Given that 16, 8, 4 are the first three terms of a 

geometric progression, find the fifth term. 

Solution. Here r = 8/16 = 1/2. Hence the fifth term is 

16 • = 1. 

Let Sn stand for the sum of the fii’st n terms of the geometric 
progression (1). That is. 


(3) Sn = a ar 4- ar'^ ar^ • ■ • 4 ar’* b 


Multiplying both members of (3) by r, we obtain 
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(4) 


rs 


n 


ar + ar^ + ar® + ar* + 


4- ar". 


Subtracting (4) from (3), we get 


(5) 


(1 — r)s„ 


a 


ar 


Dividing (5) by* 1 — r, we have the formula 


( 6 ) 


a 


ar 


n 


1 


Using (2) we may rewrite (6) as 


(7) 


a 


rl 


n 


1 


Example 3. Find the sum of the first seven terms of the 
geometric progression whose first three terms are 3, 6, 12. 

First solution. Here r = 6/3 = 2, a = 3. Hence by (6), 


Si 


3-3-27 3-3-128 


1 


2 


1 


381. 


Second solution. The last term is I 

3-2-192 


3 - 2« = 3 • 64 = 192. 


Hence by (7), Si 


381. 


1-2 

In a geometric progression of n terms, the first and last (nth) 
terms are called the extremes, while those in between are called 
geometric means. We shall assume that the common ratio r is real. 

Example Jf. Insert five geometric means between the numbers 
3 and 192. 

Solution. After the five geometric means are inserted, the 
number of terms in the geometric progression is n = 7. Hence, 
from (2), 192 = 3r®, or r® = 64. Hence r = ±2. Therefore the 
five geometric means are 6, 12, 24, 48, 96, or —6,12, —24, 48, —96. 

Note 1. Inserting one geometric mean between the numbers 


Thus 

X 


a and 6, we find that if x is a geometric mean then - = 

a: = + v/ ab. Either quantity + is c alled a geometr ic mean 
of a and b. Generalizing this definition, aiUaU* . . . a„ is called 
a geometric mean of ai, a^, ... , a„. 

Note 2. Further applications of geometric progressions will 
be found in chapter XXIV. 


• It is assumed that r 1. If r = 1, «» = tmv 
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Find the common ratio, the last term, and the sum of each of the following 
geometric progressions: 

1 . 2, 6, 18, . . . , to five terms. 

2. 128 , (>4, 32, . . . , to six terms. 

3. 3, -6, 12, , to six terms. 

4 . 6, 2, 2/3, ... , to six terms. 

6. 3, -3/2, 3/4, . . . , to five terms. 

6. 4 , -6, 9, . . . , to sLx terms. 

7. Insert four geometric means between 5 ajid 160. 

8. Insert four geometric means between 384 and 12. 

9. In.sert four geometric means between 162 and —2/3. 

10. Insert three geometric means between 2 and 512. How many 
sets of answers are there? 


In each of the following pro 
given; find the remaining ones: 


12. «« = 252, I = 128, r = 2. 


11. a = 512, r = 1/2, I = 16. 

13. a = 36, r = 1 '3, I = 4/9. 

14. =■ 222.222, r = 10. a = 0.002. 

16. Find the seventh term of a geometric progression whose fourth 
term is 4 and common ratio is 2. 

16, Find the sixth term of a geometric progression whose third term is 
— 0 and common ratio —3. 


Find a geometric mean of each set of numbers: 

17. 2 and 32. 18. 3 and 12. 19. 1/5, 4, 10. 20. h 6, 9. 

21. If each bacterium in a culture divides into 2 bacteria every hour, 
how many bacteria will be present at the end of 6 hours if there are 
4 bacteria at the start? 

22. .\ man deposits 10 cents in a toy bank at the beginning of the 
month and doubles the size of his deposit every month thereafter. How 
much has he in the bank at the end of a year? 

23. Suppose a dropped ball always rebounds 1/2 the height it falls. 
If it is dropped from a height of 128 feet, how far has it travelled when it 
reaches the top of the 5th bounce? 

24- At the end of each year the value of a certain machine depreciates 
by 20^ of the value it had at the beginning of the year. If it was worth 
tlOOO new, what is its value at the end of 5 years? 

26. .\ man receives a salary of $1600 per annum for the first year 
and a 10% raise every year for 10 years. What is his salary during the 

5th year? 

«» 

26. If $1000 is dejxeited in a bank at 2% interest compounded 
a nnua l l y, what is the amount in the account at the end of 5 years? 
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27. Suppose an investment depreciates in value to 20% of the original 
value during the first year, and then depreciates during the second year 
to 80% of the value it had at the start of the second year. What steady 
annual rate of decrease would yield the same resulting value at the end 
of 2 years? 

28. Suppose a house costing SIOOOO depreciates 10% in value each 
year. ^Vhat is it worth at the end of G years? 

29. A tank full of alcohol is emptied of 1 /3 of its contents and then 
filled up ivith water and mLxed. If tliis is done 6 times, what fraction of 
the original volume of alcohol remains? 

30. Show that the reciprocals of the terras of a geometric progression 
also form a geometric progression. 


148. Harmonic progressions. A sequence of numbers is said 
to form a harmonic progression provided their reciprocals form 
an arithmetic progression. 


Example 1. The numbers -> —7 — . o 

^ d d + u Cl + Zd 


1 


’ad- in — l)d 

form a harmonic progression, provided none of the denominators 


is zero. 

The first and last terms of a harmonic progression of n terms 
are called the extremes, while the terms in between are called 
harmonic means. To insert k harmonic means between a and b, 
it is sufficient to find k arithmetic means between 1/a and 1/6; 
the reciprocals of these arithmetic means will be the required 
harmonic means. 

Example 2. Insert five harmonic means between 1/4 and 

1 / 22 . 

Solution. Five arithmetic means between 4 and 22 are 7, 
10, 13, 16, 19. Hence 1/7, 1/10, 1/13, 1/16, 1/19 are the required 

harmonic means. 

Note. If one harmonic mean H is inserted between a and 6, 

1 + 1 

1 a ^ 6 

H is called the harmonic mean of a and 6. Then jj = — 9 — 


OT H = Generalizing this definition the harmonic mean 

a + 6 

of ai, 02 , . . . , a„ is the number H given by 


H 
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1 Find the eighth term of the harmonic progression hj . 

2. Find the twelfth term of the harmonic progression 7 ’ t> tt' • • ■ ■ 

3. Insert three harmonic means between 1/4 and 1/24. 

4. Insert four harmonic means between 3/2 and 3/32. 

6. Insert three harmonic means between 1/14 and -1/2. 

6 . Insert four harmonic means between —2/3 and 1/14. 

Find the harmonic mean of each set of numbers: 

7 5 2 8. 6,12. 9. 8 , 3, 1/2. 10. 1/3,6,9,12. 

11. Show that if A, G, and H are respectively the arithmetic geo¬ 
metric, and harmonic means of two numbers a and h, then G - AH. 

12 Show that if a car travels a certain distance at the rate of x miles 
per hour and makes the return trip at the rate of y miles per hour, then 
the average rate for the entire journey is the harmonic mean of x and y. 

149. Infinite geometric series. Periodic decimals. Tlie sum of 
the terms of an unending geometric progression 
(1) S = a + ar + ar^-{- 


-b ar" ^ 


\ I 

where the number of terms in the right member is infinite, is an 
example of a so-called infinite series. It is called a geometric series. 
If <S„ is the sum of the first n terms, the sum of an infinite series is 
defined as S = hmit -S„, provided this limit exists. See chapter 


n 


XXVII for a general discussion of infinite series. 

If r is between —1 and -f-l, the sum of the infinite geometric 

series (1) is given by the formula 

(2) -S 

For, 

(3) 


a 


1 


S 


a 


ar 


a 


a 


1 


1 


1 


• r 


But it can be proved that if — 1 < r < 1, then limit r" = 0; for 
example, limit (^)" = 0, since successive powers of clearly 


n 


0 . 


u 11111 1 

approach zero as n increases, or ‘ ‘ ' 

Hence the last term of (3) has zero as a limit as 7 i increases indefi¬ 


nitely. Hence S 


a 


1 — r 

Example 1. Find the sum S of 
1 . 11 . , 1 


the infijnite geometric series 


^ 2 4 + 8 


2 
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Solution. Here a = 1 , r = ^. Hence S = :p _ . = 2 , 

An unending decimal is called periodic if the same block of 
digits repeats itself endlessly. See section 14. 

Example 2. Write in lowest terms the rational number which 
has the periodic decimal expression 0.1818181818 .... 

Solution. The given decimal may be considered as an infinite 
geometric series 


18 

100 



with a 


/J_\ , / 1 V , .18/1 

100 Viooy ^ 100 Viooy ■‘"lOOVlOO/ 

= 18/100 and r = 1/100. By ( 2 ), its sum is 

18/100 18/100 18 2 
1 - 1/100 “ 99/100 “ 99 ~ 11' 



It is clear, from example 2, that one could prove that every 
periodic decimal represents a rational number, which may be 
found by the method of example 2 . 


EXERCISES 

Find the sum of each of the follou'ing infinite geometric series: 

1. 2. 8 + 4 + 2+ -*-. 

3. 1 - I + T - • ■ ' . 4. 3 - 0.3 + 0.03 - • • • . 

6. 3 + 2 + 4 + • • • . 6. 4 - 3 + 9/4 - • • • . 

Find, in simplest form, the rational number which has the given periodic 
decimal expression, the repeating block of digits being written below only 
three times: 


7. 0.666 .... 8. 0.444 .... 9. 0.181818 . . . . 

10. 0.343434 .... 11. 0.1666 .... 12. 3.252525 . . . . 

13. 0.230769230769230769 .... 

14. 0.142857142857142857 .... 

16. 2.090909 .... 16. 3.272727 .... 


17. Suppose a ball rebounds one-half the distance it falls. If it is 
dropped from a height of 40 feet, how far does it travel before‘s coming 


to rest? 

18. Suppose that each swing of a pendulum bob is 90 % as long as the 
preceding swing. If the first s\Hng is 20 inches long, how far does the 
bob travel before coming to rest? 


♦ Assvune infinitely many bounces. This is a convenient idealization of actual 
reality which gives a very good approximation, such as is always made in applying 
mathematics to concrete situations. 
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19 Suppose a ball rebounds 3/4 the distance it falls. If it is dropped 

from a height of 40 feet, how far does it travel before coming to rest. 

20 Suppose that each swing of a pendulum bob is 80% as long as the 

preening If the first s^.dng is 20 inches long, how far does the 

bob travel before coming to rest? 


rth 


number 



GOj ^2, • j ^ny • • • 


where a„ is the (n + l)th term. The differences of first order 

are defined as the terms of the sequence 





— ao, Aai 




The differences of second order are defined as the differences of 
first order of the sequence (2) of differences of the first order. 
In symbols, the differences of the second order are 

(3) A®ao = Aai — Auq, A^oi = Aa2 — Aai, A^^ao = Aus — Aa2, 

• • • . A^a„ = Aan-fi Aan, * ■ ’ . 


In general, the differences of rth order are defined as the differences 
of first order of the sequence of differences of the (r — l)th order. 

Thus, 

(4) A^oo = A-^'ax - A-^iao, A’-Ui = A’-^Oj - A’-^aj, • • • , 

A’-a„ = A’-'a,H-i “ » 


for r = 2, 3, 4, • • • , and 7i = 0, 1, 2, • • * . 

Example 1. From the sequence 

1, 8, 27, 64, 125, . . . , n®, ... 

we obtain the differences of 

1st order: 7, 19, 37, 61, * • ■ , (n -p 1)® — n® = 3n® + 3n + 1, 

• • • • 

} 

2nd order: 12, 18, 24, • • * , 3(n + 1)" + 3(rj. + 1) + 1 — (3n® 

+ 3n + 1) = 6n + 6, * • ' ; 

3rd order: 6, 6, • • • , 6(n + 1) + 6 — (6n + 6) = 6, * • * ; 
all liigher orders: 0, 0, . . . , 0, . . . . 

By direct calculation, we obtain from the definitions (2), 
(3), and (4) above, the relations 


* May be omitted without disturbing continuity. 
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= Oo "H Ado 

= 01 + Adi = (do + Ado) " 1 ~ (Ado + A^do) 

= do “1” 2Ado 4" A^U() 

= do ~t" 3Ado 4” 3A^do 4" A*do 


= do 4- C(n, l)Ado 4- C(n, 2)A'do 4- ’ ‘ ’ 4- C(n,n)A”ao 


wliich express the successive terms of the given sequence in terms 
of its first term and the first terms in the successive rows of differ¬ 
ences. The relations (5) can be summed up as follows. For 
n = 1, 2, 3, • ' • , the (n 4- l)th term of the sequence (1) is given 


by 

( 6 ) 


d 


n 


do 4" nAao 4” 


n(n 


2! 


A«a. + ^ 


l)(n - 2) 


3! 


A^do 4- 

4“ A"do, 


where the coefficients on the right are the coefficients in the 
binomial expansion of (x 4- 2/)"- Formula (6) may be proved 
for all positive integral values of n by mathematical induction; 

this wall not be done here. 

Consider the sequence (1) and let Sk be the sum of its first k 
terms; that is 

(7) Sfc = do 4- oi 4- • ' • 4- ak-i. 

Then the sequence 

( 8 ) So = 0, Si, 52 , 53 , ' • • , Si, • • • 

is a sequence whose differences of first order are exactly the 
terms of the sequence (1), for 


Aso = Si — So = do, Asi — 52 — Si — di, • • • , 

ASi = Si_).i Si = di, 

Consequently the rth differences of the sequence (8) are the 
<r — iHh differences of the sequence (1). By (5), we may write 

(9) Si - So 4- C(fc,l)Aso 4- CCk,2)A^So + C(fc,3)A«So 4- • ’ ' ^ 

+ C(k,k)A^So* 


Hence, 
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= C(^^l)ao + C{k,2)Aao + C(A:,3)A=^ao + 


+ C(k,k)A’'~^ao. 


Note that ia general the expression (10) for s* has k terms. 

*161. Arithmetic progressions of rth order. A sequence for 
which all the differences of rth order are equal, and this is true foi 
no lower order, is called an arithmetic progression of rth order. 

For example, an arithmetic progression of first order is what 
we have formerly called an aritlmietic progression. The sequerice 
of example 1, section 150, is an arithmetic progression of third 

order. 

For an arithmetic progression of rth order, all differences 
of (r -f i)th and higher orders are zero. Hence (10), section 
yields a terminating expre.ssion for the sum of the first ii 
terms of such a progression. That is 

(1) «, = C(n,l)ao + C(n,2)Aao + C(»,3)A2a„ + • • • 

+ C(n, r + l)A’’ao 


or, 

(2> s. 


nao + 


n(n 


2! 


1) , , n{n 

— Aa 0 + 


1)(^ - 2) 

3! 


A^tto + 


• • 


+ 


n(n 


1) • • • (^i — r) 


(r -t- 1)! 


A’’ao. 


Example 1. In the .sequence of example 1, .section 150, we have 
a, = 1, Aao = 7, A-Oq = 12, A*ao = 0, A^Uq = 0 = A^Uq = • • * . 
H(‘nce the sum s, of the first n terms of the given sequence is 


«» = n + 


n(n — 1) 
2 


7 + 


n(n — l)(n — 2) 


6 


12 


+ 


n(n — l)(n — 2)(n — 3) 

24 


6 


Or, 


fi- = 


n* + 2n» 


n 


2 


4 


n*(n + 1)* 

4 


Example 3. Find the sum of the first n terms of the sequence 
I, 4, 9, IG, . . . , n-, .... 

Solution. The given sequence and its successive differences 
may be arranged as follows: 


K-quence: 1, 4, 9, 16, • • • , n* , (n -f- 1)*, (n + 2)*, • • • 

1st differences: 3, 5, 7, • • • ,2n-l-l,2n + 3,--- 

2nd differences: 2,2, • • • . 2, • • • 

* Mmy be omitted without disturbing continuity. 
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Hence we have an arithmetic progression of 2nd order. The sum 
of the first n terms is 

n(n - n „ . n(n - l)(n - 2) ^ _ 2 n^ + + n 

Sn = n d- 2 -^ "*-6 h 

v(n + l)(2n + 1) 

6 


The illustrative examples suggest that the general or nth term 
of an arithmetic progression of rth order is a polynomial in n 

of degree t. W^e shall prove this and the converse. 

Theorem 1. The general term of an arithmetic progression of 

rth order is a polynomial in n of degree r. 

Proof By definition, all differences of order r + 1 or higher 

are zero; that is, A^+^ao = A'^'^ao = * * ’ =0. Hence (6) of 
section 150 becomes 


. n(n — 1) . „ , 

On = flo + nAao H-?ri A ao + 


2! 


+ 


n (n — 1) ■ 


(n 


r! 


^ A'a, 


The numerator of the last coefficient has r factors and hence a„ 

is a polvnoAial of degree r in the variable n. 

Theorem 2. If a, = /(n) where f{n) = Coii^ + + • • • 

+ Cr is a polynomial of degree r in the variable n, then the sequence 
ao, ai, ao, . . . , a„, . . . is an arithmetic progression of rth order. 

Proof. By definition, 

Aa„ = a„+i — a„ = /(n + 1) — /(^) 

= Co(n + 1)^ + c,(n + 1)"-^ 4- • • • + c. - Con^ - c^n 

— • • • — Cf 

= Con^ + rcon'-i + • * • + Cin’-^ + • • • + c, - Con*- 

— — • • • — Cr 

= rcon’’"^ + • • ■ . 

Hence Aa„ is a polynomial in n of degree r - 1. It follows that 
A^a„ is a constant (a pol>momial of degree zero) and hence A a„ 

= A’^*a„ = ■ ' • =0. 

EXERCISES 

(a) Determine the order of each arithmetical progression; (6) find a 
formula in terms of n for the sum of the first n terms of each progression. 

^ 1.2 + 2- 3+ 3- 44- • • • + n(n + 1). 

2. 1-3 + 2- 44-3'5 + • • • + n{n + 2). 
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. n(n 4- 1) 

3. 1 + 3 + 6 + • • • + -2- 

4 . 3 4- 12 + 33 + • • • + + 2)- 

6. 1 + 16 4- 81 4- • • • 4- n*. 

6. 3 + 11 4- 31 + • • • + (n* + « + !)• 

7 . Find the total number of spherical shot piled in a pyramid wdth 
an equilateral triangle as base, ha\-ing just one shot in the top layer (a) if 
there are n layers; (b) if there are 18 layers. 

8 . A grocer displays cans of soup in a pjTamid, having a rectangular 
base, whose top layer consists of one row of 6 cans. Find the total 
number of cans (a) if there are n layers; (b) if there are 15 layers. 

9. Find the total number of spherical shot piled in a pyramid with a 
square base, having just one shot in the top layer, (a) if there are n layers, 
(b) if there are 18 layers. 

10 . Find the total number of spherical shot piled in a pyramid with a 
square base, having 16 shot in the top layer if there are 20 layers. 

(a) By formula (6) of section 150, find a possible nth term of the sequence 
whose first five terms are given, (b) Find another possible nth term yielding 
the same given first fit^ terms, (c) Is there another nth term different from 
that formed in (a) whose degree is not greater than that of the answer to 
(a)f Explain. {Hint: consider corollary 2 of section fO^.) 

11 . 1, 3, 7, 13, 21, ... . 

12 . 6, 11, 18, 27, 38, ... . 

13 . 1, 5, 19, 49, 101, .... 

14 . 1, 1, 9, 31, 73, ... . 

*16. Prove, bv mathematical induction, that formula ( 6 ) of section 150 
is true for all positive integral values of n. 


* May be omitted without disturbing continuity. 
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CHAPTER XXII 

Inequalities 

162. Inequalities. If a and h are any real numbers, then 
one and only one of the three relations a > b, a = b, a < b holds. 
In this chapter we consider only real numbers. The statement 
a > b, read “a is greater than b” means that a — 6 is positive, 
or that a = b k where k is positive. Graphically, a > b meau.-s 
that a lies to the right of b if they are plotted on the x-axis, or 
that a is above b if they are plotted on the y-axis. For example, 
—2 > —4, 0 > —2, 2 > —4. The symbol a ^ b means that a 
is greater than or equal to 6, or a is not less than b. Similarly 
a ^ b means that a is less than or equal to &, or a is not greater 
than b. Of course, b < a means the same thing as a >6. 

A statement involving one of the symbols >, ^ is 

called an inequality. An inequality which involves only con¬ 
stants, or one which is true for all permissible values of the variables 
involved, is called an absolute inequality. If an inequality fails 
to be true for some permissible value of the variables involved, 
it is called a conditional inequality. To solve a conditional 
inequality means to find those values of the variables for which 

it is true. 

Examples, a® ^ 0, 2 > — 4, tt < 22/7 are absolute inequali¬ 
ties. But X -h 2 < 7 is a conditional inequality which is true 
only if X < 5. Similarly x® < 9 is conditional, being true only 

if -3 < X < 3. 

The absolute value of the real number x is defined as x itself 
if X ^ 0, and as the positive number — x if x <0. The absolute 

value of X is denoted by |x|. 

Examples. |3| = 3, (—3| = 3, jOj = 0. 

Two inequalities are said to have the same sense if their 
symbols for inequality point in the same direction; they are said 
to have opposite senses if their symbols for inequality point in 

opposite directions. 

Examples, x > y and u > v have the same sense, as do y < ^ 
and V < u. But x < y and v > u have opposite senses. 
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163. Properties of inequalities. The following theorems con¬ 
cerning inequalities are intuitively plausible, and can be proved 

from the axioms of section 17, chapter I. 

Theorem 1. The sense of an inequality is not changed if the 

same real number is added to {or subtracted from) both sides. That 

is, if a > b, then a c > b c {and a - c > b - c). 

’ Proof. By hypothesis, a > b, or a — b = k where k is positive. 

That a = b k. Adding c to both sides, we have (a -|- c) = 
(6 c)’+ k. Therefore {a + c) - {b -\r c) = k where A: is posi¬ 

tive. Hence a c > 6 -j- c. 

Since subtracting c is equivalent to adding — c, we have 
similarly a — c > b — c. 

Theorem 2. The sense of an inequality is not changed if both 
sides are multiplied or divided by the same positive number. That 
is, if a > b and c > 0, then ac > be and ajc > b/c. 

Proof. By hypothesis, a = b k where k is positive. Mul¬ 
tiplying both sides by c, we have ac = 6c -b kc. But kc is positive. 

Hence ac > be. 

Since dividing by c, is equivalent to multiplying by the positive 

number 1 /c, we have similarly a/c > b/c. 

Theorem 3. The sense of an inequality is reversed if both sides 
are multiplied or divided by the same negative number c. That is, 
if a > b and c < 0, then ac < be and aje < b/c. 

Proof. By hypothesis, a = b k, where k is positive. Then 
ac = be kc where kc is negative. Or, transposing, —kc = 
be — ac where —kc is positive. Hence, be > ac, or ac < be. 
The proof oi a/c < b/c is left to the student. 


Theorem 4. 


If a > b and if ab > 0, then - < ^ • 

a b 


Proof. Suppose a and b are positive. 


Let A = -, 5 = h 

a b 


Then A and B are positive. By hypothesis, a = b + k where k 
is positive. Multiplying both sides by' AJ5, we get aAB = bBA 
+ kAB, or B = A + kAB. But kAB is positive. Hence B > A, 



The case where a and b are both negative is 


left to the student. 

The proofs of the remaining theorems are left as exercises. 
Theorem 5. If unequaU are added to unequals in the same sense, 
the results are unequal in the same sense. That is, if a > b and 
c ^ d, then a c ^ fc -I- d. 
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If a, h, c, d are positive and if a > b and c > d, 


Theorem 6. 
then ac > bd. 

Theorem 7. If a and b are positii'C and a > b , then a* > h ” and 
\fa > ii'here n is any positixe integer. 

^ 164. Solution of inequalities. By the u.se of the properties 
of the preceding section we may verify absolute inequalities and 
solve conditional inequalities, much a.s we treat equalities. 

Example 1. Find those values of x for which 3x + 4 < x -f- 10. 
Solution. If X is such that 3x + 4 < x + 10, then subtracting 
X and 4 from both sides we have 2x < 6. Dividing both sides 
by 2 we have x < 3. We have proved that if x satisfies 3x + 4 

< X + 10 then x < 3. The converse ‘'if x < 3 then 3x + 4 

< X -f 10” can now be proved by reversing each step in the 
above discussion, since each step is reversible. Hence 3x + 4 

< X + 10 for all values of x <3. 

^ Example 2. Show that ii x 7 ^ y then x* + y* > 2xy. 

Solution. If X and y satisfy x* + y* > 2xy, then they also 
satisfy x* — 2xy + y* > 0 or (x — y)* > 0. But the latter 
inequality is true ifx — y 5 »^ 0 orxj>iy. We have proved that if 
X* + y* > 2xy then x 7 ^ y. Again each step is reversible and 
hence the converse proposition, which we had to prove, is true. 


EXERCISES 


Find the values of xfor which the following inequalities are true: 


1. 2x - 8 < 0. 2. 3x - 9 > 0. 3. 4x - 1 < i + 8 . 

8 -x ^4x-3 2-1 2 - X 

4. 2x 1<I 2 * 2 ^ 3 ' 2 ^ _2 


7. X* < 4. 8. ICx* < 9. 

11. (x - 3)(x - 2) < 0. {Hint: 
signs.) 

12. (x - 5)(x - 1) < 0. 

14. (x - l)(x - 3) > 0. 

16. (x - 2)(x + 3) >0. 

18. X* + X - 12 <0. 

20. (x + 2)(x - l)(x - 3) > 0. 


9. X* > 16. 10. 9x* > 2 . 5 . 

the factors must have opposite 

13. (x - 2.{x - 4 . > 0. 

15. (x - l )(x + 2) < 0. 

17. X* - 5x + 6 < 0. 

19. (x + l;{i - 3)(x - 4) < 0. 


Assuming that all letters represent positive numbers, prove the following 
inequalities: 

iab .. , 

21. a + b > —ri; d a 7 ^ b. 

a + b 

22. a + - > 2 ii a 7 ^ 1. 
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23. ii a 7^ b. 

b a 

24- a* + Sab* > b* + Sa*b if a > 6. 

25. a> + 6* > a*b ab* if a 6. 

26. If a b and if A, G, and H are respectively the arithmetic, 
geometric, and harmonic means of a and b, then .1 > G > If. {Hint: 
See exercise 11, section 148.) 


// all Utters represent any real numbers, prove that: 

*27. !x! + Iv! ^ k + yl. 

•28. k! - \v\ ^ k - v!- 

*29. lOb', = la'b,'. 

*30. (flibi + 0 , 6 ,)* g (oi* + a,*)( 6 ,* + 6 ,*). (Hint: the quadratic 

equation ( 6 »x — Oi)* 4 - ( 6 ,r — o,)* = (bi* + 6 j*)z* — 2 (aibi a^h^x 4- 
(oi* + a,*) — 0 cannot have distinct real roots; therefore its discriminant 
must be ^ 0 .) 

*31. y /(Xi — I,)* + (i/i — y,)* ^ Vxi* + yi* + Vx,* 4- ya*. (Hint' 

use exercise 30.) 

* 32. \^( x i — x,)* + (y i — y,)* + V(x, — X,)* 4- (y 2 — ^ 

x^zi — X,)* + (yt — y,)*. 


166. Graphical significance of inequalities. Any conditional 
inequality involving one vari¬ 
able X can be wTitten in the y 


form /(x) > 0 or /(x) ^ 0. 
Then t he values of x for which 
/(x) > 0 are those values of x 
for which the graph of y — f(x) 
lies above tlie x-axLs. 

hxample. Find graphi¬ 
cally tlie values of x for wWch 
X* > 2x -h 3. 

Solution. We have/(x) = 
~ 2x — 3 >0. The graph 
of y ^ X* — 2x — 3 crosses the 
x-axi* at X = - 1 and at x = 3. 
From the graph (Fig. 58) we 

see that y =/(x) >0forx>3 

and for x < — 1. 



.\n 


region 
the 


inequality involving two variables, x and y, 
of the plane. Thus the straight line x 4- y 
of the plane into two regioiLs, namely the 

omitted without diaturbiiu; continuity. 



describes a 
= 3 divides 
region con- 
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sisting of all points {x,y) such that x y >3, and the region 
consisting of all points (x,y) such that x y <3. (Fig. 59.) 
Similarly, the circle x"^ -\- y"^ = ^ divides the rest of the plane 
into two regions, one for which y^ < 4, and the other for 

which X- y^ >4 (Fig. 60). 






EXERCISES 

Find graphically the values of x for which the following inequalities are 
true: 

1-20. Exercises 1-20, inclusive, of section 154. 

21 . X® + 3a; — 4 > 0. 22. < 7x — 10. 23. x^ < 3 — 2x. 

24. > 10 - 3x. 

Show on a graph the region described by the following inequalities or sets 
of inequalities: 

26. X - y < 1- 26. 2x + t/ < 3. 27. Ay < x\ 

28. Ay > x\ 29. x* + < 1- ^ 30. x- + y > • 

31. x^ + y^ < 25, X + y < 1- 32. y > x*, x + y < 

33. X >y%x <y. 

34. X + y < 2, y - X < 1, 2y - X + 2 > 0. 

36. x® + y® < 1. y > ^ + 2/ + 1 >0- 









CHAPTER XXIII 

Logarithms 

166. Definition of logarithm. We have noted (see chapter V) 
the simplifications of arithmetic due to the use of Hindu-Arabic 
notation and decimal fractions. In the 17th centimy, the com¬ 
putations required in astronomy and other sciences became 
extremely tedious, and further simplifications were sought. In 
answer to this need, the mathematicians of the 17th century 
produced logarithms, mechanical calculating machines, and slide 
rules. Slide rules are convenient but severely limited in accuracy. 
While calculating machines are much used today in office w’ork, 
they are not available to everyone. Since they are expensive 
and not portable, they still do not replace completely the loga¬ 
rithms which will be explained here. * Quite apart from numerical 
calculations, logarithms are essential in higher mathematics. 
All numbers in this chapter are understood to be real. 

Definition. If b is any positive number, different from 1, and 
if = X, then the exponent y is called the logarithm of x to the 
base h. In symbols y = logj, x. That is, the logarithm of x to the 
base b is that exponent y to which b must be raised in order to get x. 

Example. 3 = log 2 8 since 2® = 8. Similarly 2 = logs 9, 
since 3^ = 9. 

Note 1. It can be proved that every positive real number x 
can be expressed as b", where y is a real number. We shall study 
here only logarithms of positive numbers. 

Exercise. Why do we make the restriction that b 

Note 2. If we did not restrict b to be positive, we would 
introduce technical difiiculties which would serve no useful purpose 

here. For example, if b were negative, 6^ would be positive, 
6® negative, b'^'^ imaginary, etc. 

EXERCISES 

Express in logarithmic notation: 

1. 5* = 25. 2. 3* = 81. 3. 10* = 100. 4. 251-'* = 5. 

6. 81^* = 2. 6. 8-i/« = 1/2. 7. 5'* = 1/25. 8. 2-* = 1/8 

9. 5» = 1. 10. 10-1 = 1/10. 

•For a brief explanation of calculating machines and slide rules, see M. Richard¬ 
son, Fundamentals of Mathematics, Macmillan, 1941, chapter VII, section 57. 
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Express in cxponcnlial notalio^t: 


11. logj Hi 
14. logic 10 
17. logt 12.5 
20. log; 8 = 


= 4. 


= 3 
3 2 


Fiyui the value of: 


21 . 

26. 

29. 

33. 

37. 


logi 32. 

logs 5. 

logss 125. 

logic (10*) 

logs 7- 


41. 

44. 

47. 

60. 


logs IG = 2. 
logo G l = 2. 

X = log* 81. 

logic -V = 3/2 



12. logic 

1000 - 3. 


13. 



16. logia 

,1=0. 


16. 

log* 8 = 3. 

• 

1 

> • 

18. logi 

4 = 23. 


19. 

logic 0.1 — — 1. 

• 

• 

22. 

logic 0.001. 

23. logtT 

9. 


24. log* 1. 

26. 

log^ b. 

27. log* 

1. 


28. log* (b*). 

30. 

log* 27. 

31. logic 

10, 

,000. 

32. logic (10*). 

34. 

log* (b^). 

36. logt 

IG. 


36. logic 8. 

38. 

logi« T. 

39. log »7 

1 


40. logc i. 

the 

uni'nown letter: 





42. log. 

X = -2. 


43. 

log* X = —3. 


46. logi. X = 1/4. 


46. 

logic .V = -1/2 

1 

48. logx 

— —2 
TT — 


49. 

log. 32 = 5/2. 


167. Properties of logarithms. The simplifications of arith¬ 
metic accomplished by logarithms are due to the three properties 

given in the following theorems. 

Theorem 1. log* (xic) = logi, x + logb w. Thai is, the 

logarithm of a product is the sum of the logarithms of the factors. 
Theorem 2. log* (x ic) = log6 x — logj, ic. That is, the 

logarithm of a quotient is the logarithm of the numerator minus the 
logarithm of the denominator. 

Theorem 3. log6 (xO = r logt x. Thai is, the logarithm of a 
quantity raised to a power equals the exponent times the logarithm 

of the quantity. . i ** 

Note. We write r logt x rather than logb x • r because the latter 

expression would give rise to confusion as to whether it meant 

logfc (x • r) or 0og6 x) • r. ^ , o n 

Examples. Suppose logic 2 = 0.3010 logi# 3 - 0.4. 

approximatelv. Then, by theorem 1, logic 6 = logic'2 ■ 3) - 

logic 2 + logic 3 = 0.3010 -h 0.4771 = 0.7781, approximately. 

Bv theorem 2, logic (3, 2 ' = logic 3 - logic 2 = 0.1/61, appro»- 

mately. By theorem 3, logio v 2 = logio (2^*) — 

-4(0.3010) = 0.1003, approximately. 

Since logarithms are exponents, the theorems above may be 

proved by tran-slating from exponential language into loganthrmc 
language the corresponding three laws of exponents, namelj - 

(a) ib) b'‘ = b^; (c) (b>'r = b^. Let 
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( 1 ) y = 


or, 

( 2 ) = X and 6 “ = w. 

Proof of theorem 1. By (2), xw = Hence, by (a), 

xw = By definition, this says that logb {xw) = y + u. 

Substituting from (1), we get the theorem. 

Proof of theorem 2. By (2), xlw = 6 ^/ 6 “. Hence, by ( 6 ), 
xjw = By definition, logb (x/w) = y — u. Substituting 

from ( 1 ), we have the theorem. 

Proof of theorem 3. By (2), a:’’ = ( 6 ^)^ Hence, by (c), a;’’ = 
By definition, logb (a:’’) = yr. Substituting from (1), we 

get the theorem. 

EXERCISES 

Given logio 2 = 0.3010, logio 3 = 0.4771, and logic 7 = 0.8451, find, 
without using tables, the value of: 


1. logic 14. 2. 

6. logic 12. 6. 

9. logic V^. 


12. logic {7/VIi). 


16. logic 5. 


18. logic 


9 

V2T/2 


logic 4. 3. logic (7/2). 4. logic 9. 

logic 20. 7. logic 0.2. 8. logic 18. 

10. logic 11. logic (^/2). 


13. logic ^42. 


14. logic 
17. logic 



19. logic 


108 

7 


20. logic 


>^ 24/7 

98 


168. Common logarithms. While any positive number 6 5 ^ 1 
can be used as a base for a system of logarithms, the base 6 = 10 
is most convenient for computation. Logaritlims with the base 10 
are called common logarithms or Briggsian logarithms (after H. 
Briggs, who first used them). Hereafter we write log x, without 
any base indicated, to mean logio x. Thus we write log 100 = 2 
because 10 ^ = 100 , log 0.1 = -1 because 10 “^ = 1/10 = 0 . 1 , 
etc. The student should learn to construct the following rudi¬ 
mentary table of logarithms: 


Table A 


X 

• * • 

0.0001 

0.001 

0.01 

0.1 

1 

10 

100 

1000 

10000 

* • • 

log X 

• • ■ 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

• • • 
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This table suggests that if m < n then log m < log n. This 
can be proved, but we shall assume it here. Hence we expect 
log 532 to be between 2 and 3 since 532 is between 10^ and 10*. 
It can also be proved, and we shall assume here, that every positive 
number can be expressed as the product of a number between 1 and 
10 and an integral power of 10. For example. 


53.2 

532 

5.32 

0.00532 


5.32(100, 

5.32(100, 

5.32(100, 

5.32(10-0 


By theorem 1, section 157, we have 

log 532 = log 5.32 + log (100- 

By definition of logarithm, or by table A, above, 

( 1 ) 

Similarly, 


log 532 = log 5.32 + 2. 


( 2 ) 

(3) 

(4) 


log 53.2 
log 5.32 
log 0.00532 


log 5.32 + log (100 ^ 
log 5.32 + log (100 ^ 
log 5.32 + log (10-0 


log 5.32 + 1, 
log 5.32 + 0, 

: log 5.32 4* ( 


3) 


Clearly we could write down the logarithm of any number if 
we only knew the logarithms of numbers between 1 and 10; the latter 
are called mantissas. A table of mantissas approximated to four 
decimal places (table III) is found at the back of the book. Man¬ 
tissas are decimal fractions, since the logarithm of a number 

l^etween 1 and 10 must be between 0 and 1. 

From (1), (2), (3), and (4), we observe that the mantissa 

depends only on the sequence of digits beginning with the first non¬ 
zero digit; all numbers which have the same sequence of digits 
have the same mantissas. From the table we find that 


log 532 
log 53.2 
log 5.32 
log 0.00532 


2 -b 0.7259 = 2.7259 
1 + 0.7259 = 1.7259 
0 -b 0.7259 = 0.7259 
(_3) + 0.7259. 


When a logarithm is expressed so that its decimal part is 
written positively, the integral part of the logaritiim is called 

its characteristic. . . 

For example, the characteristic of log 532 is 2, ^ ® _ 

nfteristic of log 0.00532 is -3, not -2 (although log 0.00 d32 
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characteristic 


— 2.2741 = — 2 — 0.2741). When a 

convenient to add and subtract a suitable multiple of 10; for example, 
we could write 


log 0.00532 = 7.7259 - 10 (adding and subtracting 10), 
or, 

log 0.00532 = 17.7259 - 20 (adding and subtracting 20). 

To find the logarithm of a number N, we determine the char¬ 
acteristic by inspection, and look up the mantissa in table III. 

The following rule may be used to determine the characteristic. 

Rule 1. Refer to table A above. If N lies between two entries 
in this table, the characteristic of log N is the logarithm of the 
lower of the two entries. In other words, if N lies between 10* 
and 10*+b (10* < N < 10*+^), then the characteristic of log .Y 
is k. 

Note 1. The characteristic may also be determined by means 
of any one of the following rules: 

Rule 2. Let N be written in decimal form. If A'" ^ 1, then 
the characteristic of log N is one less than the number of digits 
in N to the left of the decimal point; if AT <1, and if the first 
non-zero digit of N is in the A:th decimal place, then —k is the 
characteristic of log N. 

Rule 3. Express the number N in the standard form of 
section 65, chapter IX, that is, as a product of a number between 
1 and 10 and an integral power of 10. Then the exponent of 10 
is the characteristic of log N. 

Rule Jf. Write N in decimal form. If mo\’ing the decimal 
point k places to the left will make the resulting number between 
1 and 10, then the characteristic of log W is A:; if moving the decimal 
point k places to the right will make the resulting number between 
1 and 10, then the characteristic of log N is —k. 

The justification of these rules is left as an exercise. 

Example 1. Find log 630. 

Solution. By rule 1, the characteristic is 2. In table III 
we find the first two digits 63 in the N column and the third 
digit 0 at the top of the page. In this column and row, we find 
the mantissa 0.7993. Hence log 630 = 2.7993. 

Example 2. Find log 0.0234. 

Solution. By rule 1, the characteristic is —2, or 8 — 10. 
From table III, the mantissa corresponding to the digits 234 
is 0.3692. Hence log 0.0234 = 8.3692 — 10 
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To find a number X whose logarithm is knoirn, tre look up the 
mantissa in table III, write the digits corresponding to it, and place 
the decimal point according to the characteristic. 

Example 3. Find X if log A" = 1.5752. 

Solution. From table III, the digits corresponding to the 
mantissa 0.5752 are 376. Since the characteristic is 1, A" must be 

between 10^ and 10®. Hence A = 3<.6. 

Example Jf. Find A if log A = 8.5752 10. 

Solution. From table HI, the digits are 376. Since the 
characteristic is 8 - 10 = -2, A' must be between 10"* = 0.01 

and 10"' = 0.1. Hence X = 0.0376. 

Xote 2. Table III gives for three-digit numbers the cor¬ 
responding mantissas correct to four decimal places. If we want 
the mantissa for a four-digit number or the digits corresponding 
to a mantissa not found exactly in the table, we may proceed in 
several ways: (a) we may take the nearest tiling in the table 
as a sufficiently good approximation; (6) we may use a larger 
table giving mantissas correct to more than four decimal places 
for numbers of more than three digits; (c) we may use the process of 
interpolation by proportional parts described in the next section. 
Xote 3. If log X = L, then X may be called the antilogarithm 

of L; in symbols, X = antilog L. 

Note 4- The statement log 37.6 = 1.5752 means that 10 

= 37.6 approximately, or = 37.6 approximately. How¬ 

ever, the tables are not constructed by means of this relation 
directly. How they are calculated will be indicated in section 163- 


EXERCISES 


Find log N if X is equal to: 


1. 124. 
6. 5.34 
10. 306. 


2. 12.4. 

7. 0-0435 
11. 360. 


3. 0.0124. 

8. 0.467. 
12. 500. 


4. 387 


Find N if log N is equal to: 

14. 2.5211. 16. 1.5211. 16. 

18. 0.5211. 19. 1.6972. 20. 

22. 8.9400 — 10. 23. 3.9717. 

25. Express the statement log 862 
tion; (6) radical notation. 

26. Express the statement log 631 
tion; i,b) radical notation. 


8.5211 

0.7316. 


6. 39.6. 
9. 0.000346 
13. 0.005. 


10. 17. 9.5211 

21. 9.7364 
24. 2.5888. 

1 (a) exponential 


10 . 

10 . 


= 2.8000 in (a) exponential nota- 



Ch. XXIII, §159] LOGARITHMS 355 

169. Interpolation by proportional parts. Instead of taking 
the nearest entry in the table, we may obtain greater accuracy 
from a given table by the process of interpolation by proportional 

parts, as in the following examples. 

Example 1. Find log 36.14. 

Solution. The characteristic is 1. From table lil, we find 
that the mantissa for the digits 361 is 0.5575 and the mantissa 
for 362 is 0.5587. Since 36.14 is 0.4 of the way from 36.1 to 36.2, 
we take a mantissa 0.4 of the way from 0.5575 to 0.5587. The 
difference between 0.5575 and 0.5587 is 0.0012; this is called the 
tabular difference. We add 0.4 of the tabular difference, that is 
0.4(0.0012) = 0.00048 = 0.0005 approximately, to 0.5575, obtain¬ 
ing 0.5580. Hence log 36.14 = 1.5580. 

The work may be arranged briefly as follows. 


10 


4 




digits 

mantissa 

'3610 

0.5575' 




X 

.3614 



3620 

0.5587 



0.0012 

0.4 


tabular difference 


X 


4 


> or X 


0.00048 = 0.0005 


0.00048 = 0.0005 to the nearest ten- 


0.0012 10 

thousandth. Hence the mantissa to be put in the blank space is 
0.5580. Thus, log 36.14 = 1.5580. 

Example 2. Find N if log N = 9.5579 — 10. 

Solution. The digits corresponding to the mantissas 0.5575 
and 0.5587 are 3610 and 3620 respectively. We find that the 
mantissa 0.5579 is 4/12 of the way from 0.5575 to 0.5587. Hence 
we take the fourth digit to be 4/12 of the way between 10 and 20. 
Since 4/12 of 10 is 3^ or 3 to the nearest integer, the digits desired 
are 3613. Since the characteristic is 9 — 10 = —1,N = 0.3613. 
The work may be arranged briefly as follows. 


X 


Then jQ 
Hence N 


4 


12 
0.3613. 



digits 

mantissa 



'3610 

0.5575' 



X 



4 

10 



0.5579. 




3620 

0.5587 


or X 


• 

CO 

CO 

■ • = 3 

to 


12 


3 to the nearest integer 
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Note. 


It can be proved that if p < -V <q then log p < leg A' 
< log q. But the assumption on which the above procedure is 
based states further that changes in logarithms are proportional 
to changes in the corresponding numbers. This is not true, but 
results obtained by using tliis assumption are sufficiently accurate 
for manv practical purposes, especially when the difference 
between the successive values between wliich we are interpolating 
is sufficiently small. The significance of this as.sumption will be 

in ehnoter III. 


EXERCISES 


1. 241.2 
6. 0.08866. 


2. 29.85. 
7. 0.4267. 


3. 2.957 
8. 4.752 


4. 0.6944. 
9. 4.015. 


equal to: 

6. 0.08513 
10. 103.8. 


Using interpolation by proportional parts, find N if log N is equal to: 

___ A f\ f\Q 1 K 


11. 2.1917. 
16. 9.7995 
18. 8.9303 


12. 1.2688. 13. 0.5374. 

10. 16. 9.8135 - 10. 

10. 19. 8.31048 - 10. 


14. 0.6815. 
17. 8.9035 - 10. 
20. 3.46345. 


160 Significant figures.. When a number is uritten in tlie 
usual dcciiLl form, the significant figures or significant digits are 
the digits beginning udth the first non-zero digit and ending 

udth the last 341 34.1 and 0.00341 all have three 

aignmcTnffigur“l;- 3, 4, ’and 1. But 3410, 341 «, 34.10. 

and 0.003410 all have four significant figures, nam > , 

and 0 . , 


in deaUng with measurements or other approximate 

34.10 means sometliing different frorn 34.1. 


For 34.1 signifies a 

nearer to 34.10 than to 34.09 or to 
Note. 


i 4 10 tnan to . i 

n a number has zeros just preceding the decimal pomt 
ii a uu ^ ^ oc 000 - the number 


and no ™ “'^raccordi’ng to the definition above. 

If thr number is not known to sMgit 

Lmber of significant digits must be specifically stated. 
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way to do that is to use powers of ten as in section 65, chapter IX. 
Thus if 341,000 is known to only three significant digits, it may 
be wTitten as 341 X 10®; if it is known to four significant digits, 

it may be written as 3,410 X 10^. 

A number is said to be rounded off to four significant figures 
if it is replaced by the number of four significant digits to which 
it is nearest. If the fifth digit is a 5 we make the convention 
that the fourth digit is to be increased by one. A similar definition 

of rounding off applies in general. 

Example. The number 3.14159265 is ivritten as 3.142 rounded 
off to four significant figures, as 3.14 rounded off to three significant 
figures, and as 3.1416 rounded off to five significant figures. 

In calculating with approximate numbers, the answer should be 
rounded off to the number of decimal places justified by the data. 
In general, the answer cannot be expected to be more accurate 
than the least accurate number in the data. However, it is 
advisable to carr}'’ one more place throughout the computation 
and do the rounding off at the end. 

Example. The sum of the approximate numbers 3.43 and 
1.124 should be written as 4.55 rather than as 4.554. Actually, 
all that is known, since 3.425 ^ 3.43 < 3.435 and 1.1235 S 
1.124 < 1.1245, is that the sum s is such that 4.5485 ^ s < 
4.5595. Hence, rounding off to three significant figures, 4.55 
^ s < 4.56. Therefore s = 4.55 rounded off to three significant 
figures gives somewhat more accuracy than is justified by the 

data. The answer 4.554 would give a false illusion of greater 
accuracy. 

If the numbers entering a computation are considered to be 
exact, then, of cour^^e, all places may be retained. 


Round off the number: 


EXERCISES 


1. 3.206 to three significant figures. 

2. 14.164 to four significant figures. 

3. 14.195 to four significant figures. 

4. 1..3204 to four significant figures. 

6. 4.9997 to four significant figures. 

6. 2.i 1828 to five significant figures. 

How many significant figures are there in: 


7. n.00a3. 8. 0.0230. 


9. 32 X 10«. 


10. 3.20 X 10 
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11. Explain the difference 
numbers 3.2 and 3.20. 

12. Explain the difference 
numbers 4.70 and 4.700. 


in meaning between the approximate 
in meaning between the approximate 


161. Computation with logarithms. The simplifications in 
computation obtained by use of logarithms are due to theorems 1 , 
2 , and 3 of section 157. The following examples will suffice to 

make the method clear. 


Note. 


No more than four-figure accuracy is usually justified 
when using a four-place table of logarithms, even if the data of 

the problem are exact. 

_ , , , (8.34) (65.2) 

Example 1. 


Solution. 


Calculate ^^0 
Let N be the result. 


157, log N = log 
Now, 


(8.34)(65.2) 

376 


By theorems 1 and 2, section 
log 8.34 4- log 65.2 — log 376. 


log 8.34 
log 65.2 

log 8.34 -1- log 65.2 

log 376 
log N 


0.9212 

1.8142 

2.7354 

2.5752 

0.1602 


Hence N = 1.45 approximately. Since the data are given to 

three significant figures, so is the answer. 

Example 2. Find ^^473.0. 

Solution. 


Let X = aJ/ 47^ = (473.0)1/*. 
tion 157, log X = i log 473.0 = ^(2.6749) = 

ing for the fourth significant figure, we get x 


By theorem 3, sec- 
0.8916. Interpolat- 
7.792 approximately. 


Example 3. If P dollars is invested at an interest rate of r 


_ povmded 

given by the formula* 


( 1 ) 


An = P(1 + r) 


If SlOO is invested as a trust fund for a child at 4% per annum 
interest compounded annually, how much will it amount to m 

^Solution. From (1), we have A 21 = 100(1.04)“. Henoe 

log A 21 = log 100 4- 21 log 1.04 

= 2 4- 21(0.0170) = 2.3570. 

Hence ^21 = §227.50 approximately. 

• Thi8 formula will be discussed in detail in chanter XXIt^ 
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Example Jf. If the interest in example 3 is compounded semi¬ 
annually, what will the amount be? 

Solution. Interest at 4% per annum compounded senoi- 
annually means that 2 % interest is compounded twice a year. 
Hence in 21 years, interest is compounded forty-two times. 
Hence A 42 = 100(1.02)^^ Thus 


Hence 


log Ai 2 = log 100 -f 42 log 1.02 

= 2 4- 42(0.0086) = 2.3612 
Ai 2 — $229.70 approximately. 


Note 1. The time-saving property of logarithms becomes 
obvious if you consider how long it would take to do example 4 by 
ordinary arithmetic, multiplying 100 by 1.02 forty-tw’o times in 
succession. Other simple applications vdll be found in the 
exercises. 

Note 2. The incorrect formula log {x -]r y) = log x -T- log y 
appears plausible at first glance. But if true, we would need no 
table of logarithms, for all logarithms would be equal to 0. For 
log 1=0. Hence log 2 = log (1 -f 1) would be, according to this 
wrong formula, log 1 -t- log 1 or 0 -b 0 = 0; log 3 = log (2 4-1) = 
log 2 4- log 1 =04-0 = 0, and so on. The resemblance of this 
incorrect formula to the correct distributive law is no more than 
superficial, for we are here not multiplying by the word log. Actu¬ 
ally, of course, log x -f log y = log xy. 

Note 3. To compute logarithmically ^^dth negative numbers, 
compute the result obtained by ignoring all minus signs, and then 
determine the sign of the result by the usual rule of signs. 

EXERCISES 

Compute by means of logarithms: 


1 . 

(34.2)(1.57) 

31.3 

2 . 

-^45.2. 

3. -VU7. 

4. 

112(1.04)>6. 

6 . 

21.3/27.2. 

g (627) (32.4) 



(3.26) (65.8) 

7. V673 X 102 . 

8 . 

>^963 X 10 

9. 376(1.06)21. 

10 . 

(87.6) (47.4) 

53.7 



11 . 

VO.00857. 

12. -^0.0468. 

13. 

86.42 


14. 

\/435.7 


2.560 X 3.120 


8.420 X (0.1780)-» 

16. 

(23.54) (0.8765) 


16. 

(5.363) (2.466) ^12.30 


1.760-^6.380 


0.08620 V62.30 
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17. 


19. 


21 . 


*23. 


(-43.27) (732.2). 

18. 

47.20(1.025)1“ 

(6.520) (3.480) 

20. 

V ^23 

22. 

\ 0.0842 X 6.94 


V 4 K 2 - (1.37)“ 

*24. 

(1.63)7 + 4.25 


(-2.345)(-6.921) 

-3.427 


4.27 X 0.328 
0.5G0 X 2.01 




425.3 


(4.692) (-32.68) 

V(42.3)(16.1) - V8.24 

(1.03)« + 1 


Use formula {!)* above, in each of the following 'problems: 

26. If $100 is invested at 4% interest compounded quarterly, how 

much will it amount to in 21 years? 

26. If $350 is deposited in a bank at 2% interest compounded semi¬ 
annually, what wdll the amount be in 6 years? 

27. It is desired to have a sum of $1000 in the bank 10 years from 
now. If the bank pays 4% interest compounded annually, how much 

should w’e deposit now? 

28 If the $24 which the Indians received in 1626 for Manhattan Imd 
been deposited in a bank paying 4% interest compounded annually, 

what would it have amounted to in 1946? 

29. How long will it take a sum of money to become doubled if it is 

invested at 4% compounded annually? 

30. If an investment of $75 iHll amount to $100 in 10 years, what 
rate of interest, compounded annually, is being paid? 

31. The area of the surface of a sphere is iTrr^ where r is the 
Taking TT = 3.14 and assuming that the earth is a sphere of radius 3960 

miles, find the area of the earth’s surface. 

32. The volume of a sphere is 4irrV3 where r is the radius. Using 

the data of exercise 31, find the volume of the earth. , . , . . 

33. If a person bets 2 cents on April 1st and doubles hrs bet each 
clay thereafter, how much vn\l his bet be on April 30th, 

34. The volume of a right circular cylinder is irr-A where r i^the radius 
and h is the height. Taking tt = 3.14, find the volume of a right circular 

cylinder with r = 4.32 inches and h - 17.7 mches. • 

36. The period T, measured in seconds, of a simple^pendulum (that is 
the time required for a complete oscillation) of length k is given by 
formula T = 2. VWg- K ^ = 3.26 feet, ^ = 32.2, . = 3T4 find 7\ 

36. Using the formula and data of exercise 35, find the leng 

simple penduliun w'hose period is 1 second. 

37. Suppose that an automobUe costing $1000 depreciates at the rate 

i4lue atV beginning of that year. Find its value at the end of (a) 5 
years; (6) 10 years. 

* May be omittpd without disturbing continuity. chanter 

• Furteer applications to financial problems will be ioimd m the next p 
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38. If a, b, c are the lengths of the sides of a triangle, the area K of the 

triangle is given by the formula K = a/s(s — a)(s — 6)(s — c) where 
s = ^(a 4- ^ + c). Find the area of a triangle -ndth sides 472.3 feet, 
617.8 feet, and 392.4 feet, respectively. 

39. Using the formula of exercise 38, find the area of a triangle whose 
sides are 515.6 inches, 742.2 inches, and 469.6 inches, respectively. 

40. If a, b, c are the lengths of the sides of a triangle, the radius r of 


the inscribed circle is given by the formula r 




(s — a)(s — b)(s — c) 


where s = ^(a + 5 + c). Find the radius of the inscribed circle for a 
triangle whose sides are 312.5 feet, 434.7 feet, and 522.1 feet, respectively. 

41. Find the geometric mean of the numbers 469, 72.5, 3.42, 0.658, 
and 0.0566. {Hint: See note 1, section 147, for the definition of geo¬ 
metric mean.) 

42. In a polytropic atmosphere, temperature T and pressure p are 


related by the equation 


T 



pressure po. Show that k 


where To is the temperature at 
log p — log Po 


log p — log Po — log r + log To 


43. From the equation log p — log po = ^ [log {To — Iz) — log To], 


which occurs in the study of the atmosphere, show that 



*162. Cologarith] 


• • 



By the cologarithm of N is meant the 


logarithm of the reciprocal of iV ; in symbols. 


colog i\'' = log ^ = — log N. 

Hence colog N is found by subtracting log N from 0 which may be 
written as 10 — 10 for convenience. 

Example 1. Since log 376 = 2.5752, colog 376 = 7.4248 - 10. 

Since division by N is equivalent to multiplication by 1/A^, we 

may add colog N instead of subtracting log N, whenever the latter 
operation is indicated. 

Example 2. Do example 1, section 161, by means of cologa¬ 
rithms. 

Solution. As before, log N = log 8.34 -\- log 65.2 - log 376 
Hence log N = log 8.34 + log 65.2 -h colog 376. Now, 

* This section mav be omitted without disturbing the continuity of the chapter. 
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Therefore, 


log 8.34 
log 65.2 
colog 376 
log N 
N 


0.9212 

1.8142 

7.4248 


10 


10.1602 


10 = 0.1602 


1.45 approximately. 


EXERCISES 


Find the cologarithm of. 


1. 2.03. 

6. 0.3546 


2. 47.6 


3. 0.891. 


4. 0.0645. 


6. 558.3 


Work the folloiving exercises, using cologs: 

7. Exercise 1, section 161. 8. Exercise 6, section 161. 

9 . Exercise 13, section 161. 10 . Exercise 14, section 161. 

11 . Show that log (a;-") = r colog x. 

163. Natural logarithms. Computation of tables. Theoreti¬ 
cally any positive number except 1 can be used as a base for a 
system of logarithms, although we have so far used only the base 
10. Logarithms with any base can be converted into logarithms 
with any other base merely by multiplying by a suitable constant 
factor. For, suppose y = logb x and z = logo x. Then 


( 1 ) 


6 ^ 




since both are equal to x. Taking the logarithm mth the base a 
of both members of (1), we get y logo 6 = z or, 


( 2 ) 


logb X • logo & — logo 


Hence the logarithm of any number x with the base o can oe 
obtained from the logarithm of x with the base h by multipb^ng 
by the constant logo h. The number logo h is called the modtdus 
of the system of logarithms to the base a with respect to the system 

of lo££tritlinis to tlic ba-S6 &. x i i 

Aside from common logarithms (with the base 10), the only 

system in actual use is the system of natural logarithms whose 
bLe is the irrational number a = 2.71828 • • • . Natural loga¬ 
rithms are natural for reasons wliich become clear only when one 
studies the calculus. For example, it can be shown by calculu 

that 


(3) log. 


\ X 
I - X 



X 


5 


3 




j for — 1 < X < 1 
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The right member of (3) is an infinite series (see chapter XXVII;. 
For example, for x = 1/ 3, we obtain from (3) 

(4) log* 2 = 2 1^2 + ^ + 1215 +■■■]■ 

Clearly the successive terms of the series get small rapidly, and 
it is plausible and true that a good approximation is obtained by 
neglecting all but the first few terms. Thus from (4) we get 

(5) log, 2 = 2[0.333333 + 0.012345 + 0.000823 + • • •] 

= 0.693002 

which is correct to the nearest thousandth. By (2), 


(6) log 10 X = log, X ■ log 10 e. 

The number 

(7) M = logio e = 0.434294 • • • . 

Hence, using (5), (6), and (7), we have 

(8) logio 2 = 0.301 • • • 

to the nearest thousandth. This, with technical modifications, is 
the way tables of logarithms are computed. 

Note 1. Logarithms were invented in the 17th century by 
J. Napier (Scottish, 1550-1617) and independently by J. Burgi 
(Swiss, 1552-1632). Their systems were closely related to the 
system of natural logarithms. Strangely enough, the invention 
of logarithms preceded that of exponents. Common logarithms 
are credited to Napier and H. Briggs (English, 1556-1631). The 
first table of common logarithms of numbers was laboriously 
calculated bj* Briggs and A. Vlacq (Dutch, c. 1600—1667). 

Note 2. The natural logarithm log, x is often written as In x. 


EXERCISES 

U»ing (S) and (7), find (a) the natural logarithm and (b) the common 
logarithm of each of the following numbers to the nearest thousandth: 

1. 3. {Hint: take x = i.) 2. 5/3. 3. 3/2. 4. 5. 

I sing (7), convert each of the following common logarithms into the 
corresponding natural logarithms, or vice versa: 

6. logic X = 0.6021. 6. logic x = 0.9031. 

7. log. X = 1.936. 8. log. I = 2.193. 

164. Exponential and logarithmic functions and equations. The 
exponential function y = If and the logarithmic function y = 
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logb X, where h is positive and different from 1, occur frequently in 
applied mathematics. Their graphs are given in Figs. 61 and 62 
for 6 > 1. 



Equations involving exponen¬ 
tial functions (that is, in which 
the unknown occurs as an expo¬ 
nent) can sometimes be solved by 
taking logarithms, as in the follow¬ 
ing examples. 

Example 1 . Solve the equation 
3^' = 5(2*). 

Solution. Taking the loga¬ 
rithm of both sides of the given 


equation, we obtain (x 4* 1) log 3 
= log 5 4- a; log 2. Hence x = 

log5 -log3 or^ = 0.2219/0.1761. 
log 3 — log 2 

Therefore log x = log 0.2219 - log 
o 1761 = 0.1004. Hence x = 1.26 


approximately. 

Example 2. The number n of bacteria in a certain culture at 
the end of t hours is given by n = 100 X lO®-^^®'. Find (a) the 

number of bacteria at ( = 0; (6) at ( = 3; (c) the number of hours 

required for the number of baeteria to double itself. 





Solution, (a) At 1 = 0, a = 100 X 10» = m (6) At < - 
3 n = 100 X lO^-^^g, Now, log n = log 100 4- 0./29 log 
2 ’729 Hence n = 536 approximately, (c) t must satisfy 
Luation 200 ’= 100 X 10—. Hence log 200 = log 100 + 
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0.301 

0.243f log 10. Hence 2.301 = 2 + 0.243f, or f — q 243 

hours, approximately. 

EXERCISES 

1 . Plot the graph oi y = log 10 x from x = 0.01 to a: = 20. 

2. Plot the graph oi y = lO"' from x = —2 to x = 1.5. 


1.24 


Solve each of the following equations for x approximately: 


3. 5* = 10. 4. 6 


18. 6. = 2(5*). 6. 5» 


7. log X® 


2x 

log — = 2.641. 
o 


8. log 3x® — log 




6(2*+i) 
= 1.463 


Solve each of the following formulas for n: 


9. A= P{\+ rY. 









(1 + iY - 1 

I — I • 

t 


12. o = 


1 - (1 + i) 


13. pv" = c. 


14. Show that if x takes a succession of values in geometric progres¬ 
sion, then y = logb x (6 5 ^ 1) takes correspondingly a succession of values 
in arithmetic progression. 

16. Show that if x takes a succession of values in arithmetic progres¬ 
sion, then y = 6* (6 5 ^ 1) takes correspondingly a succession of values in 
geometric progression. 

16 . The number n of bacteria in a certain culture at the end of t 
hours is given by n = 1000 X lO®-^^®*. Find (a) the number present at 
i = 2; (b) the time required for the number to be doubled. 

17 . Suppose radium decomposes in such a way that, of x milligrams 
of it, y milligrams will remain at the end of t centuries where y = x(0.97)‘. 
How much will remain of 2 milligrams after 1000 years? 

18. If pv’' = 4.654 and p = 10 when v = 3, find n. 

19 . Suppose a radioactive substance decomposes so that the amount 
y remaiaing of an original amount x after t years is given by y = xe“’’* 
where e = 2.71828 • • • . If x = 2 grams, r = 0.035, and t = 100, find 

y- 


20. Suppose the number y of bacteria present in a certain culture 
after t hours is given by y = xe*' where x = 100, r = 0.25, e = 2.71828 

• • • . (o) If f = 24, find y. {b) Find the value of t at which there will 

be 300 bacteria present. 








CHAPTER XXIV 

Mathematics of Investment 


Siiic6 few people are able to follow Polonius advice to Laertes, 
problems concerning loans, investments, annuities, etc., arise in 
everyday life. Such problems may be solved by appljdng certain 

principles of elementary algebra already taken up. 

166. Simple interest and simple discoimt. Money paid by one 
party for the use of another’s money is called interest. The 
parties concerned may be individuals, companies, banks, govern¬ 
ments, etc. Rates of interest are usually stated in percent per 
annum. For example, if Mr. Borrower borrows $100 from 
Mr. Lender for one year with the understanding that at the end 
of that period he will repay $106, we say that the rate of interest is 
6 % per annum. We shall write rates of interest as decimals for 
the purpose of actual computation. Thus 6% will be written as 


0.06. 1 f i- 

When interest is to be proportional to the length oi time, it is 
called simple interest. The sum loaned is called the principal. 
The sum to be repaid at the end of the period is called the amoimt. 

Example 1. Mr. B borrows $100 from Mr. L for 2 years at 
simple interest of 6% per annum. Then the interest will be $12. 
If the principal P dollars is invested at simple interest at the rate 

r per annum, the interest at the end of n years will be 


( 1 ) 

and the amount will he 
( 2 ) 


I = Pm, 


A = P Pm = P(1 + rn). 


Example 2. Mr. B borrows *200 from Mr. L for 2i ^rs 
simple interest of 6% per annum. Then the interest is *200(0.06) 

(2 51 = $30. The amount is $230. 

■ Example 3. Mr. B borrows $1000 from Mr. L with the under¬ 
standing that he will pay at the end of each $100 on the 

principal and simple interest at 6% per annum on the 
outstanding during each month. Find the total amount to be 

paid. 

• “Neither a borrower nor a lender be.“ 
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Solution. There «ill be 10 payments. The mterest due «uth 
the firet payment b $1000(0.06)(1/12) - $5; 

meat th^ interest due is *!K)0(0.06)(1 12) - $4.o0; w. Mhe third 

payment, the mterest due is w,’ i,,! J 

«ith the tenth payment, the interest due is S100(0.00)(l, 12) 

SO 50 The total interest is the sum of the arithmetic 

+ $1.00 + • • • + So.OO = ^($0.50 + So.OO) = $27.50. 

The total amount paid is therefore S102<.50. 

Often confused wTth simple interest is the concept of simple 

discount. For example, if Mr. B borrows $100 from a banker for 

one year at 6^c, he may be pven only $94 and is expected to repay 

$100 at the end of the year. Here the 6% is called a simple 

discount rate. Actually, the interest receiyed by the banker on his 

inyestnient is more than 6^c. for he receiyes $6 interest plus the 

principal at the end of a year, but the principal inyested is only 

$94. Hence the rate of interest is 6, 94 = 0.0638 approximately. 


EXERCISES 


inUrest 


1. $500 at 6% per annum for 2 years. 

2. $800 at 4% per annum for 6 months. 

3. $75t> at 2i% per annum for 15 months. 

4 . $600 at 4* % per annum for 10 months. 

6 . A man b<jrrow8 $250 for 1 year at a simple discount rate of 5% 
per annum, (a) How much does he actually receive? (b) Wliat rate 

of mterest is he actually pa>nng? 

6 . .\ man borrows $300 for 0 months at a simple discount rate of 6% 
per annum, (a) How much does he actually receive? (b) WTiat rate 
of interest is he actually paj-ing? 

7. A man borrows $1000 for 18 months at a simple discount rate of 
44% per annum, (a) How much does he actually receive? (b) ^Vhat 

rale of simple interert is he actually pajdng? 

8. A man borrows some money at a simple discount rate of G% per 
fcnniim for 1 year. If he wishes to receive $150 in cash, how much must 

he borrow? 


9. A man borrows some money at a simple discount rate of 6% per 
^niim for 8 months. If he wislies to receive $200 in cash, how much 
must he borrow? 

10. Sliow that if i is the actual simple interest rate paid when money 

d 

u borrowed for 1 year at a simple discoimt rate of d, then (a) t = 


:—... where both t and d are rates expressed as decimals. 

1 + t 


ffc) d - 





368 


MATHEMATICS OF INVESTMENT [Ch. xxiv, §i66 


11. A loan of $1200 is to be repaid in monthly installments of $100 plus 
simple interest at the rate of 6% per annum on the principal outstanding 
during each month. Find the total amount paid. 

12. A man borrows $500 for 10 months, and agrees to pay back $50 
per month plus simple interest at the rate of 6% per annum on the princi¬ 
pal outstanding during each month. Find the total amount paid. 

13. Solve the formula A = P(1 -f rn) for (a) P; (b) r; (c) n. 

14. A mortgage of $4500 is to be repaid in monthly installments of 
$50 plus simple interest at the rate of 6% per annum on the principal 
outstanding during each month. Find the total amount paid. 

166. Compound interest and compound discovmt. If Mr. B 
borrows $100 from Mr. L for two years at simple interest of 6%, it 
is usually understood that at the end of the first year he is to pay 
$6 interest and at the end of the second year $6 more plus the $100 
principal. If at the end of the first year B fails to pay the $0 
interest, L would be justified in sajdng that for the second year he 
has loaned $6 more to B. Thus he would demand, at the end of 

the two years 

$100(1.06) + $100(1.06)(0.06) = $100(1.06)2 = $ii2.36. 


In general, if the interest due is added to the principal, or con¬ 
verted into principal, at stated intervals of time, and thereafter 
itself earns interest as new principal, then the sum by which the 
original principal has been increased at the end of any time is 
called compoimd interest. A common illustration is a savings 
account w’here the depositor seldom withdraws the interest he is 
entitled to but prefers to let it be converted into principal, which 
in turn will draw interest thenceforth. The time between succes¬ 
sive additions of interest to principal (or conversions of interest 
into principal) is called the conversion period or interest period. 
At the end of each conversion period the new principal, consisting 
of the original principal plus the compound interest, is called the 
compound amount. The interest rate is usually stated in percent 
per annum, but the conversion period may be shorter than a year, 
usually 6 or 3 months. In the latter cases, interest is said to be 
compounded semi-annually or quarterly, as the_ case may be. 
Interest at 6% per annum compounded semi-annually means that 


3 % interest is added every 6 months. 

Suppose P dollars is invested at compound interest at a rate 

r per conversion period; as usual, r wall be expressed as a decim^ 
Then at the end of the first period the compound amount will be 
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Ai = P + Pr = P(1 + r). 

At the end of the second period the amount will be 

Az = Ai + Air = Ai(l + r) = P(1 + r)*. 

At the end of the third period the amount wll be 

As = Az + Azr = Az(l + r) = P(1 + r)*. 

Clearly at the end of the nth conversion period the compound amount 
will he 

(1) A = A„ = P(1 + r)\ 

The basic formula (1) connects four quantities, namely A, P, r, 
and n. If any three of them are known, the fourth may be found. 

Example 1. If SlOO is invested at 6% per annum compounded 
semi-annually, what will it amount to in 3 years? 

Solution. The rate per conversion period is 3%. Hence, by 

(1) , the amount at the end of 3 years or 6 conversion periods wdll be 

(2) Ae = 100(1.03)® dollars. 

To evaluate this quantity by multipl 3 nng 100 six times by 1.06 is 
extremely tedious. This calculation may be avoided by the fol¬ 
lowing three methods. 

First method. From table IV, we find that (1.03)® = 1.1941 
approximately. Hence Ae = $119.41 approximately. 

Second method. If table IV is not available, we may use 
logarithms as follows. From (2), and table III, we find 

log Ae = log 100 -b 6 log 1.03 = 2 -f 6(0.0128) = 2.0768. 

Hence, Ae = $119.40 approximately. 

Third method. If no tables are available, we may calculate 
(1.03)® by the binomial theorem, as follows. 

(1 -b 0.03)« = 1® -b 6 • 1® • (0.03) -b 15 • P(0.03)* -b 20 • 1®(0.03)» 

, -b 15 • 12(0.03)" + 6 • 1 • (0.03)® -b (0.03)« 

= 1 -b 0.18 -b 0.0135 -b 0.00054 -b 0.00001215 -b * • • 
= 1.1941 approximately. 

Hence Ae = $119.41 approximately. 

Note. For financial purposes, approximations to the nearest 
hundredth of a dollar are all that are required. But the four- or 
five-place tables included in this book may be insufficient to jdeld 
such accuracy. More extensive tables may be obtained. The 
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binomial theorem method, of course, may be carried out to any 
desired accuracy. Calculating machines are useful, if available. 

The quantity P is called the present value of dollars due 
at the end of n conversion periods at the interest rate r per con¬ 
version period. Clearly 

(3) P — An ■ _j_ J.'^n — An(i + r)“”. 

Example 2. How much must be deposited in a trust fund for a 
child at 4% compounded annually, if it is desired to have 81000 
in the fund at the end of 10 years? 

Solution. By (3), the present value is 


P = 1000(1.04)-i». 


From table V, (1.04)-^“ = 0.67556. Hence P = 8675.56 approxi¬ 
mately. 

Note. Logarithms or the binomial theorem may also be used 
as in the second and third methods in example 1 above. 

To discount a sum A for n conversion periods, at the rate r per 
conversion period, means to find the present value P of A at a 
time n periods before the pajmient A is due. The difference 
^ — P is called the discount. The present value of 81 at the rate r 
ner oeriod for n periods is called compound discount j its value is 


(1 4- r)-”. 

Example 3. Mr. X holds a note from Mr. Y promising to pay 
81000 at a date 10 years from now. Mr. X sells this note to 
Mr. Z. If discoimt is reckoned at 4% compounded annually, 
Mr. Z will pay Mr. X 8675.56 approximately for the note. (See 


example 2.) 


EXERCISES 


1 . Find the amount if 8500 is invested for 7 years at 4% per annum 
compounded (a) annually; (5) semi-annually. 

2. Find the amount if $300 is invested for 10 years at 5% per annum 


compounded (a) annually; (b) semi-annually. 

3. Find the amount at the end of 21 years if $100 is invested at 6% 
per annum compounded (a) annually; (b) semi-annually. 

4 . Find the amount at the end of 12 years if $250 is invested at 7% 
per annum compounded (a) annually; (b) semi-annually. 

6. How much must be deposited in a bank now in order to have 
$500 at the end of 10 years if interest is paid at the rate of 4 % per annum 
compounded (a) annually; (b) semi-annually. 
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6 Hovs- much must be invested now in order to have $750 at the 
end of 5 vears if interest is paid at the rate of 5% per annum compounded 


(a) annually ; (b) semi-annually. 

7 . A note promising to pay $000 in 3 years is sold. How 

should be paid for it if discount is reckoned at 7 % per anniun compoimded 
(a) annually; (b) semi-annually? 

8 . A note promising to pay $800 in 5 years is sold. How much 
should be paid for it if discount is reckoned at 5% per annum com¬ 
pounded (a) amiually; (b) semi-annually. 

9. How many vears will it take for a deposit of $100 to amount 
to $253.16 if interest is paid at the rate of 3^% per annum compounded 

annually ? 

10. How manv years will it take for a deposit of $250 to amount to 
$475 if intere-st Ls paid at the rate of 2i% per annum compounded 

annually? 

11. How manv years will it take for a deposit of $100 to amount to 
$196 if interest is paid at the rate of 4% per annum compounded semi- 

aunuallv? 

12. How many years vill it take for an investment to double itself if 
interest is paid at the rate of 2 % per annum compounded annually? 

13. How many years will it take for an investment to triple itself if 
interest is paid at the rate of 3 t% per annum compounded annually? 

14. A bond costing $75 vdll be redeemed in 10 years for $100. If 
interest is compounded annually, what rate of interest is being paid? 

16. A deposit of $100 will amount to $266.58 in 25 years. If interest 
is l ompoimded annually, what rate of interest is being paid? 

16. A deposit of $100 will amount to $163.86 in 10 years. If interest 
is compounded semi-annually, what rate of interest is being paid? 

17. A deposit of $500 vill amount to $1048.80 in 15 years. Find the 

interest rate if interest is compounded semi-annually. 

18. deposit of $500 will amount to $671.95 in 5 years. If interest 
i.s compounded semi-annually, find the interest rate. 

167 . Effective and nominal rates. The interest rate i per 
annum compounded m times per year stated in describing an 
arrangement of compound interest is called the nominal rate. The 
effective rate is the rate j which, if compounded annually, would 
jdeld the same intere.st. For interest compounded once a year the 
nominal rate and the effective rate are the same. Equating 
the amounts at the end of one year under both arrangements, we 
have 



Hence 


(n 
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or 


( 2 ) 


3 




1 


1.0S24 from table IV. 


Example. Find tl»e effectiN'e rale if the nominal rate w 8 
rompoundeti quarterly. 

Solution. We have 1 -j-j ■■ (1.02>* * 

Hence the effective rate L** 8.24^ approximately. 

EXERCISES 

Find thr efectit'^ ratr if inirreat it tompovntM ami-annuaUy 
nominal raie of: 


O' 


1. 4% i)or annum. 
4 . T% per annum. 


2. S'vr per annum 
6. per annum 


per annum 
per annum 


Find the efectire rate if intrreal it compounded (fuarlerty at the nominal 
raie of: 


7 . per annum. 

10 . 


8. 5*^ per annum 


per 



% per annum. 


168. Annuities. Many businesa tranaactionn are arranRed i 
that equal payments are made at regular interv'al* of time. Such 
series of payments is called an annuitj*. The interv'al of time at 
the end* of which pajTnents are to be made is called tlie payment 
period. Although the word annuity suggests annual payments, 
the pajTnent period of an annunity may be of any length of time. 
Familiar examples of annuities are installment buj-ing, premiums 
for insurance, amortizing a mortgage, etc. The term of the 
annuity is the time between the beginning of the first pa>Tnent 
period and the end of the last. Each pajment is ca^ rent and w 
denoted by R. The sum of the pajTnents made in one year w 

called the annual rent. 

The amount of an annuitv is the total amount which wouW w 
accumulated at the end of the term if each pa>Tnei.t were in>’e«^ 
at a given rate of compound interest at the time of pa.vment. W « 
treat only the case vrhere the conversion period of the compo^ 
interest coincides vnih the payment period of the annuity. 1 he 
smount of an annuity which pave tl at the end of t^h 
period for n periods is denoted by s, , read s angle n. 
present value of an annuity Le the sum of the present values of 
the par-ments at the beginning of the term. The pre«nt v- d « 

• If « m«le « the b^inawg. of the p.T»<at 

menta muit be made in ibe «ib«<jueni fonniil*.. 
xnav be applied. 
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of an annuity which pays SI at the end of each pajunent period for 

n periods is denoted by a^, read a angle n.” 

The amount or the present value of an annuity can be deter¬ 
mined by working out a schedule of the compound amount or 
present value of all pajunents, and adding, but if the number of 
payments is large this is very tedious. Instead we shall calculate 
formulas for and when compound interest is computed at the 

rate i i>er period. 

At the end of the term, the last payment of SI will have just 
been made and \yi\l amount of SI. The payment before the last 
\^'ill have drawn interest for one period and will amount to (1 i). 

The payment before that, the (n — 2)th payment, will amount to 
(1 -f t)*. And so on. The first payment will have drawn interest 
for n — 1 periods and will amount to (1 -4- t)"“^ Hence 

= 1 + (1 4- t) + (1 + + . . . + (1 + i)”-K 


This is a geometric progression with first term 1 and common ratio 
1 -H i. By section 147, chapter XXI, the sum is therefore 



(1 4- t)" - 1 

= -T- 


Values of this quantity for various values of n and i are given in 
table VI. 

If the rent, or periodic payment, is $R (instead of SI), it is 
easily seen that the amount of the annuity is 

(2) R • s^] dollars. 


To find a-, we compute the present values of the payments at 
the beginning of the term and add. The present value of the first 
pajTnent of SI, which is due at the end of the first period, is 
(1 + The present value of the second payment is (1 -f t)~*, 

and so on. The present value of the last (nth) payment is 
(14- i)~". Hence 


ar, = (1 -I- i)-^ 4- (1 + i)-^ -f- • • • + (i 4 . t)-. 


This is a geometric progression with first term (1 -f i)~^ and 
common ratio (1 4- *)“^ By section 147, chapter XXI, we find 




1 - (1 -b i)- 

• • 
t 


Values of this quantity are given in table VII. 
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If the rent, or periodic payment, is $R (instead of $1), it is easily 
seen that the present value of the annuity is 

(4) 


R • dollars. 


Example. Find the amount and present value of an annuity 
paying $100 every 6 months for 10 years, interest being com¬ 
pounded semi-annually at 6% per annum. 

First solution. The rate i is 0.03, and the nuinber of periods 

is n = 20. From tables VI and \ II, Sjoi = 2G.8704 and c^, — 
14.8775. Hence the amount is $2687.04 approximately and the 

present value is $1487. <5 approximateljr. 

Second solution. If tables VI and VII are not available, 

logarithms may be used as follows. TN e have 


(5) 


SmI 


(1.03) 


20 


1 


0.03 


1.8061 approximately. Hence 


By logarithms we find 

_ = 26 87 approximately. Hence the amount is $2687 

^ 0 03 

approximately. A similar method can be used for the present 

Third solution. In (5), the quantity (1^3)*“ = (1 + 
can be evaluated by means of the binomial theorem, as in sectio 

166 example 1, third method. . 

before, answers obtained by use of tables ndll be approximate 

beci^se of tke Umitations of the tables. More extens.ve tables 
are available. 

EXERCISES 

Soiae the fclkwing problems using the methods above rather than formulas. 

1. Find (a) the amount, and (i.) the present value of an annuity of 

$300 per year for 10 years at 3^% per annum. 

2. Find (a) the amount and (b) the present value of an annuity of 

$250 per year for 25 years at 4i% per annum. 

3. A man deposits $200 in a bank on ^u^ Tompotnded 

20 vears If the bank pays mtere.st at 2^ yo per arm , f 

annLuy, what is the amount at the end of 

that pa>Tnents are made at the beginning, not at the end, pe 

See footnote on page 372.) , , , 

4. ,4 man depoaits 1300 in a bank on the fimt <^^f e-h^^ ta 

oc Tf the bank pavs interest at 3% P^r annum. tukUH 

annLlly, what is the amount at the end of the 25th year. 
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6. A man deposits $200 everj- 6 months in a bank parang interest at 
4% f)er annum compounded semi-annually. How much is in his account 
just after he makes his 30th deposit? 

6. A TTiftTi deposits $150 everj' 6 months in a bank pajnng interest at 
5% per annum compounded semi-annually. How much is in his accovmt 
just after he makes his 40th deposit? 

7. A man wishes to make equal annual deposits at the beginning of 
each year for 30 years so as to accumulate $10,000 at the end of the 30th 
year. If the bank pays interest at 2% per annum, compounded annually, 
what must his annual deposit be? 

8. A machine costing $5000 will wear out in 20 years. What equal 
annual deposits must be made at the end of each year to pay for its 
replacement if interest is paid at 3% per annum compounded annually? 

9. Show' that if a debt (such as a mortgage) of D dollars, at an interest 

rate i per annum compounded annually, is paid off (amortized) in n years 
by equal annual payments of F dollars, then F = D/a^ or F • = D. 

10 . A man pays off a $10000 mortgage, interest and principal, by 
equal pavinents, made at the end of each year for 15 years. Find his 
annual payment if interest is paid at 6% per annum compounded 
annually. Make a schedule show'ing the part of each payment w'hich 
goes for interest and principal respectively. {Hint: Use the result of 
exercLie 9.) 


11 . A man pays off a $5000 mortgage, interest and principal, by 
equal payments, made at the end of each year for 10 years. Find his 
annual payment if interest is paid at 6% per annum compounded 
annually. 

12 . A mortgage of $0000 is paid off, interest and principal, by equal 
paj-ments, made at the end of each year, for 20 years. Find the annual 
payment if interest is paid at 5% per annum compounded annually. 

13 . A man pays premiums of $23.24 for an insurance policy at the 
beginning of each year for 20 years. Just after paying the 20th premium 
he surrenders his policy, receiving $327.58 from the company. What 
was the actual total cost of being insured if money is w'orth 3 %?* {Hint: 
The answer will be the amount of the annuity of which the premium is 
the periodic pajTnent minus the cash received at surrender of the policy.) 

14 . A man pays premiums of $164.50 for an insurance policy at the 
beginning of each year for 20 years. Just after paying the 20th premium, 
he surrenders the policy, recei\’ing $562.15 from the company. What 

was the actual total cost of bei na inSlirpH if mnn#i\r ia J-07 9 


• This p^Me means that interest is to be computed at the rate of 3 % per annm 
compounded aQnueily. 



CHAPTER XXV 

The Euclidean Alsorithm 

169. The Euclidean algorithm for positive integers. Recall* 
that to divide a positive integer a by a positive integer h, where 
b ^ a, means to find a positive integer q, the quotient, and a non¬ 
negative integer r such that 


( 1 ) 


a 


bq r where 0 ^ r <b. 


If r = 0, we say & is a factor of a, or a is exactly divisible by b, or a 
is a multiple of 6.t 

It can be proved that for a given a and b, the q and r are 
uniquely determined. 

Theorem 1. Any common factor c of a and b is a factor of r. 

Also any common factor d of b and r is a factor of a. 

Proof. By hypothesis, a = cx and b = cy where x and y are 

positive integers. Then by (1), 


cx = cyq + r 


or 


r = c{x - yq). 


Since x - yq is & non-negative integer, c is a factor of r. This 
completes the proof of the first statement in the theorem. 

lib = du and r = dv then a = bq-{■ r = duq dv = d{uq + t')- 

This proves the second statement in the theorem. 

It follows from theorem 1 that the highest common factor (H .C.F.) 

of a and b is also th/>, highest common factor of b and r. ^ 

Given two positive integers a and b {a > b),. their H.C.F. can 


known 


rithi 

( 2 ) 


Divide a by 6, obtaining 


a = + T\ 


(0 ^ ri < b). 


If n > 0, divide b by ri, obtaining 


(3) 


b = riqi + n 


(0 ^ rj < ri). 


: of thi, .r. e„ily »tend«i to oU in....™, 


poiitive, negative, or aero. 
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If r 2 > 0, divide ri by r-i, obtaining 

(4) ri = + ra 

If ra > 0, divide rt by ra, obtaining 

(5) ra = r3g4 + n 


(0 ^ ra < ra). 


(0 ^ r4 < ra), 


and so on until a remainder r„ 4 .i equal to 0 is reached: 


(6) ^n—1 — 

Theorem 2. The last non-zero remainder rn is the H.C.F. of 
a and b. 

Proof. By theorem 1, (2) imphes that the H.C.F. of a and h 
is equal to the H.C.F. of 6 and ri. Similarly (3) imphes that the 
H.C.F. of h and ri is the H.C.F. of ri and ra. And so on until we 
conclude that the H.C.F. of a and h is equal to the H.C.F. of r„_i 
and r„. But since rn is a factor of r„_i by (6), this H.C.F. is r„ 

itself. 

Example 1. Find the H.C.F. of 66 and 180. 

Solution. The successive divisions may be arranged com¬ 
pactly, as follows. 

2 

66)180 
132 1 
48)66 
48 2 
18)48 
36 1 
12)18 
12 2 
6)12 
\2 
0 . 

Therefore 6 is the H.C.F. of 66 and 180. 

Several consequences of the Euclidean algorithm are worth 
noting. 

Theorem 3. If h is the H.C.F. of a and b, there exist integers 
8 and t such that h = sa tb. 

Proof. To simphfy the discussion, suppose n = 4 in (6), so 
that h = ri. Then from (2) we have 

ri = a — bgi. 


9 
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From (3), 

Ti = b riQo = b — (a — bqi)qi = (— gi)ci + •-1 -|- qiqi)b. 

From (4), 

r, = = (a - bqi) - [(-g^a + (1 + qiqt)b]qi 

= (1 + q2q»)a + ( —gi — g» — gigig»)&. 

From (5), 

Ti = Tt — Tsqt = (—gz — g4 — gzgig^)^ 

+ (1 + 9i9i + qiq* + qiq* + qiqtqiq*)b. 

Since the parentheses on the right represent integers, we have 
r* = sa 4- tb, which was to have been proved. The proof for any 
value of 71 is similar. 

Definition 1. If a positive integer greater than 1 has no factors 
except itself and 1, it is called a prime or a prime number. 
Examples. The first few primes are 2, 3, 5, 7, 11 , . . . . 
Definition 2. Two different positive integers are relatively 
prime if they have no common factor except 1. 

Examples. 4 and 9 are relatively prime. So are 10 and 21; 
and 6 and 35. But 6 and 10 are not relativel}' prime because they 
have the common factor 2. 

Clearly, if two positive integers are relatively prime, their H.C.F. 
is 1, and conversely. 

Theorem 4. If a and b are relatively prime bid a is a factor 
of be, then a is a factor of c. 

Proof. The H.C.F. of a and 6 is 1. Hence, by theorem 3, 
there exist integers s and t such that 

1 = sa + tb. 

Multipljdng by c, we have 

( 7 ) c = sac + tbc. 

By hjTiothesis, there exists an integer x such that be = ax. Sub¬ 
stituting in (7), we have 

c = sac tax = a{sc -f tx). 

Hence o is a factor of c. 

Theorem 4 is useful in the theory of equations; see section 107, 
chapter XV. Compare also theorem 2, section 6, chapter I. 

EXERCISES 

By means of the Euclidean algorithm, find the H.CE. of each of the 
following pairs of numbers: 
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1 . 60, 80. 2. 60, 75. 3. 24, 36. 4. 70, 75. 

6 . 86 , 75. 6 . 153, 189. 7 . 156, 306. 8 . 1881, 3675. 

9. Prove that if p is prime and p is a factor of ab, where a and h are 
positive integers, then either p is a factor of a or p is a factor of b. 

10. Prove that if a, 6, c are positive integers, a and b being relatively 
prime, and if a and b are both factors of c, then ab is & factor of c. 

*11. Prove that the q and r in (1) above are uniquely determined. 
That is, if a = + ?•, 0 ^ r < 6, and a = bq' + r', 0 ^ r' < b, then 

q = q' and r = r'. 

*12. Prove that any positive integer can be expressed as a product of 
prime factors in one and only one way apart from the order of the factors. 
{Hint: use the theorem of exercise 9.) 

170. Euclidean algorithm for pol 3 moniials. We shall confine 
ourselves to polynomials with real coefficients, and factors with 
real coefficients, although this restriction is not essential. Recall 
that if a and b are polynomials, to divide a by 6 means to find 
polynomials q and r such that a = + r and such that r has 

lower degree than b. If r = 0, 6 and q are factors of a. We shall 
consider as essentially the same polynomials which differ only by 
a constant factor. For example, we shall regard x + 2, 2x + 4, 
3x + 6, 4- 1, etc., as essentially the same. Thus we shall say 

that x2 — 1 = (x — l)(x + 1) = (2x — 2)(^x + -|-) = (3x — 3) 

are essentially the same factorization. If we merely 
interpret the letters a, b, qi, q>i, r^, , . . as poljmomials instead 
of integers, and < as referring to degree, it can be seen that the 
Euchdean algorithm will yield an H.C.F.* of the polynomials a 
and b. That is, theorems 1 and 2 of the preceding section and 
their proofs apply to polynomials as well as to integers. 

Example 1. Find an H.C.F. of x* — 3x2 _|_ 2 and x^ + x® — x 
- 1. 

Solution. By the Euclidean algorithm. 


X* — + 2)x* + X* 


- 3x* 


X — 1 
+ 2 


X* + 3x* — X — 3 


X 

W* 


- 3 


- 3x» +2 

X* + 3x® — X* — 3x 

- 3x3 „ 2x2 + 3x + 2 

— 3x* — 9x* -h 3x + 9 

7x2 _ 7 


+ ft 

)x® + 3x* 


.8 


— X — 3 

— X 


3x* 

3x2 


3 

3 


* May be omitted without disturbing continuity. 

* An H.C.F. is a common factor of a and b which is exactly divisible by any co 
mon factor of a and &. AJl H.C.F.’ s are essentially the same. 


0 
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Hence — 1 (which is essentially the same as 7x^ — 7) is an 

H.C.F. of the given polynomials. 

Similarly theorem 3 of the preceding section and its proof may 

be extended to polynomials as follows. 

Theorem. Ifh{x) is an H.C.F. of two polynomials a{x) and h{x), 

then there exist polynomials six) and tix) such that h{x) = s{x)a{x) + 


t{x)b{x). 

A polynomial may be called prime or irreducible* if it has no 
factors except constants (which are all essentially the same as 1) 
and polynomials essentially the same as itself. Two polynomials 
are called relatively prime if they have no common factors except 
constants (which are all essentially the same as 1). Clearly, if two 
polynomials are relatively prime, their H.C.F. is essentially the 
same as 1. Hence we have the following immediate corollary 

of the above theorem. 

Corollary. If polynomials a{x) and h{x) are relatively prime, 
then there exist polynomials s{x) and t{x) such that 1 — s{x)a{x) + 


t(x)b(x). . 

Note. By corollary 1, section 106, chapter XV, every poly¬ 
nomial (with real coefficients) can be expressed as a product of 
prime factors (with real coefficients) of the first or second degree. 


EXERCISES 

By means of the Euclidean algorithm, find a H.C.F. of each of the 
follounng paivs of polyuoTnicds^ 

1 - 9. - 6x + 9. 2. - 4, x2 - 5x + 6. 

Z.l‘-x-2.x^ + x- 6. 4 . - 6x + 9, x* + 2x - 16. 

6. 2x* - + Qx - Z, 8x* - 2x® + 17x - 9. 

6. X* + x^ + 4x2 + Sx + Z, 2x» + 5x2 + 6x -j- 15. 

* More precisely, prime or irreducible over the domain of real coefficients. 
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171. The theorem and its use. To add two or more rational 


expressions, as 


3 2 _ 5x — 13 

- 5x-i-6’ 


is a matter of routine. For certain purposes, particularly in con¬ 
nection with a more advanced subject called integral calculus, it is 
advantageous to be able to start with the sum and find out the 
so-called partial fractions of which it is the sum. This inverse 
process of “un-adding” the sum is more difficult than the direct 
process of addition, just as factoring is harder than multiplying and 

chemical analysis is harder than making compounds. 

Every rational function or fractional expression can be expressed 
as a quotient of two polynomials. We confine ourselves to 
expressions of the form N{x)/D{x) where N{x) and D{x) are 
polynomials with real coefficients. If the degree of the numerator 
N{x) is less than the degree of the denominator D{x), the expression 
is called a proper fraction; otherwise, improper. Every improper 
fraction can be reduced to the sum of a polynomial and a proper 
fraction, for if the degree of the numerator is equal to or greater 
than the degree of the denominator, we can divide N{x) by D{x) 
obtaining a quotient polynomial Q{x) and a remainder polynomial 
R{x) whose degree is less than that of D{x). Thus 


N{x) 

D{x) 



Q(x) -h 


R{x) 

D{x) 


where R{x)/D{x) is a proper fraction. For example, 


x^ — -b 6a; — 7 
x^ — 5x "t- 6 


x + l-h 


X 


5x - 13 
— 5x -h 6 


Hence we confine ourselves in what follows to proper fractions. 

By corollary 1, section 106, chapter XV, the denominator D{x) 
can be expressed as a product of hnear and quadratic factors, with 
real coefficients, which cannot be factored further* into linear 

* That is, they are prime. Factors differing only by a constant factor are regarded 
as essentially the same. See section 170, chapter XXV, 
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factors with real coefficients. We suppose this done; these are 
the factors referred to throughout, below. Then every proper 
fraction can be resolved into partial fractions in accordance with 
the following theorem, whose proof will be given in the following 

section. , 

Theorem. Every proper fraction N{x)/D{x) can he resolved 

into an algebraic sum of partial fractions, as follows: 

I. If a linear factor {ax + b) occurs once as a factor of Z)(x), 

there is a partial fraction of the form where A is a constant; 

II. If a linear factor {ax + b) occurs k times as a factor of D{x), 
there are k partial fractions of the form 




+ 


A 


ax b {ax A- b) 


+ 


, A, 

+ {ax 4- bf 


where Ai, A 2 , 


. . , Ak are constants; 

III. 'if a quadratic factor* {ax^ + 6x + c) occurs mce ae a 

Cx + A 

factor of D {x ), there is a partial fraction of the form bx + c 


where C and K are constants, 

IV. If a quadratic factor {ax^ + 6x + c) occ 

factor of D{x), there are k partial fractions of the form 


times 


a 


C\X “ 1 ” K\ 


ox“ + bx + C {ax^ + fox + cY 


C 2 X 4 " Kz 


4- 


CkX 4- Kk 
(ox^ A- bx A- c)* 


1 du I^ie are constants. 

‘ pfoeeS’ ot’determlning the unknown constants 

•dhistrated in the following examples. In every case the result rrm 

be checked by adding the partial fractions to get the ortgirial ' 

Cas7/ When the factors of the denominator D{x) are all hnear 

a„dd«nd.t + 6 p^i,i 

Example 1* Resolve 


(x — l)(2x — 1){X 4- 2) 


fractions. 

Solution. 


By I of the theorem, we may write 


( 1 ) 


(x 


9x^ - 9x 4- 6 

l)(2x - l)(x 4- 2) 


A 


T + 2x 


B 


C 


1 X + 2 
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This is an identitj^; that is, it is true lor au vaiueo ui y 

possibly for the values x = 1, i, and -2, wliich make the denomi¬ 
nator vanish. Hence, multiplying both members of (1) by the 
least common denominator (x — l)(2x — l)(x -f 2h've get 

(2) 9x* — 9x -b 6 = A(2x — l)(x -f- 2) + Bix — l)(x -j- 2) 


We may determine the values of the constants A, B, C by either 
of two methods. 

First method. Rewriting (2) we get 

(3) 9x* - 9x -b 6 = (2A -b 5 -b 2C)x^ -f (3A -b B - 3C)x 

-b i-2A - 2B A C). 


Since (2) is true for all values of x except possibly x = 1, and —2, 
it follows from corollary 2, section 104, chapter XV, that (2) is an 
identity. Hence we may equate coefficients of like powers of x 
in (3) obtaining 

( 2.4 + R + 2C = 9 

(4) I 3.4 -b 5 - 3C = -9 

I -2.4 - 2R -b C = 6. 

Solving the system (4), we get A = 2, R = —3, C = 4. Hence, 
from (1), we have 

9x* - 9x -b 6 2 3 4 

(X - l)(2x - l)(x -b 2) X - 1 2x - i X -b 2‘ 

Second method. Since (2) is true for all values of x except 
po.ssibly X = 1, —2, it follows from corollary 2, section 104, 

chapter XV, that (2) is an identity and hence true for all values 
of X including x = 1, and —2. Substituting x = 1 in (2), we 

find that 6 = 3A, or .4 =2. Substituting x = ^ in (2), we find 

that 15/4 = —5R/4, or B = —3. Substituting x = —2 in (2), 
we find that 60 = 15C, or C = 4. Hence we have (5) as before. 


EXERCISES 


Resolve into ■partial fractions: 


^ + ^2 _ 
• (2x - l)(i -b 2) • (x 

4x - 1 

X* -b 3x - 10‘ 

ox* — Hr -b 6 
(2x + l)(x - l)(x -b D' 






3)(3x -b 1) 


3 . 


2x 


6 


7 . 


2x* -b lOx -b 2 
(x -b l)(z - 2)(x -b 3)’ 

X* + 5x* -b 7x* -b 7x -b 13 


6 . 


X* -b 5x -b 6 
















384 


PARTIAL FRACTIONS 


ICh. XXVI, §171 


8 . 


+ X* — 3x — 5 


10 . 


2x 


3 


2 


2x^ — 4x — 14 


9. 


5x* + 36x’ + 77x + 48 
(x + l)(x* + 5x + 6) 


(x — l)(x 


X 


6 ) 


Case II. When all the factors of D{x) are linear hut some are 


repeated. 


Example 2. Resolve 


3x + 1 


into partial fractions. 


(X - mx - 2) 

Solution. By I and II of the theorem, we may write 


( 6 ) 


X 


3x + 1 


A 


(X - l)^(x - 2) 


X 


1 


+ 


B 


(x - 1) 


+ 


C 


X 


2 


Multiplying both members by the L.C.D., we obtain 

(7) x2 - 3x + 1 = A{x - l)(x - 2) + B{x - 2) + C(x - 1)», 


or, 

(8) x2 - 3x + 1 = (A + C)x2 + (-3A + R - 2C)x 

+ (2A - 2R + C). 


First method. Since (8) is an identity, we may equate coeffi¬ 
cients of like powers, obtaining 

( A C = \ 

(9) I — 3A B — 2C = —3 

\ 2A — 2R “b C = 1. 

Solving (9), we get A = 2, J5 = 1, C = —1. Hence 

x^ — 3x -f 1 _ 2 _1_1^ 

(10) (a; _ i)2(a; - 2) X - 1 (x - 1)* x - 2 

Second method. Since (7) is an identity, we may substitute 
X = 1 in (7), obtaining — 1 = —R, or R = 1. Similarly sub¬ 
stituting X = 2 in (7), we get -1 = C. Substituting these values 
for R and C and substituting for x any value different from 1 or 2, 
say I = 3, in (7), we get 1 = 24 + 1 - 4, or A = 2. Hence we 

have (10) as before. 

EXERCISES 


Resolve into partial fractions: 




3x -b 5 
(x -b 1)*’ 

2x^ - 9x -b 11 

X* — 6x* -b I2x 8 


12 . 


2x — 7 
X* — 6x -b 9j 

X* — X — 3 


14 . 


(x -b D* 
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16. 


5x^ + 18x + 14 


17. 


19. 


(2x + l)(x2 

+ 6x + 9) 

h. 

1 

05 

1 

3x - 1 

(x + l)2(x 

- 2)2 

6x* - 29x2 

- 51x + 278 


(2x + 4)(a: - 4) 


16. 

5x2 

- 24x + 13 

(3x - 

l)(x - 2)2 

18. 

2x2 

- 3x + 4 

X* + 4x* + 4x2 

20. 

X* + 4x2 _|_ g2;2 5a; 

(x 

- l)(x + 2)2 


Case III. When D{x) has {irreducible) quadratic factors, none 
epeated. 

Example 3. Resolve 


+ a; + 1 


into partial fractions. 


Solution. 


{x^ + l)(x - 
By I and III of the theorem, we may write 


( 11 ) 

Hence, 

( 12 ) 


4^2 + + 1 

{x^ + l)(a; - 1) 


Ax + B 
x^ + 1 


+ 


C 


X 


1 


4a;^ + rc + 1 


(Ax + B)(x - 1) + C(x^ + 1) 


or. 


(13) 4x^ + X + 1 = (A -j- C)x^ + (-A + B)x + (-B + C) 


First method. Equating coefficients in (13), we get 


(14) 


A + C 
A 4- B 
R + C 


4 

1 

1 . 


Solving (14), we get A 


B = 2, C = 3. Hence 


(15) 


a; + 2 


4x^ + + 1 _ 

(x^ + l)(a: — 1) x^ 1 


4- 


3 


x 


1 


Second method. Since (12) is an identity, we may set x equal 
to any three values in (12). Substituting a: = 1, we get at once 
6 = 2C, or C = 3. Substituting C = 3, and any value of x, say 
x = 0, in (12) we get 1 = —B + 3, ov B = 2. Substituting 
C = S, B = 2, and any other value for x, say a; = 2, in (12), we get 
19 = (2A + 2) + 15, or A = 1. Hence, we have (15) as before. 

EXERCISES 


Resolve into partial fractions: 


21 . 


6x + 2 


23. 


(x - l)(x* + X + 1) 
5x2 I 


22 . 


5x2 — 8x + 8 


(2x 


24 


X 


9x + 2 


l)(x2 - X + 2) 

5x* + 2x + 9 


26. 


X* + X* + 3x 


X* + 1 


X* - 8 























386 


PARTIAL FRACTIONS 


[Ch. XXVI, 5171 


26. 


28. 


29. 


30. 


31. 


32. 


4z^ — 6 x + 4 
3i» + 3x 

- 2 z» + 2 x^ - 6 x + 11 
(x* + X + 2)(x* - X + 3)’ 

x^ + X* + 4x^ + 7x^ — 2x + 19 

(x» + 3)(x* - X + 2) 

3x^ + lOx^ + 19x^ + 28x + 21 

(x + l)^(x* + 4) 

4x* + 7x» + 5x^ + X - 6 

X* + x» + 2x2 

5x* + 14x2 _ \^x + 10 

(x - l)2(x2 + 3) 


27. 


3x2 2x + 5 


(x2 + l)(2x 


X + 3) 



Case IV. When D{x) has repeated {irreducible) quadratic 


factors. 


0T89 

Example Resolve x ^ly partial frac¬ 


tions. 


write 


(16) 


4x* -f 3x2 ^ 6x2 53 ; 

(x — l)(x:^ -L X -+- 1)^ 


A 


X 


1 


+ 


Bx -p C 
x* -h X -I- 1 


+ 


Dx -L E 


(x2 -f X -f 1)" 


Multiplying both members of (16) by the L.C.D., we obtam 

(17) 4x^ + 3x® 4 - 62;2 -f 5x = .A(x2 -f- x -b 1)^ 

-f {Bx -h C){x - l)(x;^ -t- X -1- 1) + {Dx + E){x 


1 ), 


or 


( 18 ) 


4x* 4- 3x» 4- 6x2 5a. = (X + B)x^ 4- {2A + C')^® 

4- (3A 4- D)x^ 4- (2A - B - D E)x {A - C 
First method. Equating coefficients in (18), we obtain 


E). 


( 10 ) 


2A 


B 

A 


A+B 
2A + C 
ZA A- D 

- D A- E 

- C - E 


4 
3 
6 

5 
0 


Solving (10), we obtain A = 2, B - 2, C 


1 , £> = 0, E = 3. 
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Hence, 


4x* + Sx ^ + + 5a: 

(20) (x - l)Cx‘" + X + 1)^ 


2 


X 


r + 


2x - 1 


1 


x^ + X + 1 


+ 


3 


Second method. 


(a;2 + X + 1)" 

Since (17) is an identity, we may substitute 

five values for x. Setting x - 1 in (17) we e^t « = 

A = 2. Using A = 2, and setting x = 0, -1, 2, -2 successively 

in (17), we get 


( 21 ) 



2 - C - E 

2+ 2B -2C + 2D - 2E 

98 + 14J5 A- TC 2D + E 
18 + ISB — 9C A- QD - SE 


(x = 0) 

(x = — 1 ) 

(X = 2 ) 

(x = —2). 


Solving (21), we get B = 2, C 
(20) as before. 


I, D = 0, E = 3, and hence 


EXERCISES 


Resolve into partial fractions: 


33. 


36. 


37. 


38. 


“t" 2i 


39. 


34. 


X 


“i“ 3x — 7 


36. 


(x* + D* 

3x* + 15x^ + 3x + 18 

x(x* + 3)* 

3x» + 2x^ + 6x» + 3x + 5 

(x* + l)*(x* + 2Y 

x» + 7x« + 14x» + 22x^ 4- 16x + 12 

x*(x* + X + 2)* 


(x* + X + 2y 

2x^ + 5x* + 5x + 1 


(X - l)(x2 + 2) 


3x« - 2x« + 4x^ - 3x + 2 

(x - l)(x* + 1)" 


40. 


3x* + lOx* - X + 6 

(x + l)(x* + 2)* 


♦172. Proof of the theorem. We shall indicate briefly a proof 
of the theorem that every rational expression N{x)/D{x), where 
N{x) and D(x) are polynomials with real coefficients, can be 
expressed as the sum of a polynomial and partial fractions of the 
forms described in the theorem of the preceding section. The 
proof wTll be broken up into a number of auxihary theorems. 

Theorem 1. A rational expression (f raction) N{x)/D{x), whose 
denominator D(x) = a(x)6(x) where a(x) and b{x) are relatively 
prime polynomials, can be written as the sum of two rational expres¬ 
sions (fractions) with denominators a(x) and b(x) respectively. 

* Chapter XXV is reqiiired for this section. 
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Proof. By the corollary of section 170, chapter XXV, there 
exist polynomials s(x) and t(x) such that 

(1) 1 = s(x)a(x) + t{x)b(x). 


Multiplying both members of (1) 


, . N(x) 

^ a{x)b{xy 


we get* 



This proves theorem 1. 

Theorem 2. If D{x) = [c(x)]^ where c{x) is a polynomial and 
p is a positive integer, then the rational expression N{x)/D{x) can be 
written as a sum of a polynomial and several rational expressions 
whose denominators are powers of c(x) with exponents ^ p and whose 
numerators have lower degree than c(x). 

Proof. Dividing N(x) by c(x), we obtain a quotient Qo(x) 
and a remainder Rq{x) whose degree is less than that of c(x); thus 
we write 


(3) N" = cQo -f- Ro. 

Dividing Qo by c, we get similarly 

(4) Qo = cQi + i2i 

where the degree of Ri is less than that of c. Substituting (4) 
into (3), we obtain 


(5) -V = c^Qi cRi -|- /Jo- 

Dividing Qi by c, we get Qi = cQz + R 2 , and substituting in (5), we 
get 

(tj) N = “1" c®/?2 + cR\ + Rq. 

After p such steps, we have finally 

(7) N = c^Qp-i + + c^^Rp —2 + ' ■ • + cRi + Ro. 


Dividing both sides by D 

( 8 ) ^ = Qp-i + ^ 


c^, we have 




R, 



This completes the proof of theorem 2. 

Proof of the theorem of section 171. From corollary 1, section 
106, chapter XV, we see that the denominator D(x) of any rational 
expression can be expressed as a product of the form 

* For brevity, we write A, o, ft, . . . instead of Ar(ar), o(x), 6(aj), . . . respectively. 
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(9) D{x) 


ao{x 

(x 


ri)'^^{x — ra)"** • ’ ' 

rA)”‘*(x2 + UiX + 


(X® + UkX -h VkY^ 


where the discriminants of the quadratic factors are negative. 
The distinct factors in (9) are all prime or irreducible and hence 
certainly relativelj’^ prime. We may apply theorem 1 with a(x) = 
_ ri)*"* and 6(x) equal to the product of the remaining factors 

in (9), obtaining 

N Ai(x) _ J5(x) 

ft . I 


D 


(x — Tt') 


h(T.) 


Applying theorem 1 similarly to B(x)/b(x), we get 

K = Ax(x) A2 (x) C(x) 

D (x — (x — rz)”** c(x) 

Continuing in this way, we express N/D as a sum of rational 
expressions whose denominators are (x — ri)”**, (x — ‘ , 

(x^ _j_ y^^x -b Vfc)”*, respectively. To each of these rational expres¬ 
sions we may applj”^ theorem 2. This completes the proof. 







CHAPTER XXVII 

Infinite Series 

173. Introduction. Di^ddiIlg 1 by 1 - x by the usual process,* 
we obtain the expression 


( 1 ) 


1 


1 


X 


1 + X + X“ + X® + 


+ + 


where the dots indicate that the process does not ter^nate 
What can (1) mean? If x = i is substituted in (1), we get 


1 


1-i 


1 + H + 



+ 



+ 


4- 



+ 


or 


( 2 ) 


2 




_j_ -1- 

-i- on-l ^ 


Now the right member of (2) does seem to add up to 2 in the sense 
that (Fig. 63) if you add up enough of its terms you can g 


+ i + i 



Fi9. 63. 

answer as close as you please to 2; for example, the sum of the firat 

w LrSs is 1 + I while the sum of the first five ter^ ^ 1 + «• 
four terms ^ • /.x ggt the senseless result 

However, substituting x 1 i v b = 


(3) 


1 

0 


1 + 1 + 1 + 1 + 


+ 1 + 


and substituting * = 2 in (1), we get the false result 


(4) —.a-- - . 

Hence it is clear that the right member of (1) does not always have 
a sense and that the equation (1) is not 

• Th« (1) c.n .!«. be obuiaed by erp»d»g (1 - x) 

theorem. ^90 


1 


14-2 + 4 + 8 + 


• • 


+ 2""' + 
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Expressions like the right members of (1), (2), (3), or (4) are 
called infinite series. In general, an i nfinite series is an expression 
of the form 

ai + ao + Os + • • • + a„ + • • • 

where the number of terms is infinite. Only series whose terms 
are real numbers will be considered here. We shall now examine 
more precisely under what circumstances such an expression has a 
meaning, and shall indicate some uses for them. Infinite series 

are among the most powerful tools in advanced mathematics, both 
pure and applied. 

174. Lunit of an i nfini te sequence. By an infinite sequence 

is meant an unending succession of terms Si, So, s^, s„, ... . 

The subscript n indicates the position of the term s„ in the sequence. 

The term s„ is called the nth term or general term. An infinite 

sequence may be defined bj^ stating its general term. 

Example 1. The first four terms of the sequence whose nth 
term is 1/n are 1/1, 1/2, 1/3, 1/4, .... 

Example 2. The first four terms of the sequence whose nth 
term is 2 - are 1.9, 1.99, 1.999, 1.9999, .... 

Example 3. The first four terms of the sequence whose nth 

term is 2n are 2, 4, 6, 8 , ... . 

Definition. The number S will be called the limit of the 
sequence Si, sz, ss, . . . , Sn, • • . provided that, given any positive 
number h, no maUer how small, there exists a term Sy of the sequence 
such that every succeeding term s„, m > N, lies between S - h and 

S + h (that is \s„ - S\ <h for all m > N). If there is such a 
limit S, we call the sequence conver gent, and we write lim = S. 

In this case, we say that as n increases indefinitely, s„ approaches S as 
a limit. A sequence which has no limit is called diverge nt. 

^ be shown that if a se quence has a limit, the value of the 

h nut IS uniquely determined. ^ 

Example 4. The limit of the sequence in example 1 is 0. For, 
given any positive h, we have only to take N > ^, and clearly 

^ ~ ^ ^ ^ ^ ® ^ all m > A. We write lim - = 0 (see 

Fig. 64). ^ 

9 '®^tliitively clear that the hmit of the sequence in example 
IS z 64), and that the sequence of example 3 is divergent. 
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The following theorems 
We assume them here. 
Theorem 1. If Urn s„ 


are proved in more advanced books 
= S, and lim U = T, then 


(a) lim (Sn tn) = S + T 


n 


(b) lim (s„ — tn) = S — T 

(c) lim (s„ ' tn) = ST 


(d) lim 


s„ 


S 


n* 


t 


n 


^ provided T 9 ^ 0 


0 6 4 2 

I I 
1 1 


1.9 2 
1.99 


Fig. 64 


Theorem 2* If Sn ^ s„+i for all n = 1, 2, 3, • • • , and if 
there exists a number B such that s„ ^ B for all n = 1, 2, 3, ' ’ , 
then the sequence Si, S 2 , S 3 , . . . , Sn, • • • hxis a limit S ^ B. 

Theorem 3. If M < 1> then lim r” = 0. 

n—» • 

Theorem 4. If Sn = c, where c is any constant, for every 
n = 1,2,3, ‘ , then lim s„ = c. 


n—» • 

Theorem 5. If s„ increases beyond all bounds as n —► », then 


lim 


0 , where c is any constant. 


Example 5. Show that lim 

fj—♦ m 


n* + 3n + 4 _ 1 

2 


Solution. 


2n^ — n — 5 
theorems 1, 4, and 5, 


lim 

n—► • 


+ 3n + 4 
2n^ — n — 5 


lim 


1 +n + ^ 


2 - i 

n 


5 

n 


1 

2 


Theorem 6. If ls„l ^ nc, where c is any positive constant, 
then the sequence Si, Sa, S 3 , • • • > s„, . . • diverges. 

EXERCISES 

(a) Write the first four terms of sequence whose nth term vs given; 
(b) using the theorems above, find its limit. 


1. 3 4- 



2 . 2 



3. 2 + 


(x) 


• This theorem may be taken 
real numbers. 
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n + 1 
2n 


{Hint: divide numerator and denominator by n.) 


6 . 

8 . 


»* + 1 
3n» - n + 2 

2n» - 3n + 2 

n* + n -|- 1 



n* + 2n + 1 
2n + 3 



n 

n -F 1 



2 " - 1 
2" + i‘ 




n!n 

(n + 1)1' 
n* — n + 2 
2n* -f 1 



3" - 1 
3" + l‘ 


176. Convergence of infinite series. Consider the infinite 
series 

(1) Wi + W2 + wa + • ■ ‘ + u„ 4- • • • . 


Let Si = ui, S 2 = wi + 1 / 2 , Sa = 1/1 + 1/2 4- 1 / 3 , ’ ‘ ‘ , «n = i/i4 

1/2 + • ’ ‘ + 1/n, • ■ • . The numbers Si, S 2 , . . . , s„, . . . are 
called the partial sums of the series (1). 

Definition. If the sequence of 'partial sums has the limit S, 
that is, if lim s„ = S, then the series (1) is said to have the sum S 


and is said to be convergent, or to converge to S. A series 'which is 
not convergent is called divergent. 

Note. The “sum” of an infinite series is not a sum in the 
ordinary sense, but is the limit of such sums. 


Example 1. Consider the series ^ ^ ^ ' ‘ 


+ 


# • 


Here Si — 52 


3 

4’ 


7 

8 


2 " 


4- 

1 


1 


2 


s 


2 


1 

1 . 


1 
2 " 


Hence lim s„ = 1. The series converges to the “sum” 


n 


Theorem 1 . If the series (i) converges, then lim u„ = 0. 

Proof. Suppose the series ( 1 ) converges to S. Then lim 
= S and lim s„_i = S. But s„ = s,v_i + u^ or m* = Sn — i- 

n—♦ eo 

Hence lim i/„ = lim (5„ — = lim Sn — lim Sn-\ = 5 — 5 = 0. 

• n—► «o to n—♦ «* 

Note. The converse of theorem 1 is false, as will be seen in the 
next section. 

Corollary 1 . If lim u„ ^ 0 , then the series (1) does not 
converge. 

Proof. An immediate consequence of theorem 1. 
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Theorem 2. The geometric series aar + ar"^ • • • + ar 


fl— I 


+ 


a 


if jrj < 1 and diverges if jrj ^ 1. 


• • • converges to ^ ^ 

Proof. By the formula for geometric progressions, we have 


a 


ar 


n 


a 


a 


,n 


n 


1 


1 


1 


theorems 


174, if Irl < 1 , we have hm Sn = t 


a 


By corollary 1, above. 


n—► « 


the series diverges if [r] ^ 1 , for then hm ar” ^ 5 ^ 0 . 


n—► » 


EXERCISES 

1 11^ 

1. Show that the series 3 + 9 + ^ 


+ ^ + 


• • converges 


1 

to 2 


(b) 


converges to 10/9. 

3. Show that the series 1 + 2 + 3+ • * * + n+ * • • diverges 

4. Show that the series 1 — 1 + 1— • * • + ( — !)" ' + 
diverges. 


6 . Show that the series 


1+I+I+--+ 



+ 


• • 


diverges. 


176. The comparison tests. Consider two series 


(1) 

( 2 ) 


ai + a2 + a8 + 
61 + &2 + + 


• • 


+ Un “h ■ ‘ > 

+&«+••*> 


with non-negative terms. 

Theorem 1. // &n ^ for all n = 1, 2, 3, 

series (i) converges, then the series (2) converges. 

Proof. Let s„ = ai + 02 + ' ■ • ‘ + and = 
+ bn. Then, by hypothesis, hm s„ = S exists. 


and if the 

61 + 4 “ 

But since 


• • • 


the terms of (1) and (2) are non-negath-e, we have t. g »» S « “d 
^ for all n = 1, 2, 3, ■ • ’ . Hence by theorem 2, section 

174, hm = r ^ fS exists. 


Theorem 2. If 6„ ^ a„ for all n = 1, 2, 3, ^ , and if the 

series (1) diverges, then the seHes {2) diverges 

Proof. If (2) converged, then theorem 1 would imply tha ( 

converged, contrary to hypothesis. 
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3. XXVII. {1761 


XoU. In appUing these theorems to test convergence of series, 
any finite number of terms at the beginning of the series may be 
omitted, for if the series u*+i -h ‘ ’ converges to 

U, th«i the series Ui + «i + Ui + ' * ' + w* 4* ut-t-i + * ' * 

converges to ui + Uj + * ■ 4- u* -f- 

Any series knowm to be convergent or divergent may be used, 

according to the above theorems, to test the convergence or 

divergence of certain other series. 

Example 1. Tlie series 



1 


1 


1 


is convergent, for, comparing it with the convergent geometric 

i, we find 

• . Hence 


aeriea 1 4- 2 4- ^ 4- ' * ' 4- 4- • * * with r 


2- 


that i 2 ^ since n* S 2* ‘ for all n = 1, 2, 3, 

the series 13) ia convergent by theorem 1. 

In addition to tlie geometric series, the series 


<4) 


1 


1 


^ ^ 3> "*■ ■ 




• • 


• • 


known as the ^-series will be found often useful for comparison. 
Tlie special case of the p-series with p - 1, that ia, the series 

*5; 14-.5 4-.j+'’‘H— 4"''* 

^ o Tl 

is known as the harmonic aeries. 

Thkorkm 3. The p-eeriee ( 4 ) is convergent for p > 1 and diver¬ 
gent for p ^ 1. 

Proof. Cate 1. p > 1. We write (4) as 

(6) 1 (2, + 3^) + (ii+^ + ^ + fi) 

+ (p + ■ ■ ■ + IT') + • ■ • 

where there are 2 term.- in tlie first pareritlieaes, 4 terms in the 

next, 8 l«nu» in tlie next, . . . , 2* terms in the Arth parentheses. 
Now 

1 ^ 1. 

4 . 1 . s + A _ 1 „ 1 

2» 3'*2' 2' 2' 2^’’ 
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4P ' 5*^ ‘ 6^ ~ 7^ ^ 4^ ~ 4^ ' 4^ ~ 4^ 4^ 4P~i ^ 

l+...+J_^±+... +1„A„ J-.l'J.V, 

8P ^ 8^ 8" 8*^1 \2P“V 

and so on. The terms on the right form a geometric series 




with ratio r = 2 ^= 1 - Since p > 1, r < 1 and (7) converges to a 

sum 8, Because of the above inequaUties, the sum s„ of any 
number of terms of (4) is ^ S. Hence hm s„ exists, and (4) 

n--> » 


converges. 
Case 2. p 


1. We write (5) as 


( 8 ) 1 




+ 


Now, 



+ 



+ 



-r- g 7 -t- 



+ 



+ 


l+i>l 

1,1 1,1 

3 + 4 >4 + 4 


1 


1 


1 


1 1 


1 


1 

2 

1 1 


^+^+^ + 0 >8 + 8“^8 + 8 


5 ' 6 ‘ 7 




• • 


+ 


8 
1 


1 


16 16 


+ 


• • 


+ 


16 


+ 



16 


+ 


• • 


1 

2 


1 

2 ’ 


and so on. Hence for any n, 

i + ^ + §+ -'-+^>i + 5 + i + ^+ ''+i 

Since the right member increases beyond any boimd as n increases, 
(5) diverges. 

Cases, p <1. Since p < 1, ^ ^ ^ because ^ n. Hence 

by comparison with the harmonic series (5), (4) diverges in this 
case. 

EXERCISES 

Prove that the following series converge: 

4 ^ ^ ... q.. —q™ ■ ■ * . 

1 • 3 2 • 3* ^ 3 • 3* ~ n • 3" 
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2 . 


+ 


1 


+ 


3. 


1+2 ' 1 + 22 ■ 1 _|_ 2 

1 1.1 

+ n + 


+ 


3 • 1 


• • 


3 • 22 ‘ 3-3 


+ 


+ 

1 


1 


1 + 2 ” 


+ 


• • 


3 • n 


+ 


4. 


1 


+ 


+ 


6 . 


1 + 1» ' 2 + 2* ' 3 + 3* 

^ + 77^7 + 77 ^+ ' • 


+ 


+ 


1 


n + n* 


+ 


1-2 ' 2-3 ' 3-4 


+ 


1 


n(n + 1) 


+ 




Prove that the following series diverge: 


6 


11 1 

V2^ 


+ 


Vn 


+ 


• • 


7 


'-I 


+ 


1 


2-^ 


+ 




+ 


+ 


1 


1 


+ 




n 


n + 1 


8 


„ 3 5 4 /5\2 
^ 2 4 ■*" 3 ■ (4 * 



n—1 


+ 


# • 


Write the first three terms of the series whose nth term is given and tes 
for convergence or divergence: 



1 

10 


11 ^ 


1 

1 

(2n - 1)2’ 

nl 


(2n)2 


(2n - 1) 

113. 

n 

n + 1 

14. 

2 


16. 

1 

2n Vra 

I16. 

1 

17. 

1 


18 

1 




2^ + n 



(2a) 1' 


n + 1 






19. 

n2 + n 

20 

n 



n(n + 1) 


2^2 -f „ + i' 


n^ 


zl. 

in + 2)(n + 3)’ 

22. 

n2 + l' 

23. 

n + 1 

7i2 + l’ 


24. 

1 

3" + l‘ 


*177. The decimal expression for a real number. We shall 

show that every real number can be expressed as a decimal (see 
section 14, chapter I). 

Theorem. If r is any real number such that 0 <r < 1, then r 
is the sum of an infinite series ’ 



where kn is an integer between 0 and 9 inclusive. 

May be omitted without disturbing continuity. 
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Proof. Let h be the smallest integer such that h ^ lOr. Let 


ki = li — 1. Then 


hi 

10 


< r ^ 


~l~ 1 
10 


Let U be the smallest integer such that h ^ lOV - lOki. Let 
kz = h — !• Then 


ki kz 

10 1 ^ 


A:i ^^2 “b 1 
^ - 10 102 


Similarly, determine the integer k„ such that 


ki.kz 
10 102 


I ^ ^ I k"i I 

-I- ion ^ ^ = 10 


• + 


~l~ 1 
10 " 


Ic 9 

The series (1) is convergent, since 77 ^ ^ and the series 


10 


A -u A 4_ 
10 102 + 


9 


• -L - • • 

-r IQn -t- 


is a convergent geometric series with ratio Since 


1 


, kz , 

+ TK^ + • 


10 " = 10 ' 102 


1 kn 

■ + inS < ’•- 


we have 


ki kz 
10 102 


+ 


10 " 


1 


10 " 


But lim 


1 


10 


= 0 


Hence 


or 


““(to 

ki kz 
10 102 


kz 

+ A, + 


• • • + 

+ — + 
1- 10” ^ 


kn 


10 





The series (1) is the decimal expression of r, and is usually 

QO 


written as 


( 2 ) 


O.kik 


kn 


# • 


1 


Thus, 2 


0.333 


3,3^ 3 . . . . 

10 102 10 " 


Corollary. Every real number has a decimal expression. 
Proof. Every real number can be expressed as the sum of an 

integer plus a number r such that 0 ^ r <1. 

4 14 2 

Example. \/2 = 1.4142 • • • ~ ^ Tn ^ 10* 


+ • • ■ . 
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Note. The decimal 
unique. Thus 

\ = 0.25000 • • • = 

4 

and 
1 


10 ^ 10 * ^ 


0 


10 * 


+ 


+ + 


^ = 0.24999 

4 


^ 4 --^ + 
10 ^ 10 * ^ 


9 


10 * 


+ 


• + 


9 


10 


+ 


can be sho^^Ti that it is unique v 
le dizHs are all zeros or all nines 
V 178 . The ratio tests. Let 


( 1 ) 


til 4- u* + u» 4- • * • 4- tin 4- tin+l + 


be a series of positive terms. We shall consider only series for 
which the ratio ti»+i u, approaches a limit as n —> <». Let 


( 2 ) 


R = 


lira 


Theorem, (a) If R < 1, the series (I) converges; {b) if R > 1, 
the series (1) diverges; (c) if R = 1, the test fails to tell us whether or 
not the series (i) converges. 

Proof of (a). Consider any number r such that R < r < 1. 
From (2) it follows that there exists a number N such that, for all 
n ^ .V, we have lu^i/un < r. That is, 

tijr+i/tijr < r, or Ux.}.! <1 u^r, 

< r, or u.v+i < Us+^r < u^r^, 

Ux+z/Um+i < r, or u.v+a < ti„r*, 

and 80 on. Hence the terms of the series 


(3) 


tijr+l 4" Ux.^t 4" Ux+t 4“ 


are respectively leas than the corresponding terms 


(4) 


tijrr 4- tiArr* 4- tz^r* 4- 


But (4) is a convergent geometric series with r < 1. Hence (3) 
converges by the comparison test, and (1) converges by the note 
in section 176. 

Proof of (6). Consider any number r such tliat 1 < r < R. 
By (2), there exists a number N such that for all n ^ iV we have 

> r > 1. Hence u^i > u, for all n ^ N and we cannot 
have 1^ tt, “ 0. Hence by corollary 1, section 175, the series 

di\*ergeB. 
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Proof of (c). Consider the divergent harmonic series 1 -f- i + 

1 . n 

’ ‘ * “I" ~ “1“ ' ‘ • Here R = lim —:—r = 1. Consider the 


n 


»-*« n + 1 

convergent p-series with p = 2, 1+^+^. + 


• • • 


+ ‘ • 


Here also, R 
proves (c). 


Jr. (;r+T)5 


lim 


n 


- n* + 2n + 1 


1. This 


Example 1. The series 1 + ^ 


1 


2! ' 3! + ■ ■ ■ + ^1+ ■ ■ ■ 


converges since R 


lim 


n! 1 

(n + 1)! - n + 1 


= 0 < 1. 


'^EXERCISES 


By means of the ratio tests, decide the convergence or divergence of each 
of the following series, applying other tests only if the ratio tests fail: 


1 . 


1 1 1 

+ 7 ^+— + 


1-2.' 2-3 ' 3- 4 


+ 


1 


n(n + 1) 


+ 


2 . 

1 

1 

1 


1 


2 + 

2 * 2* 

-f • • 

^ 2* ~ 

• • 

3. 

3 + 

9 

27 


3’* 


2 + 

3 

+ • ■ • 

+ ;r+ ■ 

n 

• ♦ 

4. 


1 


1 

1 


1 + 

V2 

+ ■ 


V n 

+ 


1 

2 

3 


n 


6 . 

2 + 

4 + 

— - 1 - • • • 

8 ^ 

•4" — * * 

^ ^ 

• 

• 

6 . 

1 • 2 

2 

•3 

3 • 4 


n(n 

2 

+ - 

4 

+ 8 

+ • • • + 


2 


+ 


7. 1 + 31 + 51 + 

« 1 2 6 , 

2 4 8 ■*" 

9 1 . Ll3 . 1:3 

3 ^ 3 - 6 ^ 3-6 

3* 3* 

10. 3 + + ^, + • 

2 * 2 * . 

11 . 2 + ^ + • 


+ 


(2n - 1)! 


i + 


• • 


n! 

+ ^ + 


5 


9 


+ 




+ 


1 ■ 3 


(2n - 1) 


3 • 6 


• • 


(3n) 


-I- 


• # 


3- , 

2 * . 

+ r.+ "-- 


21 4! 61 


• • 


+ 


1 


(2n)l 


+ 
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1 .2 3 • 4 6 • 6 (2n — 1) • 2n 

179. Series whose terms are all negative. Such a series 
obviously converges to —5 if and only if the series of positive terms 

formed by reversing all the signs converges to S. 

180. Alternating series. By an alternating series is meant 

a series whose successive terms alternate in sign. 

Theorem. The alternating series* 

(1) Wi — W2 + ws — • • • + ( —4- * • • 


converges if (o) lim Un = 0, and ( 6 ) Un+i < Un for all n — 1, 2, 

n—♦ • 

Proof. If 27n is any even positive integer, then the sum Si„ 
of the first 2 m terms of ( 1 ) may be written in two ways: 


(2) S2m = (Ul — U 2 ) + (W8 — Wi) + • • * + (U2,„_l — U2w); 

(3) S 2 m = Ul — (U2 — Ua) — (Ui — Ua) — • • • — U2m. 


By hypothesis ( 6 ), each quantity in parentheses in (2) and (3) 
is positive. Therefore, (2) implies that 52 m increases as m increases; 
and (3) implies that S 2 m < ui for all m. By theorem 2, section 
174, S 2 m approaches a limit 5 as m increases indefinitely. 

Let 52 m+i be the sum of an odd number of terms of ( 1 ). Then 
52 m-i-i = 52 m + U 2 m+i- Therefore 


lim 52m+i = lim 52m + lim W 2 m+i = 5 + 0 = 5 

m—♦ • m—♦ w m—♦ •• 


by the first paragraph of the proof, and hj’pothesis (a). 

Since the partial sums 5„ approach the limit 5 whether n is even 
or odd, we have lim 5„ = 5. This completes the proof. 

n—► • 

Corollary. Under the hypotheses of the theorem, the difference 
between a partial sum 5„ and the sum 5 of the series is not greater than 
the next term u^i in absolute value. That is, \S — 5„1 ^ Wn+i. 

Proof. By arguments like those above, we have 

*^»>1 Urtr\-l iUnr\.2 Wn-J-s) (‘Un-)-4 Un-fs) ' ‘ ^ Un^-I. 

Example. The series 1— ^ + 5 — 7 + •*• + ( — !)•+* - 

* The terms Mj, w*, . . . are all positive. 
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+ ’ ■ • converges since (a) lim - = 0 and ( 6 ) —- < - for all 

n-»® n + 1 n 

n = 1, 2, 3, • • • . 

181. Absolute convergence. A series 

( 1 ) Ml + ^2 + Us + • * • + Itn + ■ ■ ' 

with some positive and some negative terms is said to converge 
absolutely if the series 

( 2 ) 1 mi| + 1 ^ 2 ! + ImsI + • • • + 1 m „1 + • • • 

of the absolute values of its terms converges. 

Theorem. If a series converges absolutely, it converges. That 
is, if (2) converges, so does (1). 

Proof. Let = Mi + M 2 + * • • + m„. Let P„ be the sum 
of the positive terms in the right member and let Nn be the sum of 
the absolute values of the negative terms in the right member. 
Then 


(3) Sn= Pn- Nn. 

Let Sn = 1mi1 + IM 2 I 4- • * • + litnl- Then 

(4) Sn = Pn Nn. 

Since (2) converges to a sum s, we have Sn = Pn Nn ^ s. 

Therefore, Pn ^ s and Nn ^ s. By theorem 2, section 174, P„ 
approaches a limit P and Nn approaches a limit N as n increases 
indefinitely. Therefore 

lim Sn = lim (Pn - Nn) = P - N. 

n—> « n—► « 


This completes the proof. 

A series which converges but does not converge absolutely is 

called conditionally convergent. 

Example. The series of the example of section 180 is condi¬ 
tionally convergent since the absolute values of its terms form the 
divergent harmonic series. 

182. The general ratio tests. Let mi 4- U 2 -1- Ms -b * * • 4 - m„ 
4 - • • • be any series of real terms, and let 




^tH-1 

Un 


We consider only series for which this limit exists. 

Theorem, (a) If R < 1, the series converges absolutely, (b) If 
R > 1, the series diverges, (c) If R = 1, the test fails to decide 
whether or not the series converges. 
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Proof of (o). From R < 1 it follows that the series [wil + 
luil -}-■*■+ l^nl + ■ ■ ■ converges. Hence the given series 

converges absolutely. 

The proofs of (6) and (c) are like those of the theorem of section 
178, and are left to the reader. 


EXERCISES 

TeM for convergence and, if convergent, slate whether absolutely or condi 
tionaUy convergent: 


1. r 


2 . 


3. 


4 


6 . 


6 . 


7. r 


8 . 


9. - 


10 . 


1 

2 ' 

.i + i_ . . 

4^8 

. (-!)•*+' . 

• + 2- + • • • • 

1 - 

.i+l_. 

2! ^ 3! 

, (-!)*+■ , 

■ • + n! + 

1 - 

.i + i- .. 

3^5 

• + 2n - 1 + • 

1 

1 • 

2 2 • 3 3 

1 

• 4 n(n -1- 1) 

1 - 

' V2* V3 

- ■ * • 4- /- + • 

V n 

1 - 

-i+i_. 

3! ^ 5! 

■ ■ + (2n - 1)'. + ■ ■ 

1 

2 ■ 

2 3 

" 3 4 

^ n -F 1 

1 - 

_i+l_. 

2! ^ 4! 

• ■ + (2n-2)! + ■ ■ 

1 

2 ■ 

_i + i_ .. 

3^4 

• + l + n + • • • • 

1 

3 3* 

2! ■*" 3! 

, (-1)—3— . 

■ • + «l + ■ 


+ 


183. Power series. If ao, Oi, Oj, . . . , a„, . . . are con¬ 
stants, then 

(1) ao 4- a\X + (HX* -f ’ ‘ ‘ , 

and 

(2) Oo + ai{x — h) + a,(x — h)' -j- • ■ ■ a„^i(x — 

+ • • • , 

where is a constant, are called power series in x or in a; — 
respectively. The general ratio test may be used to determine 
values of x for which a power series converges. 
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Example. 

■ 2 T ■ 

Solution. Since 


R 


lim 


n 


Find all (real) values of x for which the series 

(- 


• • 


+ 


X 


n +1 


n + 1 X 


n_ 

n 


l)"+ix" 

n 


n 


+ 


lim jxj 


n 


n + 1 


converges. 


x\ lim 

n—♦ « 


1 


i + i 

n 


A, 


we see that the series converges absolutely when jxj <1, or 
— 1 < X <1, and diverges when jx] > 1, or x >1 and x < — T. 
The ratio test fails when jx] = 1. Hence we must investigate the 
convergence of the series when x = ±1 separately. For x = 1, 


we find the series 1 


i + i 

2^3 




+ 


(- 1 )"+ 


n 


+ 


which 


we know converges conditionally (see section 180). For x = 

— 1, we have the series —1—^ — ^ — ••• —- — which 

’ 2 o n 

is the negative of the divergent harmonic series and hence diverges 

(see section 179). Hence the series converges for —1 < x ^ 1, 

and diverges for all other values. 


' EXERCISES 

Find all (real) values of x for which the series converges 


1. 1 + X + X* + 

2 . 1 - 


f • 


• • 


3. X 


4. 


6 . X 


X‘ X’ 

2! 4! 


X* x^ 

3! 5! 

. . . + 

a;* . 

:r + ^ + 

■ • • + 

X* x® 

3 "*■ 5 ~ 

• • • + 

X X* 

2 2* ” 

• • • + 


+ x""' + 

(_ l)T.+ l3.2n-2 

(2n - 2)! 
(-l)"+>x2"-‘ 


+ 


(2n 

n—1 


X 


6 . 1 


7. 2x + 2»x* + 2*x» + 


- 1)! 

(n - 1)1 + ■ 
(-l)"+^X^"-» 
2 / 1—1 


+ • • 


+ 


( 


2 "- 


+ 




• 9 


+ 2"x’* + • • • . 




8 . 


+ 


• • 


1-2 2-3 3-4 


+ 


(-l)"+»x'* 
n(n + 1) 


+ 


9. X + 


4- 


V2 V3 


+ 


10. X + 2x* + 3x> + • 


x" , 

+ 

+ nx^ + • 


• • 


• • 
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11 . (x 


1 ) _ - 1 )^ + - 1 )* 


2 


3 


^ (_l)n+l(^ _ l)n ^ 


n 


X — 2 (x 

12. -f- - 


1 


2 V2 


2)2 ( x - 2)2 


3 Vs 


(x - 2)" 

+ ^—V- + 


n 



n 


k(k - 1 ) 

13. Show that the binomial series 1 + fcx + ■—+ 


2 ! 


+- 


kik- 1) • ■ ■ (k - n + 1) 


n! 


x" + 


, where k is any real number, 


converges for —1 < x <1 and diverges* for [x] > 1. 

184. The use of series in computation. Many useful functions 
can be expressed as power series. For example, if x is the number 
of radians t in an angle, it can be shown, by more advanced methods, 
that 


(1) sin X = a: 


5! 


+ 


( 


l)n+1^2n-l 


(2n - 1)! 




Since the series on the right converges for all x, and in particular 
for X = 1, we may compute the value of the sine of 1 radian by 
taking the first three terms of this series: 


sin 1 = 1 


= 1 


3! ^ 5! 
6 ^ 120 


7! 


+ 

1 


5040 


+ 


= 0.8417 approximately. 

By the corollary of section 180, the error committed is less than 
1/5040, since we used only the first three terms. Since 1/5040 is 

less than 0.0005, the answer is correct to the nearest thousandth. 
See also section 163. 

Infinite series are much used in the construction of tables and 

have many other uses in advanced mathematics, both pure and 
applied. 

EXERCISES 

1 . It can be shown that if x is the number of radians in an angle then 


cos X = 1 


— _i_ _ 

2! + 4! 


+ 


( 


l)n+]3.2n-2 


+ 


(2n - 2)! 
arest thousandth 


Find the value 


The behavior of this series at x = ±1 depends on the value of k, and requires 
much more advanced methods of study. A complete investigation of the binomial 

laom complex number waa made by N. H. Abel (Norwegian, 1802- 

1829), about 1826. See section 145. 

t One radian is equal to 180/ir degraes. 
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2. Using the series (1) above, find to the nearest thousandth the value 
of the sine of 1/2 radian. 


3. Using the series of exercise 1, find to the nearest thousandth the 
value of the cosine of 0.3 radian. 

4. Using the first five terms of the binomial series (exercise 13, secti<jo 
183), find the value of (1.02)~‘*. 

6. The value of e, the base of the 8>-stem of natural logarithms, can 


be obtained fro 


the series 1 + ri + “• d" 


+ 


1 


-h 


• 0 


1! ■ 2! ' ' (n - 1)1 

Calculate it using the first six terms, and round off the answer to two 
decimal places. 

6. The value of ir can be obtained from the series 




1 


+ 


1 


3 • 5* ^ 5 • 5‘ 




4 



1 


+ 


1 


3 • 239* 5 • 239* 




Calculate v, using the first three terms in each bracket, and roimd off the 
answ'er to three decimal places. 




f 














CHAPTER XXVIII 


Interpolation and Curve Fitting 


188. Linear interpolation. Suppoee y is some unknown func¬ 
tion of x; that is, y = fix)- Suppose further that we know the 
values of y for certain values of x; 


^ 1 ^6 i Xi j 

Xj 

• • • 

Xn 

y -= hx) 1 y« 1 vi 1 

yi 

• • • 

Vn 


The graph of y =» /(x) is then drawm through the points (xo,yo), 

(Xi,yi), . . . , (x„,ya}. 

The act of estimating the values of y for values of x between 
those actually known or calculated or plotted is called interpolation. 

A rough method of interpolation is to read from the graph 
sketched through the known points (Fig. 65). 


y 



The method commonly used in interpolating in tables is called 
the method of proportional parts or linear interpolation. It is 
illustrated in the following example. (.See section 159 for further 
iOusirations.) 

Example. Suppose we have the following table: 
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To find the value of y corresponding to x = 2.75, we that 2.75 
is 3/4 of the way from 2 to 3, so that the desired value of y will U* 
approximately 3/4 of the way between 6 and 2, or y — 3. The 
work may be arranged as follows: 




This method amounts to replacing the actual curve, wfiatever 

it is, by the straight line joining the points (xi,yi) and fxj,yj) 

between which we are interpo¬ 
lating. In the example above, 
the straight line joining the 
points (2,6) and (3,2) is y = 
— 4x -I- 14. WTien x = 2.75, the 
value of y determined from this 
line is y = 3. 

The table of the example 
above was actually calculated 
from the function y = 2 + 3x* — 
X*. The actual value of y corre¬ 
sponding to X = 2.75 therefore is y = 3.890625. The connection 
between the idea of proportional parts and the idea of approxi¬ 
mating the curve by the straight line should be clear from the 

CE CD I 

similar triangles ABD and ECD (Fig. 66), since ~ BD 4 

The accuracv of this method clearly depends on how closely the 
chord joining the points (xx.yO and (x„y*) approximates the actual 
curve. In practice this often depends on how close together are 
the values of x between which we are interpolating;* interpolating 
between values of x which are closer together is apt to be more 
reUable. If the values yi and y, are taken from a table, they are 
themselves not always exact since they may be subject to round¬ 
ing-off errors. . 

• That thia ia not alwaya the case mar be seen from the 

obulSing^e point (0.2,-0.4), which la from ^ <0.2,0.5,. 

Richardimn. FundamentaU cf MaAemeUte*, Macmillan, 1041, p. 277. 
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EXERCISES 

Vnng the table of the example cU>ope, calculate, by meane of interpolation 
by proportional parts, the value of y corresponding to: 

1. X = 1.5. 2. X = 2.25. 3. X - 3w. 4 . x = l.-l. 

6. X « 2.2. 6. X = 2.7. 

7. Given that v''2.50 = 1.357 and v^2^ - 1.375, find by linear 
interpolation the value of V ^2.54 to three de cima l places. 

8 . Given that v'4.60 = 1.6 G3 and »= 1.675, find by linear 

interpxJation the value of v'4.66 to three decimal places. 

9. From table I, find by linejir interpolation the value of v^3.925 
to four decimal place*. 

10 . From table I, find by linear interpolation the value of v^66.25 
to four decimal place*. 

1S6. Polynomial interpolation. It is obviously plausible that 
replacing tl»e actual (unknown) curve by a pKjlynomial of degree 
two is likely to give a better approximation than the linear poly¬ 
nomial u-sed in the preceding section, and that in general a poly¬ 
nomial of liiglier degree is likely’ to be better than one of lower 
degree. 

Theorcu. //x«, Xi, Xj, . . . , x, are r -b 1 different valuer of x, 
and y%, yi, j/i, . . . , Vr any r + 1 values of y, then there exists 
one and only one polynomial /(x) of degree less than or equal to r such 
that the eurte y — /(x) passes through the r 1 points (xo,j/o)» 

• • • » (^r»Fr)* 

Proof. This follow.- at once from (2) of section 1S7, aiul 
corollary 2, s«*ction 104, clmpter .W. 

This unique poly nonual may’ be determined by’ the method of 
undetermined coefficients, as in tlx* following example. 

Example 1. Find the unique p<jly'nomial of degree 3 or less 
wljoee graph passes through the four points (1,4), (2,0), (3,2), 
4.-14». 

Solution. Let y « ax* -b 6 x* -b cx -b d. Since x — 1 , y 4 
mu-st satisfy tiiis equation, we have 

1 ' 4— a-b 6 -bc-bd, 

a linear equation in the coefficients a, 6 , c, and d. Each of the 
otlier three given points similarly ydelds a linear equation in a, 6 , 
e. and d: 

6 - 8 a -b 46 + 2c -b d, 

3> 2 «= 27a -b 96 -b 3c -b d, 

- 14 - 04a -b 106 -b 4c 4- d. 
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Solving this system of equations (1), (2), (3), and (4), we find 

a = — 1, 6 = 3, c = 0, d = 2. Hence the desired polynomial is 
y = —a:* -}- 3a:^ + 2. 


EXERCISES 


Use the method of undetermined coefficients in each of the following 
exercises: 


1. (a) Determine the unique polynomial of degree ^ 3 whose graph 
passes through the points given in the following table; 


X 

1 

3 

4 

5 

y 

-2 

14 

40 

86 


(6) Use the polynomial obtained in (a) to interpolate for the value 
of y corresponding to x = 2. 

2. Same questions as exercise 1 for the table 


X 

1 

3 

4 

5 

y 

14 

12 

8 

2 


3. Same questions as exercise 1 for the table 


X 

1 

3 

4 

5 

y 

-1 

3 

5 

7 


4. (a) Find the unique polynomial of degree ^ 2 whose graph passes 

through the points (1,3), (2,3), and (4,9). 

(b) Use the polynomial obtained in (o) to find the values of y cor¬ 
responding to X = 3 and to x = 1.5 respectively. 

6. (a) Find the imique polynomial /(x) of degree ^ 3 such that 
/(I) = 0,/(2) = -4,/(3) = -6, and/(5) = -4. 

(b) Find the values of/(4) and/(2.25). 

6. (a) Find the unique polynomial /(x) of degree ^ 3 whose graph 
passes through the points given in the following table; 


X 

1 

3 

4 

5 

y 

-8 

2 

25 

68 


(b) Use the polynomial obtained in (a) to find the values of /(2) 
and/(3.3). 

7. (a) Find the unique polynomial of the smallest possible degree 
whose graph passes through the points given in the following table; 


X 

1 

2 

3 

4 

5 

y 

9 

18 

73 

234 

585 


(b) Use the polynomial obtained in (a) to find the value of y cor 
responding to x = 2.2. 
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8 . (a) Find the unique polynomial of the smallest possible degree 
whose graph passes through the points given in the follovdng table: 


X 

2 

4 

8 

y 

18 

18 

-8 


(6) Using the polynomial obtained in (o), find the values of y cor¬ 
responding to X = 3, X = 5, X = 6, and x = 9, respectively. 


*187. Lagrange’s interpolation formula. The 
nomial of degree 2 or less passing through the 

(^ 2 ,yz), where Xq, Xi, x^ are all distinct, is 
direct substitution to be 


unique poly¬ 
points (xo,yo), 
easily seen by 


( 1 ) y 


(x 


Xi)(x — Xi) 


(x — Xo){x — Xi) 


Xi)(x 


Xi) 


(Xi — Xo){x 


+ 1/2 


(x 


Xi) 

■ Xo)(x 


Xi) 


(x 


Xo)(x 


Xi) 


Similarly the unique polynomial of degree r or less passing through 
the r -b 1 points (xo,yo), {xi,yi), • * • , (Xr,yr), where Xq, Xi, • • • , 
Xr are all distinct, is given by 


( 2 ) y = yo 


(X — Xi)(x — Xo) 


(x - X,) 


{xo 


+ y 


a:i)(xo — Xi) 
(x — Xo)(x 


(x 


Xi) 


Xr) 

(x 


Xr) 


(x 


+ 


Xo){Xi — Xi) ■ ■ 

(x - Xo)(x 

+ yr 


(Xi - 
■ Xi) 


Xr) 


(X - Xr-i) 


{Xr 3 ^ 0 ) iXr Xi) 


(Xr Xr —i) 


Example. The unique polynomial of degree 3 or less passing 
through the points (1,4), (2,6), (3,2), (4,-14) is 


2/ = 4 ~ ow^ ~ ow? ~ + 6 


(1 


+ 2 


2)(1 - 3)(1 - 4) ' - {2 
(x — l)(x — 2)(x — 4) 


l)(x - 3)(x - 4) 


(3 - 1)(3 - 2)(3 - 4) 


1)(2 - 3)(2 - 4) 

- l)(x - 2)(x 


3 ) 


(4 - 1)(4 - 2)(4 - 3) 


which reduces to y = — x® -b 3x* -b 2. 

Note. Formula (2) is credited to J. L. Lagrange (French, 
1736-1813), who made many remarkable contributions to the 
progress of mathematics, both pure and applied. 

EXERCISES 

1 - 8 . Work exercises 1-8 of section 186 by means of Laerance’s 
interpolation formula. ^ 

* This section may be omitted without disturbing the continuity of the chapter. 
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188. The Gregory-Newton interpolation formula. Another 
method for determining the unique polynomial y = f{x) of degree 
r or less passing through the r + 1 points (xo,?/o), (xi,j/i), . . . , 
(Xr,2/r), where Xo, Xi, . . . , Xr are all distinct, is often convenient. 

The student should review sections 150 and 151, chapter XXI, at 
this point. From formula (6) of section 150, we have, for A: = 0, 
1 ,2, . . . , r. 



Vk 


yo + kAyo + 


k(k 


1 ) 


+ • 


+ 


2! 

kik 


A^o ”1“ 


k(k - ])(k -2) 


l)(k - 2) 


3 ! 

(k 


A *2/0 


r + 1) 


r! 


A’‘2/o 


By theorem 2, section 151, all differences of order higher than the 
rth are equal to zero since f{x) is a polynomial of degree r or less. 

For simplicity, we now restrict ourselves to the case in which 
the values Xq, Xi, . . . , Xr are evenly spaced. Let h be the con¬ 
stant difference between the successive values Xo, Xi, ... , x,. 
Thus Xi = Xo + /i, Xa = Xo -b 2/i, • • • , Xr = Xo -f rh. That is. 


( 2 ) 

or 



Xfc = Xo -b kh 





— Xo 

h 



Hence 





— r -b 1 


Xfc — Xo — [r — 1]^ 

h 


Substituting (3) and (4) in (1), we get 


Xfc 


Xo\ / Xfc — Xo 


(5) Vk 


Xfc — Xo . , 

2/0 H-^-Ai/o + 


h 



K 


h 


2 ! 


A Vo 




A*2/o -b • * • 
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Replacing x* by x and simplifying, we find that the polynomial 


(6) y = f{x) = Vo+ 


h 


^0 , (x - Xo)(x 

Zaj/o H- 


h) 


+ 


(x — Xo)(x — Xo — h){x 


Xo 


2h) 


3lh 


2lh^ 

A*i/o + • ' • 


A'-yo 


+ 


(x — Xo)(x — Xo —/i)(x — Xo — 2/i) • • • (x — Xo — [r — l])i) 

rlh' 


A'yo 


satisfies the requirements of the problem. It is of degree r or less, 
and for k = 0, 1, • • • , r we have y = /(x*) = i/*. 

Example 1. Find the unique poljmomial of degree 3 or less 
passing through the points (1,4), (2,6), (3,2), (4,-14). 

Solutio7i. We construct the successive differences of yu, y^, 

Vi, 1/*: 

Vk- 4, 6, 2, —14 

Ayt: 2, -4, -16 

- 6 , -12 

A»j/t: -6. 

Here j/o = 4, Ayo = 2, A^o = —6, A*j/o = —6, Xo = 1, and h = 1. 
Substituting in (6) we get 



(x - l)(x - 2) 


211 


(- 6 ) 


+ 


(x - l)(x - 2)(x - 3) 

3!1» 


(- 6 ), 


which reduces to y = — x* + 3x* + 2. 

The formula (6) is often called Newton’s formula, after Isaac 
Newton (1642-1727) although it was discovered by James Gregory 
(1638-1675). 

Example 2. By the Gregor y-Ne wton interpolation formula 
find an approximate value of v^28.8 given that 'v^27 0 = 3.000. 
V 28.0 = 3.037, = 3.072, ^3^ = 3.107, approximately. 

Solution. We form the table of differences: 


yt: 

3.000 

3.037 

3.072 

3.107 

Ay*: 

0.037 

0.035 

0.035 


A*y*: ■ 

-0.002 

0.000 



A*y*: 

0 .002. 





Here A = 1, Xo = 27, i/o = 3, Ayo = 0.037, A*yo = - 
0.002, and x = 28.8. From formula (6) we have 


0.002, A*y, = 













414 


INTERPOLATION AND CURVE FIHING ich. xxviii, §188 


( 1 ) y 


3 + (0.037) + ( 


1 


+ 


0 . 002 ) 

( 1 . 8 )( 0 . 8 )(- 0 . 2 ) 


3 + 0.0666 - 0.00144 - 0.000096 


3!P 

3.065064 


( 0 . 002 ) 


approximately. This answer is correct to the nearest thousandth. 
We have essentially approximated part of the curve y = "Vx by a 
cubic poljmomial. If we had used linear interpolation between the 
values 3.037 and 3.072 we would have obtained 3.065. Thus in 
this example we have not gained in accuracy by increasing the 
degree of the approximating curve. This might have been fore¬ 
seen from the fact that the first differences were nearly equal, sug¬ 
gesting that a first-degree polynomial would be almost a perfect 
fit. In general, however, one may expect better accuracy from 
higher degree curves. The problem of estimating the accuracy 
to be expected lies beyond the scope of this book. 


EXERCISES 

Use the Gregory-Newton interpolation formula in each of the following 
exercises: 

1. (a) Find the vmique polynomial of lowest degree whose graph 
passes through the points given in the following table: 


X 

2 

3 

4 

5 

6 

y 

-3 

4 

15 

30 

49 


(5) Use the polynomial obtained in (a) to find the values of y 

corresponding to x = 4.2, and to x = 7. 

2. (a) Find the unique polynomial of lowest degree whose graph 

passes through the points given in the following table; 


X 

2.0 

2.4 

2.8 

3.2 

y 

8.0 

10.4 

12.8 

15.2 


(b) Use the polynomial obtained in (a) to find the values of y 

corresponding to x = 2.7 and x = 4.0. 

3. (a) Find the unique polynomial of lowest degree whose graph 

passes through the points given in the table: 


X 

1 

2 

3 

4 

5 

6 

y 

2 

7 

56 

209 

550 

1187 


(b) Use the polynomial obtained in (a) to find the value <4 y 
corresponding to x = 2.2. 
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4. (a) Find the unique polynomial of lowest degree whose graph 
passes through the points given in the table: 


X 

1 

3 

5 

7 

y 

6 

-4 

-70 

-240 


(b) Use the polynomial obtained in (a) to find the values of y 
corresponding to x = 4 and x =0.5. 

6. (a) Find the unique polynomial of lowest degree whose graph 
passes through the points given in the table: 


X 

1 

3 

5 

7 

9 

y 

6 

-4 

18 

120 

350 


(6) Use the polynomial obtained in (a) to find the values of y 
corresponding to x = 4, and x = 10. 

6. Find the unique polynomial f{x) of lowest degree such that 
/(I) = 9,/(2.5) = 10.5,/(4) = 3,/(5.5) = -13.5. 

7. Find the unique polynomial f{x) of lowest degree such that 

/(0.8) = 0.788, /(1.2) = 0.508, /(1.6) = 0.612, /(2) = 1.1, and use it to 
find/(I) and/(1.4). 

8 . Work exercise 7 of section 186 by means of the Gregory-Newton 
formula. 

9. Given that 22* = 10648.0, 23* = 12167.0, 24* = 13824.0, approx¬ 
imate 23.3* by the method of example 2, above. 

10. Given ^ ^t = 8.750, = 8.794, = 8.837, 

approximate 686 by the method of exainple 2, above. 


189. Curve fitting and empirical equations. Suppose numer¬ 
ous observations are tabulated which relate two variables x and y : 


X 

Xo 

Xi 

X2 



y 

Vo 

Vi 

Vt 

• » • 

Vm 


Plotting the m -1- 1 points (xo,?/c), (xi,i/i), . . . , {Xrr,,y^), we obtain 
a so-called scatter diagram (Fig. 67). To be sure, if the values 
^Oy ^ly • • • ^ Xjtt arc all different, we can pass a curve y — y(x), 
where f{x) is a polynomial of degree not greater than m, through 
t e m 1 points exactly. But if our purpose is practical, we 
desire the simplest possible equation i/ = f{x). Furthermore, in 
practice, the coordinates of the m -f 1 given points are obtained 
by some sort of measurement and may therefore be assumed to be 
somewhat in error.* Hence we would prefer a simple equation 

which nearly goes through the given points to a complicated equa- 
tion which goes through them exactly. 


actually assumed that any errors in the x’a are negligible while the 
subtleties mvolved may well be passed over here. practice, and the 
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The pattern of points on the scatter diagram may suggest the 
form of a simple equation, such as (a) a linear fimction y — ax h 
or straight line, (h) a quadratic function y = ax"^ + + c or 

parabola, (c) direct variation as some power, as y = cx", (d) a 
polynomial of some definite degree, or (e) an exponential curve 
y = c6“*. Of course, there may be doubt as to the appropriate 
form (see Fig. 67), and, of course, other forms besides those treated 
here are possible.* 

If the form of the equation is decided upon, either for theoretical 
reasons or by intelligent guesswork, the next step is to determine 
the values of the coefficients in the equation so as to fit the given 


y 



X 


o 


Fis. 67. 


points well. Methods for doing this will be taken up later. If a 
straight line seems appropriate, a crude but quick method is to 
draw a line with a ruler so that it passes close to most of the points, 
and find approximate values of a and b from the graph itself. The 
process of forming an equation to fit empirical data approximately 
is called curve fitting and the resulting equation is often called an 
empirical equation. In practice the resulting equation may be 
used for interpolating, or for suggesting laws connecting the 
variables, or for prediction of further corresponding values of x 
and y, or for the determination of the values of unknown constants 

in laws whose form is theoretically known. . j f 

190. The method of differences. A convenient method o 

curve fitting uses differences and the Gregory-Newton formula. 
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Suppose the given points (xo,yo), (xi,yi), . . • , (Xm,ym) are such 
that the values of Xo, Xy, . . . , Xm are equally spaced.* If these 
points lay exactly on the graph of an equation y = /(x) where/(x) 
is a polynomial of degree r, then the differences of rth order, 
A’’i/o, A’' 1 /i, A''y 2 , • . . , would be exactly equal, and conversely 
(see theorems 1 and 2, section 151, chapter XXI). Therefore it is 
plausible that if the differences of rth order, A’’yo, A''y<i, . . . , 
are nearly equal, then the given points will nearly lie on the graph 
of an equation y = /(x) where f(x) is a polynomial of degree r. 
Hence construction of a table of differences will reveal whether the 
given points may he approximately fitted by a curve y = /(x) where 
/(x) is a polynomial of degree r. In fact, the Gregory-Newton 
formula may be used to determine the desired polynomial, as in the 
following examples. 

Example 1. Fit a curve to the points given by the table: 


X 

1 

2 

3 

4 

5 

6 

7 

y 

2.9 

3.5 

4.1 

4.4 

5.0 

5.6 

5.9 


Solution. We obtain the table of differences: 

yk- 2.9 3.5 4.1 4.4 5.0 5.6 5.9 

Ay*: 0.6 0.6 0.3 0.6 0.6 0.3. 

The first differences are nearly equal. This suggests approxi¬ 
mating the given points by a straight line or linear function. 
Plotting the seven given points on a graph bears out this conclu¬ 
sion. Hence we use the first two terms of formula (6), section 188, 

, X — Xo . 

y = 2/0 ^-— Ayo 

with yo = 2.9, Xq = 1, h — 1, Ayo = 0.6. We obtain 

y = 2.9 -b (x - 1)(0.6) 

or 

(1) y = 0.6x -b 2.3. 

The student should plot this line and the given points on a graph. 

Example 2. A projectile is thrown vertically upward from an 
initial height of 5 feet. Its height y, in feet, at the end of x seconds 
is observed for x = 0, 1, • • • ,5, as in the following table: 


X 

0 

1 

2 

3 

4 

5 

y 

5 

115 

193 

240 

255 

238 


• Modifications of the Gregory-Newton formula which do not require this restrio- 
mM^TanV^n^’ 1932^’'*™^^*'’ ^ B^binson, Calculus of Observations, 
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Find an approximate formula expressing y in terms of x. 
Solution. We obtain the difference table: 


y: 5 115 

Ay: 110 78 

A^y: -32 -31 



238 


Since the differences of second order are nearly equal, we expect a 
quadratic polynomial to be a good fit. Hence we use the first 
three terms of formula (6), section 188, 






Ayo + 


{x — Xo)(x — Xo 

2\h^ 



with yo = 5, = 1, Xo = 0, Ayo = 110, A^yo = -32, obtaining 

y = b + 110® + ~ ^ (-32), or 



y = 5 + 126x - 16x*. 


EXERCISES 

Use the method of differences to verify the appropriateness of the sug¬ 
gested degree of a polynomial fitting the tabulated data well, and to find such a 
polynomial] plot the graph of the calculated polynomial and the given points: 

1. Fit a linear polynomial to the following data: 


X 

1 

2 

3 

4 

5 

6 

y 

1.5 

2.0 

2.4 

2.9 

3.4 

4.0 


2. Fit a quadratic pol 3 Tioniial to the following data: 


X 

1 

2 

3 

4 

5 

6 

y 

1.0 

2.0 

5.1 

10.1 

17.1 

26.2 


3. Fit a quadratic polynomial to the following data: 


X 

1 

3 

5 

7 

9 

11 

y 

4.0 

8.1 

19.8 

40.2 

67.7 

104.0 


4. Fit a quadratic polynomial to the following data: 


X 

1 

2 

3 

4 

5 

6 

y 

21.1 

38.0 

52.9 

66.0 

77.1 

86.2 


6. A thin wire is stretched by means of weights. Its len^h y, m 
inches, is observed for various weights x, in pounds, as m the foUowing 


table: 


X 

1 

ll 

2 

y 

36.00 

36.06 

36.13 



3 


4 

36.18 

36.25 

36.30 

36.36 
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(a) Fit a straight line to the above data. 

(b) What would the predicted length be for x = 5 pounds? 

(c) Would it be safe to use the formula found in (a) to predict the 
length of the mre for x = 1000 pounds? 

6. The cost y cents per item of manufacturing a certain article varies 
with the number x of hundreds produced as in the following table: 


X 

1 

3 

5 

7 

y 

50.0 

48.9 

47.9 

47.0 


(а) Fit a linear polynomial y = ax + h to the above data. 

(б) Use the linear polynomial calculated iu (a) to predict the value of 
y corresponding to a: = 10. 

(c) Would it be safe to use the polynomial obtained in (a) to predict 
the value of y corresponding to a: = 150? 

7. The height y, in feet, of a projectile fired vertically upward at the 
end of t seconds is given by the following table: 


t 

0 

2 

4 

6 

8 

10 

y 

10 

350 

560 

630 

590 

410 


(o) Fit a quadratic poljmomial y ■= a bt ct^ to the above data. 

(b) Use the polynomial calculated in (a) to predict the values of y 
corresponding to ^ = 3 and ^ = 11 respectively. 

8. The relation betw^een the number x of milligrams of maltose and 

its reducing effect on Fehling’s solution as measured by the number y of 

milliliters of O.IN sodium thiosulfate solution is given by the following 
table:* 


X 

10 

20 

30 

40 

50 

60 

70 

80 

y 

1.89 

3.63 

5.33 

6.95 

8.90 

10.48 

12.25 

13.80 


(а) Fit a quadratic polynomial to the above data. 

(б) Use the formula found in (a) to predict the value of y correspond¬ 
ing to a; = 100. 

9. The lift coeflicient Cl of a certain airfoil section is related to the 

number a of degrees in the angle of attack (or angle of incidence) by the 
following table: 


a 

0 

2 

4 

6 

Cl 

r3.385 

0.531 

0.677 

0.823 


(a) Fit a linear polynomial Cz, = -f B to the above data. 

(b) Use the polynomial calculated in (a) to predict the value of Cl 

corresponding to a = 8°. 

(c) Would it be safe to use the polynomial obtained in (a) to predict 
the value of Cz corresponding to a = 80° ? 


of ftofessor L. Sattler of the Department of Chemistry 

2otlTlcr problem and for exercise 10. 
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10. Fit a cubic polynomial to the following data: 


X 

1 

2 

3 

4 

6 

6 

y 

1.1 

7.2 

24.9 

60.8 

121.1 

211.8 


191. The method of averages. We shall explain this method of 
curve fitting by means of examples. 

Example 1. As in example 1, section 190, we wish to fit a curve 
to the points 


X 

1 

2 

3 

4 

5 

6 

7 

y 

2.9 

3.5 

4.1 

4.4 

5.0 

5.6 

5.9 


Solution, (a) By plotting the points (or else by examining a 
table of differences), we decide that a linear polynomial will suffice. 
(6) Hence we must determine a and 6 so that 


(1) y = ax h 

will fit the given points well. Substituting the given values of 
X and t/ in (1), we get seven equations of first degree in a and h: 



1 2.9 = a h 

3.5 = 2a + h 

4.1 = 3a 4- & 

4.4 = 4a + 5 

5.0 = 5a + 6 

5.6 = 6a 4 - 6 

5.9 = 7a 4- 5. 


In general, a system of more than two linear equations in two 
unknowns is inconsistent,* and we can hope to satisfy it at best 
only approximately, which is all we expect. Since there are two 
constants, a and 6, to be determined, we divide the seven equations 
into two nearly equal groups, say the first four and the last three. 
Adding the equations in each group we get 

I 14.9 = 10a 4- 46 
(3) ( 16.5 = 18a + 36, 

the first equation in (3) being the sum of the first four equations 
of (2), and the second equation of (3) being the sum of the last 
three equations of (2). Solving the system (3) for a and 6 and 
rounding off the solutions to the nearest tenth (since the data are 
given to the nearest tenth), we find a = 0.5 and 6 = 2.5, approxi¬ 
mately. Hence 



* See section 120. 


y = 0.5a: -p 2.5 
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is an approximate fit. See Fig. 68. This answer differs only 
slightly from the solution obtained in section 190. 

Example 2. A projectile is thrown vertically upward from an 
initial height of 5 feet. Its height y, in feet, at the end of x seconds 
is observed for a; = 0, 1, • • • , 5 as in the following table: 


X 

0 

1 

2 

3 

4 

5 

y 

5 

115 

193 

240 

255 

238 


Find an approximate formula for y in terms of x. 


y 



Solution, (a) By plotting the given points (or else bv exam 
ih) Hence we must determine a, 6, and c so that 


(5) 


y — a hx 


will fit the given six points 
values of x and y in (5), 
a, h, and c: 


approximately. Substituting the given 
we get six equations of first degree in 



5 = 

= a 


115 = 

~ (1 6-1- 

c 

193 = 

= 0 + 26-1- 

4c 

240 = 

= o + 36 + 

9c 

255 = 

= o + 46 + 

16c 

238 = 

= o -f 56 + 25c. 


( 6 ) 
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Sinw the Bystem Has more equation* than unknown* 
likely to be incorwistent, but we may expect to saU^fy it ap 
niately. Since there are three constanta, a, b, and c, to be 
mined, we divide the six equations into three Kro«P« 
two. the midille two. and the last t 
each group, a*e get 


Y tite first 
Adding tiie equalioos in 


( 7 ) 



2o -I- 6 4- c 
2 o + 56 4- 13c 
20 + 96 4- 41r 


Solving the system (7), and rounding off the solution* 
nearest unit since the data are given to the nearest unit), 
a = 5, 6 - 126, c - -16. Hence 


( 8 ) 


y - 5 d- 126x - 16r*. 


This answer is in accord with the result of example 2, action 
190. Such exact agreement between the reeulta of two different 

methods of cur^e fitting is not to be expected 

Sou 1. In this method it is not neoeaaary that the %*alue« of 

X be evenly .spaced as it was in section 190. 

\oU g. In ever>' case the problem reduce* to solving apprOT- 

mately a »>-atem of linear equation. more equally 1^ 

unknorma. Consider the a.fstem (2). to be a^c. The di^- 

ence between the right member and the left member <rf 

equation may be called a residual, or error, or dermu^ 

ing the residuak of the seven equaUons of (2) b> e,, ei, 

respectively, we have 


Denot- 

«T, 


Cl 

Cl 

C4 


ei = a + b 
= 2a + 6 
= 3a + 6 
= 4a 4- 6 


2.9 

3.5 

4.1 

4.4 


c» 

c» 

Ci 


5a 4- 6 
6 a + 6 
7a 4- 6 


5.0 

5.6 

5.9. 


To demand that e.^O' ree;^-* tdeTa^^Tr^-Lr: 

wiiris'likelv to be inconsistent. * To demand that the sum (» 
average) of aU the residuaL- be aero would not serve 

“ “t^uT™ ^ conk-- 


Cl 


Cj + c» 


C4 


0 and f fc -b c« ct = 0 , 


that is. that the average? 

-i- f, ^ Cl 


Cl 


4 


ft , c» 
— and 


e« 


€7 


3 
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of the first four residuals and of the last three residuals respecti\‘«ly 
be lero. Similar remarks may be made for example 2, and hold 
in general. This accounts for the name “method of averages.” 


EXERCISES 

By /Ac meAod of armies, fit a polynomial of the indicated degree to the 
data; plot the graph of the calculated polynomial and the given points: 

1 - 9 . Exerciiiee 1-9 of section 190. 

10 . A mixture of equal weights of dextrose and levulose when 
aaalyaed* yields the following equivalence; 

T fmipi. s ugar) _| 5 ! 20 | 35 I 50 I 70 [ 90 

y (ml. 0. 1 .V sodium thiosulfate) 1 .59,8. OOj U. ^ 18 .8y[22. 6912^722 . 

Fit a quadratic polymomial y = a -j- + cx* to these data. 

192. The method of least squares. We shall explain tliis 
method by mean.s of example.s. 

Example 1. .^s in example 1 , sections 190 and 191, we wish to 

fit a cur\'e to the points 



1 1 1 2 1 3 

4 1 

1 ^ 

__6 1 

1 " 1 

n 

1 2.9 j 3.5 1 4.1 

4.4 1 

5.0 

5.6 1 

5.9 \ 


Solution, (a) By plotting the ixfints (or else by examining 
a Uble of difference.-.), we decide that a linear function will suffice. 

Hence we must determine a and b so that 

tl.' y ■> ox + 6 


will fit the given points well. Substituting the given values of 
X and y in 1 >, we get seven linear erjuations in a and 6 : 


' 2 ; 



a -f* 6 
2a + 6 
3a -i- 6 
4a -b 6 
5a -b 6 
6 a -b 6 
~o 4- h. 


equation of f 2 ) by tlie coefficient of a in it and 

the noZ, 

equation corresponding to a: multiDlvinir each l 
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the coefficient of b in it and adding the resulting equations, we get 
what is called the normal equation corresponding to b. 

Thus, 


2.9 = 

a -h 

b 

7.0 = 

4a -f- 

2b 

12.3 = 

9a "T- 

36 

17.6 = 

16a + 

46 

25.0 = 

25a 4- 

56 

33.6 = 

36a -|- 

66 

41.3 = 

49a -t- 

lb 


(3) 139.7 = 140a + 286 (the normal equation corresponding to a). 
Similarly, the normal equation corresponding to 6 is 

( 4 ) 31.4 = 28a + 7b. 


Solving the system consisting of the normal equations (3) and (4), 
and rounding off the answers to the nearest tenth (since the data 
are given to the nearest tenth), we get a = 0.5 and b = 2.5. 

Hence 

( 5 ) y = 0.5x + 2.5. 

This is in accord with the result of example 1, section 191. (Sec 
Fig. 68, page 421.) Such exact agreement between the results of 
two different methods of curve fitting is not to be expected m 

every case. 

Example 2. A projectile is thrown vertically upward from an 
initial height of 5 feet. Its height y, in feet, at the end of x seconds 
is observed for x = 0, 1, ■ * * , 5 as in the follo^ving table. 


X 

0 

1 

2 

3 

4 

5 

y 

5 

115 

193 

240 

255 

238 


d an approximate 
Solution. 


AJLLLXCLU^ ^-- 

(a) By plotting the given points (or else by exam¬ 
ining a table of differences), we decide that a quadratic function, or 

parabola, will fit well. 

(6) Hence we must determine a, b, and c so that 


( 6 ) 


y 


a + bx + cx 


will fit the given six points approximately. Substituting the e 
values of x and y in (6), we get six linear equations m a, 6, and c: 
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5 = 

= a 





115 = 

= a 

+ 

6 

+ 

c 

193 = 

- a 

+ 

26 

+ 

4c 

240 = 

= a 

+ 

36 

+ 

9c 

255 = 

= a 

+ 

46 

+ 

16c 

238 = 

= a 

+ 

56 

+ 

25c. 




Since the system (7) has more equations than unknowns, it is likely 
to be inconsistent, but we may expect to satisfy it approximately. 

Multiplying each equation of (7) by the coefficient of a in it, 
and adding the resulting equations, we get the normal equation 
corresponding to a; repeating this process with the coefficients 
of b and c, in turn, we get the normal equations corresponding to 
b and c, respectively. Thus the normal equations corresponding 
to a, b, and c are respectively 

{ 1046 = 6 a + 156 + 55c 
3431 = 15a + 556 + 225c 
13077 = 55a + 2256 + 979c. 

Solving the system of normal equations ( 8 ), and rounding off the 
answers to the nearest unit (because the data are given to the 
nearest unit), we get a = 5, 6 = 126, c = -16. Hence 

(9) 2 / = 5 + 126a; - 16x2. 

This is in accord with the result of example 2 , sections 190 and 191. 
Such exact agreement between the results of different methods of 
curve fitting is not to be expected in every case. 

Note 1. In this method it is not necessary that the values of x 
be evenly spaced as it was in section 190. 

Note 2. The problem of fitting a polynomial (or even certain 

other types of functions) reduces to solving approximately a 

system of linear equations with more equations than unknowns. 

To be specific, consider the system of three equations in two 
unknowns a and 6 : 

mia 4" Uib = pi 
( 19 ) rriia + nib = pi 

TTiza + ugb = Pi. 

Let the residuals, or errors, or deviations, Ci, Cj, c,, be defined by 

(11) ~ ~ PU + W26 — P2, 

63 = ruia + Uib — p*. 

To demand that every residual be zero is tmreasonable, since 
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setting Cl = 62 = Ca = 0 \nelds the system ( 10 ) which is likely 
to be inconsistent. We shall prove that our method of sohnng the 
normal equations amounts to requiring that the sum of the squares of 
the residuals Ci® -}- ei^ + Ca* shall he a minimum. This accounts 
for the name “least squares.” 

Proof. From (11) we find that 

Ci^ = mi*a* + ni^h^ - 1 - pi® + 2,m\n\ab — 2mipia — 2n\p\h 

Ca® = m^^a^ + n^^b^ + pa* + 2maU2U& “ 2m2Pia — 2napi6 

ejZ = rna^o^ + n3-b^ + Pa® + 2manaa6 — 2maP3a — 2ntptb. 


Adding these three equations, we find that the sura of the squares 
of the residuals is given by 


(12) Ci=* + Ca* + Ca* = ("ii* + ^2* + W8*)a* 

+ (wi" + na^ + n3^)b^ + (pi* + Pa* + Pa*) 

+ 2(mini + mana + m3n3)ab 
— 2(mipi + maPa + /WaPa)^ — 2(nipi + naPa + n3pi)h. 


The right member of (12) is a quadratic function of a and b which 

we may denote by/(a, 6 ). 

We wish to determine a and h so that/(a, 6 ) will be minimum. 
Consider 6 to be a constant for a moment. Then /(a, 6 ) may be 
thought of as a quadratic function of a alone. By exerci.se 21, 
section 82, chapter XI, we get the minimum when a is equal to 
minus the coefficient of a divided by twice the coefficient of a*. 

Therefore we must have, from (12), 


a 


2{mini + mana + marta)^ — 2(miPi + m^Pi + miPt) 

2(mi® + ma* + wi**) 


or 

(13) (mi* + ma* 4 - m 3 *)a + (mini + mana + mjnj )6 

= mipi + maPa + mjp*. 

But this is exactly the normal equation corresponding to a, derived 
from the equations ( 10 ). 

Similarly, regarding a as constant and f{a,b) as a quadratic 
function of h alone, we get 

(14) (mini + mana + m 8 ns)o + (ni* + n,* + n ,*)6 

= nipi 4- ntpt + «aPi 

which is the normal equation corresponding to 6 derived from the 
equations (10). Hence, in order for ( 12 ) to be minimum it is neces- 
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sary that a and h satisfy the normal equations (13) and (14). To 
investigate whether this is also sufficient lies beyond the scope of 
this book. 

Note 3. The term “best-fitting curve” is frequently used for 
the one obtained by the method of least squares. This usage 
arises from the fact that the criterion that the sum of the squares 
of the errors be minimum is closely related to other theoretical 
considerations occurring in the more advanced theory of proba- 
bilitv and statistics. 

EXERCISES 

By the method of least squares, fit a polynomial of the indicated degree 
to the data; plot the graph of the calculated polynomial and the given points: 


1-9. Exercises 1-9, section 190. 
10. Exercise 10, section 191. 


11. Fit a curv'e of the form y 


b 


ax — to the following data: 
oc 


X 

1 

2 

4 

5 

10 

y 

12.1 

9.0 

10.5 

12.0 

20.9 


193. Exponential and power functions. Many laws of physics, 
chemistry, biology, etc., are of the exponential form 

(1) y = o6* 

or of the power form . i : ^ 

( 2 ) 

(a) If the scatter diagram or any other information suggests 
that the exponential function (1) will fit, we proceed as follows. 
From (1), we get 


y 


ax^. 


( 3 ) 

Setting 

( 4 ) 

we get 

( 5 ) 


log y = log a -f a: log 6 


Y = logy, A = log a, B = log 6, 


Y = A + Bx. 


Hence we may fit a straight line to the points (xi, Fi = log t/i), 

^ ^ ^ 2 / 2 ), ' ■ • , {xm, Y„ = log y„) by any of the pre¬ 

ceding methods. From the values of A and B thus found we 
calculate a and b from (4). 

A'ote 1. Semi-logarithmic graph paper is helpful. Its use will 
remove the necessity of consulting a table of logarithms in order 
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to plot equation (3) or (5). Furthermore, if the data can be 
plotted on it, and if the points (a-i,Fi), (x 2 ,y%), . . . , (x Vn.) lie 
nearly in a straight line, the exponential form (1) is desirable. 

Example 1. Fit a curve of the exponential form y = alf to the 

following data: 


X 

0 

1 

2 

3 

4 

5 

y 

100 

175 

305 

535 

940 

1640 


Solution. Let Y = log y. Then, we have 


X 

0 1 

1 1 

2 

3 

4 

5 

Y 

2 

1 2.2430 

2.4843 

2.7284 

2.9731 

3.2148 . 


By means of a graph (Fig. 69) of Y against x (or by calculating 
the first differences of the F’s), we see that a straight line will fit. 



Fig. 69. 


By the method of differences, we get F = 2 + 0.2430x. From (4) 
we get a = 100, b = 1.75. Hence y = 100(1.75)*. 

(6) If the scatter diagram, or other information, su^es 
that the power function (2) wiU fit, we proceed as follows. From 

(2), we get 


( 6 ) 


log y = log a -\r b log x. 


Let 

( 7 ) 

Then 



Y = log y, A = log a, X = log x. 


Y = A + bX. 
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A straight line may be fitted to the points (Xi = log Xi, 
Yi = log yi), • • • , (^m = log Xm, Ym = log ?/„) by the methods 
of the preceding sections. The value of a can be determined from 
the resulting value of A by (7). 

Note 2. Logarithmic (log-log) graph paper is helpful. Its 
use vail remove the necessity of consulting a table of logarithms 
in order to plot equation (6) or (8). Furthermore, if the data are 
plotted on it and if the points {Xi,Yi), . . . , (X„,F„) lie nearly 
on a straight line, the power function (2) is desirable. 

Example 2. Fit a curve of the power form y = ax* to the 
following data: 


X 

1 

10 

100 

1000 

y 

100 

3160 

100,000 

3,160,000 


Solution. Setting Y = log y and X = log x, we get 


X 

0 

1 

2 

3 

Y 

2 

3.4997 

5.0000 

6.4997 


By means of a graph of Y against X (or by calculating the first 
differences of the F’s), we see that a straight line will fit. By the 
method of differences, we get F = 2 -|- 1.4997X. From (7), we 
get y = lOOx^-^®®^. 

EXERCISES 

1. The number y of bacteria in a culture at the end of x hours is given 
by: 


X 

0 

1 

2 

3 

y 

100 

112 

125 

140 


(a) Fit an exponential curve y = ab^ to the above data. 

(b) Use the formula calculated in (a) to predict the number of 
bacteria present at x = 4. 

2. The number y of millions of population of a certain country at the 
end of X years is given by 


X 

0 

5 

10 

15 

y 

4.50 

5.47 

6.66 

8.10 


(o) Fit an exponential curv'e y = ab^ to the above data. 

(6) Use the formula calculated in (a) to predict the population at 

a: = 20. 

3. Suppose that a body moves thi-ough a resisting medium so that its 
velocity y feet per minute at the end of x minutes is given by 


X 

0 

1 

2 

3 

y 

100 

76 

57 

43 
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(a) Fit an exponential curve of the form y = ab^ to the above 

data. 

(b) Use the formula calculated in (a) to predict the velocity at x = 4. 

(c) Would it be safe to use the formula of (a) to predict the velocity 
at X = 120? 

4. The period, y years, of revolution about the sim for each planet, 
and the radius, x millions of miles, of its orbit are given in the follo\ving 
table: 



Mercury 

Venus 

Earth 

Mars 

Jupiter 

Saturn 

Uranus 

Neptune 

X 

36.0 

67.2 

92.9 

142 

483 

886 

1780 

2790 

y 

0.24 

0.62 

1.00 

1.88 

11.9 

29.5 

84.0 

165 


Fit a power function y = ax'’ to the above data. 

6. The pressure, p inches of mercurj', of the atmosphere, imder 
certain conditions, is related to the density ratio a by the following table: 


<r 

1 

0.862 

0.738 

0.630 

V 

29.9 

24.3 

19.5 

15.7 


. is a geometric 
, log x„. 


• • • 


is 


Fit a power function p = ac^ to the above table. 

6 . Prove that if the sequence Xi, X2, X3, ■ . . , x„, . . 
progression, then the sequence log xi, log X2, log xs, . . . 
an arithmetic progression. 

7. Prove that if the sequence xi, X2, . . . , x„, . . 
progression, then the sequence of differences of first order Axi, Ax2, Axs, 
. . . , Ax„, ... is a geometric progression. 


is a geometric 


8. Prove that if the values xi, X2, . . . , x 




are in arithmetic 


progression with common difference h, and the corresponding values 
yi, 1/2, . . . , 2 /n are in geometric progression with common ratio r, then 


y 


a?)*“ where a = yii"~^’^^ and h = r 


lA 


9. Prove that if the values xi, xi, . . . , Xn, . . ■ are in geometric 
progression with common ratio r, and the corresponding values 7/1, yi, 
. , . , y„, . . . are in geometric progression with common ratio s, then 

y„ = axn’’ where b = log s/log r and a = yi/x^. 


194. Extrapolation. The equations or curves arrived at by the 
various methods explained in this chapter are, in practice, used 
not merely for interpolation, or reading between the known values, 
but also for extrapolation, or reading be3'ond the range of known 
values. Needless to saj^ such predictions must be accompanied by 
an appropriate amount of scientific caution and skepticism. Thus, 
if one fitted a curve to the graph of some stock market index over a 
period of weeks and then used the curve to predict what would 
happen next week, he would be most imwise. If he had done that 
just before the crash of 1929, he might well have been joined. 
On the other hand, if an astronomer thus predicts the orbit of a 
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comet for the next few centuries from a very few observations, he 
is likely to be astonishingly accurate. But this is due to the 
overwhelming amount of corroborative evidence, both theoretical 
and empirical, which makes him sure of the form of the functions 
involved. Even in the physical sciences, a curve which gives 
good predictions for some limited range of values may be useless too 
far beyond that range. However, when properly used, methods of 
extrapolation are extremely helpful in the investigation of natural 
laws. 




I 











Answers to Odd-Numbered Exercises 

Section 1. Pages 3-6 

1. (a) Must be true, (b) May be true or false. 

(c) May be true or false, (d) Must be false. 

3. (d), (e). 6. Sufficient. 7. No. 

9. (a) Invalid, (b) Invalid. 11. AU invalid. 13. Invalid. 
16. Invalid. 17. Valid. 

9 

Section 4. Page 11 

1 . Commutative law for addition, 

3. Associative law for addition. 

6 . Associative law for multiplication. 

7. Distributive law. 9. Distributive law. 

11. 23. 13. 29. 16. 77. 17. 207. 19. 183. 


Section 6. Pages 13-14 
1. 2 • 4 = 8 3. (b), (c), (d), (c). 

6 . (6) a > b. (d) a is a multiple of b. 


Section 6. Pages 16-17 


3. 

3 • 5. 

6 . 

2-43. 

7. 3 • 11 • 11. 9. 3 

• 5 • 11 • 19. 

11 . 

(a) 20. 

Q>) 

240. 

13. (a) 12. 

(b) 72. 

16. (a) 1. 

17. 

(a) 12. 

(b) 

360. 

19. (a) 20. 

(b) 240. 

23. Yes. 

26. 

Yes. 

27. 

Yes. 





Section 7. 

Page 21 


1 . 

2/3. 

3. 3/2. 

6 . 2/3. 7. 

2a/Zd. 

„ m -f 3n 

y# —• • 






mn 

11 . 

5/9. 

13. 

5/16. 

16. a/c. 

17. 2x. 

19. 24/40. 





Section 8, Pages 23-24 


1 . 

7/12. 

3. 

5/8. 

6 . 7/6. 7 

. 1/20. 

9. 5/8. 

11 . 

4/3. 

13. 

1 /6. 

ifi 2 +a: 

17. 1/2. 

19. Less 


(6) 6450 


21. 21/23; 34/667. 23. (b), x > y. 26. 2/3. 


1. 3. 

13. -90. 



Section 9. Page 28 

-8. 6. —3. 7. 0. 9. —10. 

16. -1. 17. -10. 19. 3. 
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1. -8. 3. 3. 

13. 4. 16. 1. 


Section 10. Pages 31-32 

6. -8. 7. -3. 9. -9. 11. 1. 

17. 40. 19. -1/10. 21. 13/2. 23. 20. 


Section 11. Page 34 
1. Yes. 3. Yes. 6. Yes. 7. Yes. 


Section 12. Page 37 

1. 3. 3. -5. 6. 2. 7. 2. 9. 3. 

11. (a) No. (6) a* + 2ab + b\ 13. No. 16. 5. 17. a. 

19. X. 21. 1/2. 23. 144. 26. 80. 27. 196. 

29. 100. 

Section 14. Page 46 

1. (a) 1.732. (6) 1.73. 3. (a) 1.259. (fe) 1.26. 

6. (a) 1.710. (b) 1.71. 13. False. 

Section 16. Page 47 

1. 25. 3. 27. 6. 487. 7. 706. 9. 8.74. 

11. 2.17. 13. 19.131. 16. 7.517. 17. 8.883. 19. 5.404. 

Section 16. Pages 60-61 

1. Si. 3. i Vs. 6. ci. 7. 15t. 9. 3 -f 2i. 

11. 4 -I- 6i. 13. 9 -I- 4z. 16. 3 -|- Si. 17. - 3 - 5i. 

19. 8 - 2i. 21. -12 -H 8i. 23. 7 -|- 17i. 26. 14 - 8i. 

27. 4 — 19z. 29. 9 — 7i. 31. 24 4- 2Si. 33. Complex, imaginary. 

36. Complex, imaginary, pure imaginary. 

37. Complex, real, irrational, positive. 

39. Complex, real, rational, negative. 

41. Complex, real, irrational, negative. 

43. Complex, real, rational, integral, zero. 


Section 23. Pages 68-69 


31. aS. 33. l/a«. 


36. 18a®6C 



39. 


^ „ 2a®6® 

41. 2x^y^. 43. — 

49. 2. 61. False; 3®. 

67. False; 2 - 5* = 250. 
63. Sx*y\ 66. 2x^y^. 


46. -72. 47. -xV- 

63. False; 3®. 66. False; 36. 

69. False; 3®. 61. True. 


Section 24. Page 62 

1 . (a) A; (b) 4. 3. (a) B, C; (b) 7. 6. (a) B; (6) 2. 

7. (a) B, C; (b) 12 + V^. 9. (o) B, C; (b) 3. 

11. (a) -2; (b) 3. 13. (a) -1; (b) 5. 16. (a) -1/2; (6) 5. 
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Section 26. Pages 63-64 

1. X 7y. 3. —2x* + 3xy + 2y^. 6. 5x — 4y. 7. —x Zy -{• z. 

9. 3x* + I + 7. 11. -2x + by. 13. 3x^ - 2x + 2. 16. y. 

_j_ ^ 

19. (a) (—1 + y) + (2a — Zb); (b) —(x — y) — (—2a + 36). 

Section 26. Page 66 

1. 3x* — 3i + 4; 2. 3. Ax + 4; 1. 6. x*y — x^y + x'^y^ — 2x + Z; 5. 
7. 3i + 1; 1. 9. An integer. 11. No. 

Section 28. Page 69 

6 . Identity. 7. Conditional. 9. Identity. 

Section 29. Page 71 
1 . 5. 3. No root. 6. No root. 

Section 30. Page 72 

1. 3i* - I* - 2x + 4 = 0; 3. 3. 2^* + x + 7 = 0; 2. 

6 . 2x* - 16 = 0; 3. 

Section 31. Pages 74-76 

1. y = 15. Z. y = 2. 6. z = 2. 7. 2. 9. 2, 3. 

Section 32. Pages 76-76 

1. 10. 3. 4. 6. 0. 7. 2n -f 6. 9. -2r + 6. 11. -5. 

13. 0. 16. r* - 9. 17. 17. 19. 3/4. 21. 2.92. 

23. 7. 26. 8/9. 27. Not defined. 29. 3/2. 

Section 33. Page 77 

1. (a) 144 ft.; (6) 256 ft. 3. 1 sq. ft. 6. $14.88. 

7. 104° F. 9. 113.0 sq. ft. 

Section 34. Page 79 

3. 0. 

Section 36. Page 81 

1. 3. 3. —2. 6. ±2. 7. None. 9. 3, —2. 11. 1, 3, —2. 

Section 37. Page 84 

1. 4. 3. -2. 6. ±2. 7. 1, 3. 9. 3, -1. 

11. 2, 3, —1. 13. 4/3, “1/2. 16. x — ±1.4, approx. 

Section 38. Page 86 

1. I = 0. 3. X = 3. 6. X = -2/3. 7. X = ±2. 

9. X = 1 and X = 3. 11. x = 2. 13. None. 
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Section 40, Page 89 

1. 5x* - 2x + 3. 3. 6a;® - 3x-y -f 2xy'- + 4y\ 6. 2x2 _ _ 3 

7. 2x2 + xy — 52 / 2 . 9. 4x2 — 5. 11. — 3x® + x^y — Sy^. 


Section 41. Page 90 

1. \Qxy + 6 x 3 . 3. —6xy + IQyz. 6. 2x® — 6x2 _|_ 

7. 6 x® + 3x^y — 6 x 1 / 2 . 9 ^ — 15x® + 6x^y. 11. x2 — 7x -j- 10. 

13. x2 -E X — 12. 16. 6x2 _ 73 . _[_ 2 . 17. — 2x2 _|_ 2x — 15. 

19. 6 x* — 13x2 + 14x — 12. 21. x® + x^y — xy^ -f- 2?/®. 23. x® 4- y®. 

26. x2 + 2xy -f- i/2. 27. a^x"^‘ — h'^. 29. a2x2= — 2a6x' -h b'^. 

31. 6 x^ — 4x® 3x2 _|_ 7 ^ _ Q 


Section 42. Page 91 


1. 5x*. 3. 2x*y^. 6 . 7x2 ex®i/®. 7. -3x« + 2x^-1. 

9. — 5x2i/2 4x 4- 3. 

Section 43. Page 96 


1. X - 5, 3. 2x - 1. 6. x2 - X + 2. 7. x2 4- 3x - 2. 

9. 3x — 1. 11. 2x2 4 i3_ 2-2 _ 2xy + 4y^. 

16. x2 — 2xy -|- Zy-. 17. Quotient x — 3, remainder 4. 

19. Quotient 2x2 _ 3^. 4. remainder —5. 

21. Quotient 2x2 4- 3x — 1, remainder —6. 

23, Quotient x2 — 3, remainder 2x — 1. 

26. Quotient 2x — 1, remainder 3x 4- 5. 

27. Quotient x2 4- 3, remainder 2. 29. — xy + y^- 

31. x2 4- x2/ 4- y*. 33. X® — x'^y -f xt/® — y®. 36. x® — 4. 

Section 46. Page 98 

1. 6ax + 15ay. 3. — 6a®6 + 2a®62. 6, x® — Gy®. 7. 1 — 9x^ 

9. Ox® 4- 12x + 4. 11. 25x2 _ 30x2/ 4- Qi/®. 

13. 9c2x® — 6acxy 4- aV- 16. 16x^ — 24x22/® 4- Oi/®. 

17. x® -E 7x 4- 10. 19. x® -j- 5x — 14. 21. u® — 7 m + 12. 

23. 2x2 _|_ 7x _ 4 . 26. 12x2 4- 16xi/ - 3y\ 27. Ox® + 13xy - 5y^- 

29. 6x* — llx® — 10. 31. 4x'' 4- Sx®?/® — Gy*. 

33. x® 4- 2x2/ + 2/® — 4z®. 36. x® 4- 6x 4- 9 4- 4xy + 12y 4- -ly®. 

37. x® -I- 2x2/ 4- 2/® — z*. 39. X® — 2xy 4- ?/* — 6x 4- 62/ 4- 9. 

x® 4” 2xy 4“ y* — “E 22av — v®. 43. x®® 4" 2x“2/*’ -E y . 

46. x®“ — y®*. 

Section 46. Pages 99-100 


1 . 

7. 

13. 

19. 

26. 

29. 

31. 

33. 


3y 4- 42/2) 


(12m 

1 ) 2 . 


6 . (4x 4- 3y)(4x — 3y) 

\ 4 4 I o..\i 


11. (2x 4- 3J/) 


5j2)(12m 4- Gv). 

17. (2ax 4- by. 

2y). 23. 2x2 (4x + 3y)(4x - 3y) 


2a(x — 3a). 3. 2xy(2x^ 

(3 — 8xy)(3 4 - 8xy). 9. 

(4x - 3y)2. 16. (8xy - 

X 4- ^ . 21. x(3x 4- 2y)(3x 

(x® 4- 4)(x 4 - 2)(x - 2). 27. (3x + 2y)(9x^ - Gxy + 4y^). 

(4x - y)(16x2 4 - 4xy 4 - y®)- , ^ 

(x 4- 22 /) (x® - 2xy 4 - 42 /®) (x - 2y)(x^ 4 - 2xy 4 - 4 ^®). 

(2a + b)ix + j/). 36. (x + y + 3)(x + y — 3). 
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37. (5j -f j/ - z)(5x - y -\-z). 39. (x - 2y - 3)2. 

41. (4x -y){-2x-Sy). 43. 2x^y(y - 2x){y^ + 2xy -f 4x2). 

46. (x + y + 2)(x - y -f 4). 47. (x + 4y)(x2 + 2xy + 4i/2). 

49. (x + 2)(3x — 4 j/)(-x — 2y). 61. bxy{x- -f- ^y^){x + 2y){x — 2y). 

63. 3x2y(x + 2i/)(x2 — 2xy -|- 4?/2). 

Section 47. Page 101 

1. (a + 3)(x — y). 3. (x — y)(x — 3). 6. (x2 — 2)(2x + 3). 

7. (x - 2y)(x + 2y + 1). 9. {x + y + 3)(x — y + Z). 

11. (3x + !/)(l — 2x). 13. (x + 2i/ + « -f l)(x^+ 2y — u — 1). 

16. (x2 — j /2 _|_ xy){x^ — — xy). 

17. (x2 - ?/2 - 2 x2/)(x2 - 2/2 + 2xy). 19. (x2 -f 2x + 3)(x2 - 2x -f 3). 
21. (x* + 2x + 2)(x2 - 2x + 2). 23. (x2 + xy - Zif){x^ - xy - Zy^). 

26. (a — h){x — y). 

Section 48. Page 102 

1. (x — 3)(x — 4). 3. (x — 4)(x + 3). 6. (x — 2)(x -f 9). 

7. (x + 12)(x - 3). 9. (m - 12)(m + 2). 11. (x - 24y)(x -f 2y). 

13. (x - 12y)(x + 4y). 16. (2x - l)(3x + 5). 17. (6x - IK^^ “ ^)- 

19. (2x - 3) (4x - 5). 21. (7x + 4y) (3x - y ). 

23. (2x — 3y)(6x + 5y). 26. (x + 4)(x + 5). 

27. (x + y- 2)(x + y + 9). 29. (2x - y - 12)(2x - y + 2). 

31. (x — 5)(x — 6). 33. 2xy2(2x — y)(3x + 2y). 

36. 2x2y(x — 6y)(x -f y). 37. (x2 + 3)(x2 + 4). 

39. (x + 2)(x2 — 2x + 4)(x — l)(x2 + x -f 1). 

41. (x2 + y*)(x + 3y)(x — 3y). 


Section 49. Page 103 

1 . (x + y) (x^ — x*y + x2y* — xy* + y*). 

3. (x — 2y)(x^ + 2x*y + 4x2y* + 8xy* + 16y^). 

6 . (4x2 yi)(2x + y)(2x — y). 

7. (xy + Z){x*y* — 3x*y* + 9x2y2 — 27xy -4- 81). 

9. (x2 + A)(x* - 4x2 1 ( 5 ) 

11. (x -1- 2y)(x — 2y)(x2 — 2xy + 4y2)(x2 -f 2xy + 4y2). 

13. (x* -f- y^)(x2 4- y^){x + y)(x — y). 

Section 60. Page 104 

1. 2xy; 12x2y2. 3. xy; lSx^y\ 6. (x - 3); 6(x - 3). 

7. X - 2; 2(x - 2)(x + 2). 9. (x + y); (x - y)(x + y)\ 

11 . (x - 2); (x - 2)(x + 2)(x - 3). 

13. (x - 3); (x - 3)(x -f 3)(x + 2)(x2 -f 3x -f 9). 

16. 2(x - .3); 4(x - 3)2(x + 3)(x + 5). 

17. 2x; 2x(2x + y)(2x — y)(3x + 2y). 

19. (x - 2); 3(x - 2)2(x -f 2). 

21 . (x — y); (x — y)2(x -f y)(x2 -f xy + y2). 

23. 1; (x* -f y2)(x + y)(x — y)(x + 2y). 

26. (2x - 3); 3x(2x - 3)(2x + 3)(x + 2). 
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ANSWERS TO ODD-NUMBERED EXERCISES 


Section 61. Page 106 


1. 4/6. 
11. 3x/4. 


3. 5x/6y. 

X - y 


13. 


6 . 7xy^/Sa. 

X - 3 


7. 7/8a. 


3 


16. 


X 4- 3 


17. 


4x 


X + 2 


9. 4x/3. 
19. 


21 . 


x + y 


29. 


x^ + xy + y^ 

"" + ® 31. 


5x 


23. —;-26 

x y 
-2(x + 2y) 

3(x2 + 2xy + 4y^) 


y 


27. 


3 


X - 6 

9x® + 3x -f 


1 


3x + 1 


Section 62. Pages 107-108 


1. 3/4. 

13. 9ax/6cz. 


3. 6. 


16. 


6 . ^z/2xy‘^. 

X — 2y 


7. 2yyZ 


9. 


2 x 


11 . 1 . 


X 


y 


17. 1 


19 


X 


5y 


23. 


1 


29. 


3x + 2y 
(3x + 2y){x + 2y) 

(4x + y){2x -f y) 


26. 1. 27. (a) (2x + l)(x - 5); (6) 


21 . 1 / 2 . 

2 x -f 1 


(x + 2)2(x - 5) 


Section 63. Pages 109-110 


1. 1/5. 


3. 7/8. 


6 . x/3. 


7. 


0 =* + 5 


11 . 


7x + 9 

Gx^* 


13. 


5x^ — 6x 4- 6 
4x 


16. 


3a 

X 


9. 


he — ac ah 


3 


X 


5 


17. 


19. 


Axy 


26. 


(x 4- y){x 

2 


y) 


21 . 


2 x 


(x 4- a)\x 

5 


a) 


23. 


ahe 

3x2 _ 7a. + 9 

(x - 3)(2x - 1) 
1 


X 


2 


(x — 2)(x — 1) 


31. 0. 


33. 


X 


(X 4- 6) (x 
2x 4- 8 


9) 


29. 


1 


(x — y){x — Zy) 


(x - 6)(x 4- 4)(x 4- 2) 


1. 5. 


Section 64. Pages 112—113 


3. 


h + a 


13. 


h — a 
2y + 2x+l 


16. 


6 . 4/3. 

2 x- — y^ 


7. 1. 


9. X. 


11 . x/y. 


17. 2. 19. 


X 4- 2 


21 . 


X 4- 2 


X 


y 


23. 


26. X — y. 


27. 


2 a 


6 * 


62 


29. 


X — 2 X 

o* 4" 2a2 -4- 7a 4" 8 

o* 4" Ta 


2 


Section 66. Pages 116-116 

1 . 4. 3. 4. 6. 2. 7. 9. 9. 3. 11. -2. 13. -5. 

16. 5/2. 17. 1/6. 19. —18/5. 21. 8/3. 23. 25/18. 

26. 5. 27. 11/8. 29. 0.05. 
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Section 66 . Pages 116-117 

1 . 3. 3. 7. 6 . 0. 7. No solution. 9. 12. 11. 5. 

13. 3. 16. 5/2. 17. — 1 / 12 . 19. No solution. 

21. No solution. 23. 19/5. 26. —16/5. 27. No solution. 


Section 67. Pages 118-119 


1. 56. 


3. u -f- 26. 


6 . 


36 


9. 3a* -f- 2a — 5. 

15. 


a “ 2 
11 . 2 a + 6 . 


if a 5*^ 2 . 


7. 


6 


2 a 


■! 

6‘'“^2 


21 . 


a + 6 
X 7 


6 . 


17. if a 


2 


13. a + 6 if a 6 . 

4 - 2x 

6 . 19. 


7 


23. 


C - Ax . 


5 


29. w = 


36. mi = 


P -21 

2 
Fr* 


if 5 0 . 

9 


31. F = - C + 32. 

o 


26. V = — 

V 

33. h = 


27. = 


2A 

6 


3F 


Trr 


41. Wz = 


Gm* 

rfltOi 


37. d = 


2(S — an) 


39. r = 


wF — 7F 
In 


47. C = 


rf, 

CiC, 


43. < = 


n(n — 1 ) 

P — V 1 

46. h = hi -{— (pi 

pc ‘ ‘ c ^ 


P). 


C1 + C2 


Section 68 . Pages 122-123 


13. 3. 16. - 6 . 17. 5/2. 19. 6 . 21. 6 = -2. 

26. y = 4x - 10 . 27. 2 / = 5 X - I- 29. y = 3 x - 1 . 

31. 2 / = 2 x + 4. 33. 2 / = - ix - I- 36. y = 2 x - 


23. 3. 


6 . 


Section 69. Pages 126-126 

1. (x = 5, 2 / = -2). 3. (x = -3, 2 / = 2). 6. (x = 1, y = 1/2) 

7. (x = 2, y = —3). 9. (x = —5, y = 1). 11. (x = —1/5, y = 3/5) 

13. (x = -1, y = -3). 16. (x = -2, y = 3). 17. (x = 3, y = 0) 

19. (x = 6, y = 12). 21. (x = -6, y = 12). 23. (x = 3a, y = 2a) 

26. (x — a + 1, y = 2a — 3). 27. (x = 3a + 6, y = a — 26). 

/ — Q7i\ 

29. 


33. 


46 - 

3a 

5a - 36 

11 

’ y - 

11 

kibz ~ 

“ kjb\ 

1 

a 1^2 - 

a 162 - 

- azbi ^ 

0162 “ 


31. (x — a-|- 6 , y = 6 — a). 


Section 60. Page 128 

1 . Inconsistent. 3. Dependent. 6 . Simultaneous, (x = 2 y = O) 
7. Simult^eous, (x = 2 , y = - 1 ). 9 . Dependent. 

11 . Inconsistent. 


Section 61. Page 130 


1. (x = 1, y = 2, 2 = 3). 3. (x = -1, y = 2, 2 

6. (u = 3, t; = -2, w = -1). 7. (.4 = 1, B = 

9. (x = 2a, y = 3a, 2 = 4a). 11. (x = 1, y = - 

13. (x = 1, y = 0, 2 = - 1 , f = 2 , u = 3 ). 


= -3). 

- 1 ,^ = 2 ). 

l,z = 2,t = 3). 
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Section 62. Pages 132-133 

1. {x = \, y = —2). 3. (x = 4, y = 5). 6. (x = — 1, y = 2). 

7. (x = 2, j/ = 3). 9. (x = —2, 2 / = —1). 11. (x = y = — ^)- 

13. (x = y = 5). 16. (x = y = -1, z = i)- 

17. Dependent. 19. (x = 1/2, y = 1/3, z = —1/2). 

21. (x = 6/5, y = 1/2). 23. (x = 0, y = -4/3). 


Section 63. Pages 136-139 

1. 12, 18. 3. 30 years. 6. 11 nickels, 9 quarters. 

7. 40 ft., 10 ft. 9. .SIOOO at 4%, S4000 at 6%. 11. 86. 

13. 27, 28, 29. 16. 37, 39, 41. 17. 2.4 days. 19. 3 days. 

21. 5| gal. 23. 2 hr., 100 mi. 26. 40 lb. 27. 80 lb. 

29. 20 mi. per hr., 4 mi. per hr. 31. 16ii^ minutes past the hour. 
33. 11 by 7 feet. 36. 24 mi., 10 mi. per hr. 

37. 14 lb. at 70^5, 28 lb. at 40?^. 39. 45. 


Section 64. Pages 141-142 


1. 2/x». 


3. 3. 


6. 2 y^/x-. 


7. 6/a. 


9. 


h d 
h — a 


11 . 


26 


26 


a 


13. 1/8. 


23. X*. 


26. x/y*. 


27. 


16. 8. 
1 


17. 1 


19. 1/6 


21 . 1 


a*b* 


29. 10 


31. 8y^ 


33. 720. 


36. 1/xy. 


37. 


xhj^ 


y 


X 


Section 66. Pages 143-144 


1 . 

9. 

17. 

26. 

31. 


3 X 10®. 3. 6.57 X IOC 6. 

5.69 X 10-C 11. 5.61 X 10-C 

65,400,000. 19. 0.0000342. 

5 X 10^'* per sec. 27. 220. 

1.6 X 10-1®. 


3.41 X 10-1. 7. 3.52 x 10®. 

13. 1,000,000. 16. 0.0001 
21. 0.00000753. 23. 120. 

29. 1.316385 X 10®® lb. 


Section 66. Pages 146-146 


1 . 

16. 

27. 


4. 

100 . 

ai®/®6. 


3 . 1 / 2 . 6 . 

17. 1000. 

29. |x®y®, 


2. 7. 4. 9. 10. 11. 1000. 

19. 100. 21. 1/125. 23. 4a® 

31. 33. X. 


13. 81. 
26. 


1 . 

16. 

27. 

39. 


2. _ 3. 

5 V2. 
V5. 

3x*y*- 

a» 


Section 68. Pages 149-160 

4. 6. 6. 7. 2. 9. 2. 11. 6. 13. 2 VS. ^ 

17 . 6 V3. 19 . 2 VI. 21 . V 2 / 2 . 23. V6/ 4. 26 . V 2 

29. V2. 31. 1/2. 33. 1/2. _ 36. -2. 37.^ 

41. 2x>®y^ Vy. 43. -3x®y® a/x®. 46. 3x«y® v/2xy® 


5 


3b 


2x®y^ 



4x* /-— 

51- 37. 


63. 


2x® 

V 



47. 


49. 


3 
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_1 -I- 3ct r“ 

66. a 67. 3 Vj* + 1. 69. —^ Va. 61. 


3 “I" 2flt 

2a 




63. 0.632. 


66. 1.538. 


67. 1.472. 


69. 1.186. 


Section 69. Pages 160-161 


1. 6 \/3. 3. 5 


V2 


Vs. 9. 


V2 


2 


11. i V3. 


13. -2 



19. 




16. (4a - 2b) V^ 

2 b 




21 . 


a- 




Va- - b\ 


Vs + 4 V2 


26. 


b 


a 


1 . 

13. 

23. 

31. 

41. 


Section 70. Pages 161-162 

VTo. 3 . 4 Vs. 6. 10 V6. 7. 24 Vs. 9. 4 V3. 11. 6x V~y 

54J-. 16. 48x*j/. 17. 9(a2 + b^). 19. (x + yY. 21. 24x 

Vo + VIO. 26. 2 Vs - 3 V2. 27. 1. 29. 30 - 12 Vo 

9 + 7 \^. 33 . -5 Vo. 36. 6 V 2 . 37. 21 + 8 V 2 . 39. 0 

43 + 12 V2. 43. c/a. 


Section 71. Page 163 

1. iVlO. 3. Vs. 6. X V6. 7. Vl5y/6x^ 9. Vl4/2. 


11 . 


3 + V2 


7 


13. 3(V3 - V2). 16. 


VlO + V6 


19. Vo - Vs - V2 + 1. 


21 . 


26. 


2 

34 - 7 VlO 
37 


Vx — 1 + X — 1 

2 — X 


27. (a) 1.581; (c) 2.236. 


17. 


Vl4 + 4 
2 


23. 


3 Vl5 + 11 
7 



X*. 


11. V2. 


Section 72. Page 164 


3. X 


6. V250. 


7. V32, 


13. 2/V 


9. Vs 


9. 3, -12. 

17. 1/2, -4/3. 

26. k, k. 


Section 73. Page 166 

1. 3, -2. 3. 4, -3. 6, +4. 7. +3/2. 

11. 18, -2. 13. -2, -12. 16. 1/2, -5/3. 

19. -3, -1/2. 21. ± V3. 23. + VlO/3. 

27. k/Z, -4k/7. 29. +2, ±3. 31. +1, + Vs. 33. ±2i. 

36. ± It. 37. 18, -2. 39. 4, 5. 41. 5, 0. 43. -7/2, 0. 

46. 8, 8. 47. -5/2, -5/2. 49. / = + - V^. 61. r = + - VA^ 

S rr 
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1 . 

9. 

13. 


18, -2. 
-3, -1/2. 


Section 74. Page 168 

3. -2, -12. 6._l/2, -5/3. 7. 1/2, -4/3. 

11. (a) 2 + V3; (6) 3.732, 0.268. 


(a) ^ (b) 3.366, 1.634. 


16. (a) -1 ± VS; (6) 1.236, -3.236. 17. 1 + 2i. 19. -2 ± Si 


21. (a) (6) 4.791, 0.209. 


23. 5, -4/3. 


26. (a) -3 ± vT7; (6) 1.123, -7.123. 


27. 


p + \/p^ — 4g 
2 


Section 76. Page 160 


1-26. See §74. 


27. -3, 4. 


29. 2/3, 2/3. 


31. 


\/3 + i Vs 


4 


33. 


\/2 + i V30 


4 


36. 


V3 + V^ 


3 


37. 


h + Vh^ - k 


2 


39. 


(Z ± Vd^ 


ac 


41. a ± \^b. 


43. -i ± V2. 


a 


1 . 

5 . 

9. 

13. 

17. 

21 . 

29. 

37. 


Section 76. Page 162 

64; real, rational, unequal. 3. 169; real, rational, unequal 
41; real, irrational, unequal. 7. —11; imaginarj^ unequal 
0; real, rational, equal. 11. —36; imaginary, unequal. 

25; real, rational, unequal. 16. -5; imaginary, unequal. 
25; real, unequal. 19. 16; imaginary, unequal. 

0; imaginary, equal. 23. 9. 26. ±24. ‘ 

0, 4. 31. ±5. 33. 4. 36. (a) fc < 4; (6) k > 4. 

(a) k>6,k< -6; (6) -6 < fc < 6. 


11 . 

21 . 

36. 

39. 


19. None. 
Not at all. 


> 1 . 


1 . 

9. 

16. 

19. 

26. 

31. 

36 . 


Section 77. Pages 163-164 

2, -1. 13. 1, -3. 16. 17. ±4/3 

3 0 29. Tangent. 31. Two points. 33 

Two points. 37. (a) k = 1; (b) k < 1] (c) k 
(a) ±4; (6) k > 4, k < -4; (c) -4 < A; < 4. 

Section 78. Pages 166-166 

5,6. 3. -5/2, -4. 6. -1/2, -3/2. 

-5/3, 0. 11 . ra = -l,h= -3. 13. - 3/2, k 1. 

h = 2-, roots 5/2, 7/2. 17. Roots 1/2, 5/2; A = 5. _ _ 

t — 2* +3/2 21. X® — 3x — 10 = 0. 23. 6x ^ ^ 

& - 6 - 0. 27. x> - 18 = 0. 29. x> + 25 - 0. 

16x2 _ i6:c + 1 = 0. 33. x2 - 6x + 13 = 0. 

r2 — 2ax - 1 - a* — 6 = 0. 


= 0 
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Section 79. Pages 167-168 

1. 3, -1. 3. -2. 6. 0. 7. 1/2, -3. 9. 1, -4/3. 

11. +3, ±2. 13. +3, ±4/3. 16. 7, 1, 4 ± V2. 17. 4, -2, 1, 1. 

^ -I ±i Vs 

19. -2, ±i. 21. -2, 1 ±iVS, 1,- ^ - 

Section 80. Page 169 

1. 7. 3. 4. 6. 4, 20. 7. No root. 9. -2. 11. 9/8. 

13. No root. 16. 65/32. 17. 1. 19. -2. 

Section 81. Pages 170-172 

1. 8 yd., 7 yd. 3. 5 ft., 12 ft. 6. 23, 24. 7. 27, 29. 

9. 4 inches. 11. 20 miles per hour, 30 niile.s per hour. 

13. 1.5 seconds. 16. 23. 17. A, 6 days; B, 12 days. 19. 2 yd. 

21. 73. 23. 28 ft., 22 ft. 26. ^ + Vlt^ - (4L/C)). 

27. 16 miles per hour; 1.5 and 2.5 hcucs. 29. 37. 31. 3%. 

Section 82. Pages 174-176 

1. Min. (3,-7). 3. Max. (2,7). 6. Min. (3,-11). 

7. Min. (- 2). 9. Ma.x. (-1/2,16.5). 11. 10, 10. 13. 10, 10. 

16. 3 sec., 144 ft. 17. 65 cents. 19. 50 3 'd., 100 yd.; 5,000 sq. yd. 

Section 83. Page 178 

1. Circle. 3. Parabola. 6. Hj'jierbola. 7. Hyperbola. 9. Ellipse. 
11. One point. 13. Non-existent. 16. Two intersecting straight lines. 

17. Two coincident straight lines. 

Section 84. Page 179 

1. X = 4, y = 3; a; = -4, 2 / = -3. 3. x = 5, y = 0; x = 3, y = 4. 

6. X = 3, y = 1; X = 0, y = 2. 7. x = 3, y = 4; x = 4, y = 3. 

9. X = 4, y = -4; x = 1, y = 2. 

11. X = 3, y = 2; X = 21/4, y = -19/4. 

13. X = 0, y = 0; X = 2, y = 2. 16. x = 4, y = ±3. 

17. X = 3, y = ± 1; X = —3, y = ± 1. 

19. X = 3, y = +2; X = —3, y = ±2. 

21. X = 1, y = ±3; X = 8, y = ±8.5. 

23. X = 4, y = ±3; x = —4, y = ±3. 

Section 86. Pages 180-181 

13. X = 3, y = 2; X = 1, y = —2. 16. x = 0, y = 1; x = 3, y = 4, 

17. X = -3, y = 2;x = -1, y = -2. 

19. X = 2, y = 3; X = -17/11, y = 7/11. 

23. k = V2] X = y = V2I2. 
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S«cttoa 86 . Paces 182 184 

1. X - —3, y-2;x - — 1, y - —2. 

3. X - — 3, y - —2;x - -1, y-2. 

6. X = 0, y - 0; X - 0, y - 4. 7. x = ±3, y - - 2 

9. X - ±2, y - ± V3. 11 . X - ±3 '2, y » i \^2 2 

13. X - ± 1/3, y - ± Vs, 3. 

16. X “ y « 3; r ■» 3, y »» 4; X ■* —4, y =■ —3; x *• —3, y —4. 

17. X ■= —4, y * —3; x * 4, y * 3; x -« —5, y » 0; x ** 0, y — sS. 

19. X * 5, y - 4; X = — 5, y =» — 4; x = 3 V2, y - 3; x - —3 V^, 
y -= —3. 

21. x — 2, y — l;x = —2, y — —l;x-'3, y-'2;x — —3, y — —2. 
23. X * 0, y * ± 1; I = 3, y » —2; x •* —3, y - 2. 

26. X - 1, y = 2; X - -1, y * -2; x - 1/2, y - 5/2; x - -1/2, 

y = - 5/2. 

27. x»2, y = l;x = l,y = 2;x= — 2, y — — l;x - — 1, y — —2. 

Section 87. Paces 185-186 

1. 11,13. 3. 15 ft., 8 ft 6 . 16 ft., 9 ft. 

7. 30 miles per hour; 60 miles. 9. 7.5 ft., 18 ft. 

11. 28 ft., 18 ft. 13. 32 items at 15 cents each. 

Section 88 . Pages 189^ 191 

1. 1/3. 3. 3/2. 6 . 2x/3. 7. (x + l)/2. 9. 3/4. 11. .3/8 

13. 1/2. 16. 3. 17. 7. 19. 0. 2L 85. 23. 56. 

26. 6 *. _27. 1. 29. ± 6 . 31. ±18. 33. ±1/16. 

36. ± Vab. 37. ±(x + 3). 39. 27. 41. 1 / 8 . 43. b*/a. 

46. 8 in., 12 in. 47. 22 in., 33 in., 77 in. 

49. in., 8 in. 61. 38 ft. 

Section 89. Pages 19S-194 

1- (a) y = 3x; ( 6 ) 18; (c) tripled. 3. (a) y = jtir; ( 6 ) 7. 

6. (a) r = ir*; (6) 41,667 ft.; (c) 600 ft./sec. 

7. 95.2 lb. approx. 9. 576 ft. 

11 . (a) V = irT*h; [b) T = 12 t cu. in. 13. 3.1 sec. 

16. 300 cu. ft. 17. 13 amp. 

Section 90. Pages 196-197 

13. -t. 16. 1. 17. -1. 19. 3 - 4i-. 21. 5 2i. 23. -3 - 2i. 

26. -1 - 2i 27. X = 2. y = -3. 29. x = 4, y = 0. 

31. X = —3, y = 2. 46. X = 4, y = 3. 47. x = —3, y = 2 

49. X = 1, y = T- 
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Section 91. Pages 198-199 


1. 

5t. 

3. . 

6. —6. 

7 . - 

-6. 9. -6i. 

11 . 

727 



33. 

11. 

36. - 1 4- 

7t v^. : 

37.2 

- lOt V 2 . 

39 . 1 . 

41. 

• 

t. 




1 

8 . 

-18 

14 . 

61. 

1 

3 . 

43. 

• 

— t. 

46. -i. 

"■13 + 

13 

49 . + 

13*' 

2 

-4*- 



^ 6 

3 . 


.2 V3 





63. 

• 

— t. 

66. r - 

T I. 67. 

1 . 

69. _ - „ 

• 

t. 





0 

0 


7 1 






1 

5 \/5 . 


2 

„ 3 V 2 . 

67. 

1 

1 . 

61. 

18 ” 

18 

29 

29^' 

66. 4- 1. 

2 

-2‘- 


3 

2 . 

1 . 


2 Vs 





69. 

13 

“ 13^' 

71. tt. 

4 

73. 

^ • 

7 7 






Section 94. Pages 204-205 


1. 1/2, \/3/2, y3/3. 3. V3/2, 1/2, Vs. 6 . V2/2, - \/2/2, 1 . 

7. - 1/2^ - \/3/2, \/3/3. 9. - \^/2, - 1/2, Vs. 

11 . - V 2 / 2 , V 2 / 2 , - 1 . 13. 1 / 2 , V 3 / 2 , V 3 / 3 . 

16 . 1 / 2 , - \/3/2, - V 3 / 3 . 17. 0 , 1 , 0 . 19 . 0 , - 1 , 0 . 


21. 0, 1, 0. 23. 0.3420, 0.9397, 0.3640. 

26. 0.9397, -0.3420, -2.747. 27. -0.3420, -0.9397, 0.3640 

29. -0.9397, 0.3420, -2.747. 31. 0.3420, 0.9397, 0.3640. 

33. -0.7660, -0.6428, 1.192. 36. 0.4067, —0.9135, —0.4452 

37. 0.8192, -0.5736, -1.428. 39. -0.9063, -0.4226,2.145. 


Section 96, 


1 . Vs 


11 . 

19. 

23. 

27. 

31. 

36. 

39. 

41. 

43. 

46. 

47. 
61. 


1 . 


V2 + Si V2. 6. 


Page 207 

V2 V2 

H- t. 


2. 13. -2 V2 

2{cos 60“ + i sin 60°). 

4(cos 120° + i sin 120°). 
3 (cos 90° -f i sin 90°). 
2(cos 180° + t 
4i,cos .330° -f 
Si.cos 270° + 

8icos (0° + k 

8(cos (90° 4- ^ 

± 2 , • • • . 


sin 180°). 
sin 330°). 


2 ‘ 2 

2i V2. 16. - 5i. 17. Vs - i. 

21. 4 V 2 (cos 4.5° + i sin 45°). 

26. 2(cos 135° + i sin 135°). 
29. 5(cos 0° + i sin 0°). 

33. 3(cos 270° + i sin 270°). 
37. 1 (cos 180° + i sin 180°). 


7. Si. 9.-4 


sin 270°). 

360°] 4- i sin [0° 4- k • 360°]), k = 0, ±1, +2, 
• 360°] 4- i sin [90° 4- k ■ 360°]), ^• = 0, ±1, 


2(^ [330° 4 - k ■ 360°] 4 - i sin [330° 4- k ■ 360°]), k = 0, ±1 
2 • • • ' ^ 

1.8794 4 - 0.0840i'. 49. -0.9848 - 0 . 1730 i. 

(a) 0 ; (6) 180°; (c) 90°; (rf) 270°. 


Section 96. Page 209 
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6. 

(a) 3 (cos 90° 

-E i sin 90°); (b) 

Si. 

5 5 Vs . 

■ 2 ■*" 2 * 



7. 

(a) 5(cos 120 

° + i sin 120°); (6) - 





Section 97. I 

^age 210 



1. 

27(cos 180° + i sin 180°) = - 

•27. 




3. 

27 (cos 90° + 

i sin 90°) = 21i. 

6. 32 (cos 75° 

+ 

i sin 75°). 

7. 

64 (cos 270° + i sin 270°) = - 

• 64i. 

-4-^- 

32 



9. 

(cos 120° + i sin 120°) = - 

ID 

1 

■ 32 

11. 

16. 

13. 

-2 - 2 i. 

16. 1. 17. - 

16. 

19. -1. 




• 

Section 98. 

Pages 212-213 




V2 V2 . 

V2 V2 . 

3. 

3 Vs , Si 


3 Vs , Si 

1. 

2 + 2 

2 2 

2 “*"2' 


2 ^2' 

6. 

4i, - 2 Vs - 

• 2 i, 2 Vs - 2 i. 






1 Vs 

1 . Vs . 

-1, 

1 Vs. 

1 

Vs . 

7. 

+ ^’2"*" 2 


2 2 

2 

2 

9. 

1 + i Vs, - 

2 , 1 - t Vs. 






11 . 


13. 


2(c_os 216° + i sin 216°), 2(cos 288° + i sin 288°). 
\/2 + i \/2. 2('cos 165° + i sin 165°), 2(co8 285° 


16. 1, 

17. 

21 . 


1 + ^ 


V3 


V3 


1 

2 ' 2 ^ 2 

Vs + i, -1 + - Vs 

2 Vs + 2i, - 2 Vs - 2i. 


Section 99. Page 213 


1 . 

6 . 

7. 

9. 


2 , -1 + i Vs, -1 -i Vs. 
V2 + i V2, - V2-iV2. 

s Vs 


3. Vs -i, - Vs- i, 21 


3 Vs 


+ |i, 


2 ■ 2 ■’ 2 

Vs + i, -1 +iVs, 


-T 2 


Zi. 


Vs - i, I - i Vs 


Section 101. Pages 217-218 


Si. 


1 - i Vs. 19. 2 , 2 i, - 2 , - 2 i. 


1 . 

16. 

21 . 

23. 


1 . 3. -1. 6. 20. 7. -21. 

True. 17. False. 19. True 
(a) True. (6) True, (c) True. 

No. 26. 3. 

Section 102. 

= 4x* + 8x -j- 14; remainder = 33. 
= + x - 3; rem. = 2. 

= 2x® -f 4x + 6; rem. = 8. 


9. True. 11. True. 13. False 


(d) True, (e) True. (/) True. 


Pages 220-221 


1. Quotient 
3. Quotient 
6 . Quotient 
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7. Quotient = 
13. ^6.976, - 
19. True, x* — 
26. True. 27. 


= 6x* - 12x* -t- 3; rem. = 2. 9. 22, -18. 11. 5/8, 0 

0.916. 16. True, x* + x - 3. 17. True, x* - 3x + 4 

2x® + 4x^ — 8x -f 16. 21. False. 23. False. 

False. 29. True. 31. True. 33. True. 36. k = -7 


Section 103. Pages 222 223 


1. 3, 2, -1. 
7. 1, -2/3, 


3 . - 2 , -1 ±iVs 


0 . 


6. -3, -1/2, 2, 3 

+ i V2. 


Section 104, Page 226 

1. 3, 1/2, -3. 3. 1, 1, -1 ± i VZ. 6. -2, -1/2, 3/2. 

7. 0, —1, 2, 5/2. 9. X* — 7x -1- 6 = 0. 

11. 2x* — 3x* —■ llx 4- 6 = 0. 13. x* — 4x- + 4x = 0. 

16. 4x^ + 8x* - llx® + 3x = 0. 17. x* - 3x® = 0. 

19. X* — 2x® + 2x® — 8x — 8 = 0. 

21. X* - 6x* + 14x® - 22x -f 5 = 0. 

23. 6x< — 7x* -f 26x® — 28x -f 8 = 0. 26. x» — 6x* -f- 12x — 8 = 0. 

27. x« - 3x® -f 2x = 0. 29. 3, 3, ±i. 31. 1/2, 1/2, - i ± h Vz. 

33. X* — tx® — 4x + 4i = 0. 36. x* — x* — x® — 4 = 0. 


Section 106. Pages 229-230 


1. 3 - 2i. 3. -3 + 3t. 6. - 

9. 4x* - 4x» + X® + 6x 4- 2 = 0. 

. -3 ± Vs 
13. ±i, - 


2 


16. ± i, i, 


Zi. 7. X* - 

11. 1 ± t, 

-3 ± V5 


2 


7x* 4- 15x 

±i. 

21. False. 


25 


23. X* — 5x® 4- 5x — 1 = 0. 26. x* — 4x* 4- 2x® 4- 4x = 0. 

27. 2 ± V3, ±i. 



Section 107. Pages 234-236 

1. 1, 3, -2. 3. 1, 6, -2. 6. 1, 5, -2, -3. 7. 2/3, -1/3, ±t. 

9. -1/2, -1/2, ^ 11. None. 13. 3, 3, +t. 

16. 0, 2, ±i. 17. 0, -1/2, -1 ±i. _ 19. 3/2, 3/2, ±i. 

21. 2, -3/2, ±2i. 23. -3/2, 2 ± Vz. 26. (x 4- 2)(x - 3)(i 4- 4). 

27. (x - 2)(x 4- 2)(2i - 1). 

29. (2x 4- 3)(x - 2 - Vz){x - 2 4- V3). 

31. (2x + l)(2x 4- l)(x 4- 1 - t)(x 4- 1 4- t). 

33. (2x - l)(x» 4- 4). 36. (x - 2)(x - 2)(x» 4- x 4- 1). 

37. (2x - l)(3x 4- 2)(x» 4- 2x 4- 4). 39. False. 


21. ±1.4. 


Section 108. Pages 236-236 
23. 1.3. 26. No. 
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1 . 

6 . 

9. 



1 . 

3. 

6 . 

7. 

9. 

11 . 

13. 


16. 

17. 

19. 



17. 

26. 


1 . 

6 . 

9. 


Section 109. Page 233 

x' + 2x* — 5x — 6 = 0. 3. X* + 4x* + x — 6 = 0. 

9x* + 3x» + 7x* + 3x - 2 = 0. 7. 3x^ + 2x* + 5 = 0. 

- 1 , - 2 . 11 . - 2 . 

Section 110. Pages 239-240 

2, -2. 3. 2, -1. 6. 2, -1. 7. ±2. 9. 3, -1. 

None. 13. None. 16. ±1. 


Section 111. Pages 243-244 

(a) 1 pos., 2 imag. (6) Same. 

(a) 2 pos., 2 imag.; or no pos., 4 imag. (6) 

(a) 1 pos., 1 neg., 2 imag.; or 4 imag. (6) 1 
(a) 4 imag. (b) Same. 


(Uj o pus ., ur 1 pos., /i 

(a) 2 pos., 2 neg.; or 2 
1 pos., 1 neg., 2 imag. 
ruled out. 

(a) 1 neg., 4 imag. (b) Same. 

(a) 1 pos., 1 neg., 4 imag.; or 6 imag. 
(a) one zero root, 2 imag. (6) Same. 


-J 3 -,--- -o- _ pos., 1 neg., 2 imag. 

(a) 4 imag. (b) Same. 

(a) 1 pos., 1 neg., 2 imag.; or 4 imag. (b) 1 pos., 1 neg., 2 imag. 
(a) 3 pos.; or 1 pos., 2 imag. (b) Same. 

(a) 2 pos., 2 neg.; or 2 pos., 2 imag.; or 2 neg., 2 imag.; or 4 imag.; 
1 pos., 1 neg., 2 imag. (b) Same except 1 pos., 1 neg., 2 imag. m 
rtded out. 


(6) 1 pos., 1 neg., 4 imag 
27. 2, -1. 


Section 112. Page 247 

1.41. 3. 1.15. 6. 2.91. 7. -1.24. 9. 1.59. 

Section 113. Pages 248-249 
1.236. 13. 1.817. 16. 2.080. 


Section 114. Pages 261-262 
xs - 7x + 6 = 0. 3. X® + 2x2 _ 3a; = 0. 

2x2 _ I7a;2 _1_ 40a; - 25 = 0. 7. x® - 1.4x2 _ j eg^. 1728 = 0. 

X* - 3.94x2 _|_ 0.8412X + 6.018408 = 0. 

a;8 _ 6a:* - 16x + 96 = 0. 13. x* - 40x2 + lOOx + 6,000 = 0. 

X* + 78x» + 2,144x2 -f 21,922x - 7,249 = 0. 

Section 116. Page 266 

3.732. 19. 1.236, 1.414. 21. 3.684. 23. -2.844. 

0.268, 2.414, 3.732, -0.414. 27. 0.92. 29. -0.4, -40.6. 

Section 116. Pages 267-268 
5/2, -1/2. 3. Roots 2, -1, -3; k = -5. 

Roots 4, ( — 1 + i \^3)/2; k = —3. 7. Roots 1, 1, 2, —2; A: = —4. 

Roots 3, -2, 1/2; h = -11, k = 6. 
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1. -1, 


1 .V3 

2-^~T 


Section 118. Page 260 

3. 1 + w, 1 + <0, 2w*. 

Section 119. Page 262 


1 . J(- V2 


(V2 


Section 120. Page 266 


1. 5. 


3. -2. 


36. 6 . 


37. 2, 3. 


Section 121. Pages 266-267 


1 . 

11 . 


1 . 3 . 10 . 6 . 0 . 

aibiCt -h biCsOi -i- 0102^8 


7. 2. 

atb2Ci 


9. 1, 

bsCiCii 


11/3. 

- CiCi^i. 


Section 122. Page 269 


11 . ii = 2 amp., U = 2 amp., u = 0 amp. 


1. 14 square units 


Section 123. Page 271 

3 . 13 square units. 7. y = x + 1. 9 . x = 2 

Section 124. Page 273 


1. 0162 — 0261. 


Section 126. Pages 277—278 


3. X = 6. 


6 


0 

0 

1 


-5 

17 

3 


11 

21 

4 


7. 


2 

1 

3 

4 


-5 

• 0 

-6 

-5 


2 

0 

5 

5 


9 

0 

9 

14 


Section 126. Page 282 


7. -17. 


9. -5. 


11 . 0 . 


13. 132. 


16. 17 


Section 127. Page 286 


1. X = 1, 2 / = 
6 . X = — 2 , y 


1, z 
1,2 


2, t = 1/3. 
-1, t = 3. 


3. X = 1/2, y 
7. X = Z,y = 


= 3/2, z 

1/2, 2 = 


0, f = 1 
l,t = 2 


1 . 


3. 


6 . 


Section 128. Page 287 

X = wi, 2 / = 0 , 2 = —w; x = l, 2 / — l;orx = 2 , 2 / 

2 - 2 . 

X = m, 2 / = -2m, 2 = 2m; X = 1, 2 / = -2, 2 = 2; or x = 2, 
y = -4, 2 = 4. 

No non-trivial solutions. 7. /b = 1. 


0 . 


3. 

9. 

11 . 


X = 5, 2 / = 2, 
X = a + 2, y 
Inconsistent. 


Section 129. Pages 289-290 

6 . Inconsistent. 7. Inconsistent 
4 a — 2 , 2 = o, where a is arbitrary. 
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Section 130. Page 292 

1. feofli* biCocii + bvdo^- 


1 

3 

6 


1 . 

11 . 

17. 

21 . 


Section 131. Pages 293-294 


(x 

(x 

(x 


0, y 

0 , y 

0, y 


0), {x 
0), (x 
0), (x 


-1, 2/ = 1), (a; 

-2, y = 2), (x 

1 , 2 / = 1 ). 


^,y = 6), (x 

3, 2/ = -1). 


= 2,y= -1) 


Section 132. 


Pages 297-298 

120. 3. 20. 6. (a) 60; (6) 125. 7. 6,840. 

180. 13. (a) 48; (b) 72. 16. (a) 604,800; (b) 

(a) 840; (b) 120; (c) 240. 19. 36. “ 

(a) 325; (b) 130; (c) 282. 23. 47. 


9. 216. 

10,000,000 


Section 133. Page 300 

1. 720. 3. 72. 6. 72. 7. 210. 9. 15. 11. 60 

16. 576. 17. 64. 19. 195. 21. 162. 


13. 14,400. 


Section 134. Pages 301-302 
1. 15,120. 3. 12,600. 6. 35. 7. 210. 

Section 136. Pages 302-303 
1. 120. 3. 60. 6. 12. 7. (a) 48; (6) 72. 

Section 136. Pages 304-306 

1. 10. 3. 35. 6. 190. 7. 120. 9. 35. 11. 4. 13. 20. 

16. 350. 17. (a) 3,003; (b) 1,001; (c) 2,002. 19. (a) 112; (b) 196. 

21. 403,200. 23. 5,040. 26. (a) 45; (b) 9. 27. 2,520 

29. 7,200. 31. 10. 


Section 137. Page 308 

1. 1/6. 3 1/36. 6. (a) 1/4; (b) 1/13; (c) 1/52. 

7. (a) 1/4; (b) 1/2; (c) 1/4. 9. 1/2. 11. 2/3. 13. 1/4 

16. 4/35. 17. (a) 2/5; (b) 1/2. 19. (a) 2/13; (6) 4/13. 

Section 138. Page 309 
1. 93.3%. 3. 46.7%. 6. 50.1%. 

Section 139. Pages 312-314 

1. 1/36. 3. (a) 1/28,561; (6) 1/270,725. 6. (a) 3/11; (b) 2/33. 

7. 625/3,888. 9. (a) 15/128; (b) 121/128. 

11. (a) 125/3,888; (b) 69/1,944; (c) 3,875/3,888. 

13. (a) 1/7,776; (b) 1/60,466,176; (c) No. 16. 11/12. 17. 27 to 8. 

19. 7/10. 21. 61/125. 23. (a) 91/216; (6) 125 to 91. 

26. 0.057395628 or about 6%. 

27. (a) 53,760/9,765,625 or about 1/2 of 1%; (b) 62,201/9,765,625 or 
about 2/3 of 1%. 
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1 . 

3. 

6 . 


Section 140. Page 316 

(o) 2, 4, 6, 8, 10; (6) 20; (c) 2fc; (d) 2{k + 1) = + 2^ 

(a) 1, 4, 9, 16, 25; (6) 100; (c) k^; (d) (k + ly - k + 2fc + 1- 
(o) 2, 6, 12, 20, 30; (6) 110; (c) k(,k + 1) = k^ + k; 

(d) {k + 1)(A; + 2) = k^ Sk 2. 


7. 


(a) 2 




(-l)*+2 


6 


1 1 —1 1 —1 (~ 1 )^‘ 

12 ’ "W’ 30 ' no’ k{k + 1 )’ (fc + l)(fc + 2) 


Section 143. Pages 326-327 


10 


7. o' 
9. o' 


a-T + 7x«A + 21x';i' -h 35x^/i' + Z5x^h* + 21x*/i» + 7x/i« + A’’- 

3 ! p® + 5p*q + lOpV + lOpY + 5pg" + 

6. 32oi' ^ 240ai'6' -f 720o®6^ + l,080a«6® + 810o'6® + 2435 

- 3a'5 -1- 3a52 - 5'. 

- 5o^5 + 10o'5' - 10a*5' + 5a5* - 5®. 

11 x*lv* — + 6/w® — ^jx'^y 1/x^. 

13. xV16 — X® + 6x^ — 16/x + 16/x*. 16. 680x^^/i®. 17. 3,003x^®/!.® 

—a^*b\ 21. 70a^5^. 23. -63x«. 26. -198/x^ 

27. 105xV 32. 29. — 14x^ 31. 6x'. 33. 90,720x^ 

36. 1.094. 37. 0.942. 39. 1.243. 41. 0.868. 


Section 146. Page 329 


1 . 

3. 

6 . 

13. 


1 -h 7X — ^x^ + H- 

1 + ix — tx* + -/tx® + 

1 -f X + x' + x' + • • 

7.071. 16. 2.924. 


• • 


7. 4.12 


9. 4.02 


11. 5.29 


1 . 

6 . 

11 . 

16. 

17. 

23. 

26. 

31. 

37. 

43. 


Section 146. Pages 332-333 

d = 4, i = 39, sio = 210. 3. d = -3, Z = -11, Ss = -4. 

d = 5/3, I = 61/3, sij = 134. 7. 12,960. 9. (a) 27; (5) 1,026. 

(a) 19; (5) 2,508. 13. 5, 7.1, 9.2, 11.3, 13.4. 

-3, -1,1, 3, 5, 7, 9. 

n(n + 1). 19. 2n(n -|- 1). 21. a — — 40. 

d = 4, s„ = 738. 

n = 11, s„ = 165. 27. o = 3, s„ = 429. 29. d = 4, n = 18. 

V - , 2(nl - Sn) __ 28„ - n(n - l)d 

d = ::-;• 33. d = 


36. a = 

2sn — a - I ~ - n 

73. 39. $6,750. 41. (a) $3,040; (5) $23,200. 

71 

a = p -f- 5 , d = p, i = p» + ?, Sn = 2 ^^7 + [^ + l]p). 


2n 


Section 147. Pages 336-336 

1. r = 3, Z = 162, ss = 242. 3. r = -2, I = -96, Sg = -63. 

6 . r = -1/2, I = 3/16, 85 = 33/16. 7. 10, 20, 40, 80. 

9. -54,18, -6, 2. 11. 71 = 6, 8n = 1,008. 13. n = 5, 8„ = 53i 

16. 32. 17. 8. 19. 2. 21. 256. 23. 372 ft. 26. $2,342.56. 

27. The geometric mean or 40%. 29. 64/729. 
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Section 148. Page 337 

1. 1/23. 3. 1/9, 1/14, 1/19. 6. 1/10, 1/6, 1/2. 7. 20/7. 9. 72/59. 

Section 149. Pages 338-339 

1. 3/2. 3. 2/3. 6. 9. 7. 2/3. 9. 2/11. 11. 1/6. 

13. 3/13. 16. 23/11. 17. 120 ft. 19. 160 ft. 


Section 161. Pages 342-343 

1. n{n -f l)(n 2)/3. 3. n{n -f l)(n -f 2)/b. 

6. n{n + \){2n + l)(3n2 -f 3ra - l)/30. 

7. (a) n{n + l)(n + 2)/6; (6) 1,140. 

9. (o) n{n + l){2n -f- l)/6; (6) 2,109. 

11. (a) n* — n + 1; 

(6) n* - n 1 + (n - l)(n - 2)(n - 3)(n - 4)(n - 5); (c) No. 
13. (a) n® — n* -t- 1; 

(6) 71* - n2 + 1 + (n - l)(7i - 2)(7 i - 3)(n - 4)(n - 5); (c) No. 


Section 164. Pages 346-347 


1. X < 4. 3. X < 3. 

7. — 2 < X < 2, or |xl < 2. 
11. 2 < X < 3. 

13. X > 4, X < 2. 16. — 

19. x<—1, 3<x<4. 


6. X > 13/14. 

9. X > 4, X < —4, or X >4 


2 < X < 1 


17. 2 < X < 3. 


Section 166. Page 348 
21. X > 1, X < -4. 23. -3 < X < 1. 


Section 166. Pages 349-360 
1. logs 25 = 2. 3. logic 100 = 2. 6. logs 2 = 1/3. 

T- logs 25 ~ 

9. logs 1=0. 11. 2* = 16. 13. 10-2 = 0.01. 16. 10<> = 1. 

17. 5* = 125. 19. 10-1 = 0.1. 21. 5. 23. 2/3. 26. 1. 27. 0. 

29. 3/2. 31. 4. 33. 5. 36. 4/3. 37. -1/3. 39. -1'3. 

41. 4. 43. 1/64. 46. 2. 47. 2. 49. 4. 

Section 167. Page 361 

1. 1.1461. 3. 0.5441. 6. 1.0791. 7. -0.6990. 9. 0.1505. 

11. -0.0416. 13. 0.5411. 16. 0.6990. 17. 1.1128. 19. 0.9065. 

Section 168. Page 364 

1. 2.0934. 3. 8.0934 - 10. 6. 1.5977. 7. 8.6385 - 10. 

9. 6.5391 - 10. 11. 2.5563. 13. 7.0990 - 10. 16. 33.2. 17. 0.332. 

19. 49.8. 21. 0.545. 23. 9,370. 

26. (a) 102 ”“ == 802 approx.; (6) '‘’•'’^I0*».s5'i = 802 approx. 
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Section 169. Page 366 

1 2 3824. 3. 0.4709. 6. 8.9301 - 10. 7. 9.0301 - 10. 

9 . 0.6037. 11. 155.5. 13. 3.447. 16. 0.6303. 

17. 0.08008. 19. 0.02044. 

Section 160. Pages 367-368 

1 . 3.21. 3. 14.20. 6. 5.000. 7. One. 9. Two. 

11. 3.15 ^ 3.2 < 3.25, 3.195 ^ 3.20 < 3.205. 

Section 161. Pages 369-361 

1 1 72. 3. 2.59. 6. 0.783. 7. 40.7. 9. 128 X 10. 

11 . 0.205. 13. 1.092. 16. 6.321. 17. -3,168 X 10. 19. 2.663. 

21. 1.93. 23. 0.0545. 26. $229.70. 27. $675.60. 

29. 18 years approx. 31. 197,000,000 sq. mi. 

33. $10,720,000. approx. 36. 2 secs. 37. (o) $328; (6) $107. 

39. 120,000 sq. in. approx. 41. 5.337. 


Section 162. Page 362 

1. 9.6925 - 10. 3. 0.0501. 6. 7.2532 - 10. 


Section 163. Page 363 

1. (o) 1.099; (6) 0.477. 3. (o) 0.405; (6) 0.176. 

6 . log, X = 1.386. 7. logic ^ = 0.8407. 


Section 164. Page 366 

^ log A — log P 

3. 1.43. 6. -0.690. 7. 175. 9. n = -f— 

log (1 + r) 

_ log (si + 1) 

■ ” log (1 + t) 

13. n = 0.0604 grams. 

log V 

Section 166. Pages 367-368 


1. (o) $60; (6) $560. 3. (o) $23.44; (6) $773.44. 

6 . (o) $237.50; (5) 5 % approx. 

7. (a) $932.50; (6) 4 % approx. 

9. $208.33. 11. $1,239. 13. (o) P = A/{I + rn); (6) (A - P)/Pn; 

(c) (A - P)/Pr. 

Section 166. Pages 370-371 


1. (a) $657.95; (b) $659.75. 3. (a) $339.96; (b) $346.07. 

6 . (a) $337.78; (b) $336.49. 7. (a) $489.78; (b) $488.10. 9. 27. 

11. 17. 13. 32. 16. 4% per annum. 17. 5% per annum. 


1. 4.04%. 


Section 167. Page 372 

ft 

3. 6.09%. 6. 8.16%. 7. 4.06%. 


9. 6.14%. 
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Section 168. Pages 374-376 

1. (a) $3,519.42; (6) $2,494.98. 3. $5,236.52. 6. $8,113.62. 

7. $241.67. 11. $679.34. 

Section 169. Pages 378-379 

1. 20. 3. 12. 6. 1. 7. 6. 


1. X — Z. 


3. X — 2. 


Section 170. Page 380 
6. 2x — 1. 


Section 171. Pages 383-387 


1 . 


5 


2 


6 . 


2x - 1 
1 


X + 1 


+ 


7. x^ + 1 + 


X + 2 

3. ; 

2 

1 

X - 2 “ 

X -J- 3 

3 

1 

X -f 2 

X -f 3 


3 


2 


2x + 3 X - 2 


9.6 + _!^+- 4 ^+ 3 


x-fl x-f-2 x-f3 


11 . 


3 


+ 


13. 


X + 1 ‘ (x + 1)* 
2 1 


17. 


X - 2 
2 


+ 


1 


(x - 2)2 ' (X - 2)* 


16. 

1 


' + ^ 


1 


2x + 1 ' X + 3 (x + 3)2 


x-fl (x -f 1)2 X 


19. 3 + 


21 . 


2x + 4 
2x - 3 


6 1/2 


2 ‘ (x - 2)2 

1/2 


X — 4 
1 


(x - 4)2 

3x 


26. 


27. 


x2 -f X + 1 X 

3 2x - 1 
X x® -f X -f 3 
2 


23. 


X 


1 2 
+ 


x-fl x-fl 


x2 -f 1 
2 


31. 4 -f- 


36. 


X X 
X 


2x2 

* + 


X -f 3 

X - 2 


29. X 





x2 -f X -f 2 

3 


33. 


2x - 1 

x2 -f 3 
1 2x - 3 


3 


X -f 2 


X2 -f 1 ' (x2 -f 1)2 


--f- . 

X ^ x2 -f 3 ' (x2 -f 3)2 


37. 


1 


(X2 -f 1) 


\2 


+ 


3x -f 1 
(x* -f 2) * 


39. 


1 2x 


1 ' x2 -f 1 (x2 -f 1) 


Section 174. Pages 392-393 

1. (o) 3.1, 3.01, 3.001, 3.0001; (b) 3. 3. (a) |, |, |4; (6) 2. 

6. (o) 5 , 1 %, T 7 , (5) _ 7. (a) 1^, -g, t, it! ib) 1. 

9. (a) h h tt; (6) 1. 11- (o) 4, t, Y, (&) diverges. 
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A 

Abel, N. H., 258, 328 
Abscissa, 78 

Absolute convergence, 402 
Absolute value, 27, 344 
of complex number, 206 
Ahmes, 7 

Algebraic expression, 59 
Algebraic sum, 30, 60 
Algorithm, 91 
division, 94 
Euclidean, 376 
Al-jebr, 7 
Al-Khowarizmi, 91 
Allowable values, 67 
Alternating series, 401 
Alternation, 188 
Amicable numbers, 17 
Amount, 366 
comi>ound, 368 
of annuity, 372 

Amplitude of complex number, 206 
Angle of complex number, 206 
Annuity, 372 
amount of, 372 
present value of, 372 
Apollonius of Perga, 177 
Arabic notation, see Hindu-Arabic 
Argument of complex number, 206 
Arithmetic means, 331 
Arithmetic progression, 330 
of rth order, 341 
Associative law: 
for addition, 9 
for multiplication, 10 

^iom of mathp.mAt'ifiB.l ind^ef.inn^ 315 

Axioms of algebra, 5 Iff, 

Axis, 77 



Binomial, 61 
Binomial formula, 324 
Binomial series, 328 
Binomial theorem, 323 
Biquadratic equation, 72 
Biquadratic polynomial, 65 
Briggs, H., 351, 363 
BUrgi, J., 363 


O 


Cancellation, 18 
Cantor, G., 41 
Cardano, 225, 258 
Characteristic, 352 
Ch*in Chiu-shao, 252 
Circle, 177 

Closed system unde^ an operation, 12 
Closure, law of: 
for addition, 8 
for multiplication, 10 
Coefficient, 61 
leading, 214 

Coefficients of polynomial, 65 
Cofactor of an element, 282 
Cologarithm, 361 
Combination, 303 
Common difference, 330 
Common ratio, 333 
Commutative law: 
for addition, 8 
for multiplication, 10 
Complex fraction, 110 
Complex number, 195 
Complex numbers, 48 
difference of, 197 
equal, 196 
product of, 197 
quotient of, 198 
sum of, 197 
Composition, 188 
Conclusion, 1 

Condition, necessary and sufficient, 2 
Conditional equation, 67 
Conic sections, 177 
Conjugate complex numbers, 196 
Conjugate surd, 153 
Consistent system of equations, 287 
Consistent xmits, 189 
Constant, 59 
of proportionality, 191 
Constant function, 76 
Constant term, 214 
Continuous function, 82 
Converge: 
absolutely, 402 
conditionally, 402 
Convergent sequence, 391 
Convergent series, 393 
467 
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Converse, 2 
Conversion period, 368 
Coordinates, 78 
polar, 205 
rectangular, 78 
Cramer, G., 283 
Cramer's rule, 264, 268, 283 
Cube, 34 
Cube root, 35, 57 
Cubic equation, 72, 214 
Cubic polynomial, 65 
Curve fitting, 416 ff. 

D 

Decimal expression, 42, 307 ff. 
periodic, 43 
recurring, 43 
Dedekind, R., 41 
Deduction, 1 
Deductive reasoning, 1 
Defined function, 73 
Degree: 

of equation, 72 
of monomial, 61 
of polynomial, 64 
del Ferro, 258 
de Moivre, A., 209 
dc Moivre's theorem, 209, 321 
Denominator, 17 
Dependent equations, 128 
Dependent variable, 73 
Deperids, 73, 76 

Depressed equation, 222 
Descartes, R., 78, 145, 177, 225, 243 
Descartes’ rule of signs, 240 
extended, 242 
Determinant: 

elements of, 263, 265 
expansion of, 265, 272 
of order 2, 263 
of order n, 271 
principal diagonal of, 272 
value of, 265, 272 
Deviation, 422, 425 
Difference of natural numbers, 12 
Differences of Hh order, 330 
Digits, significant, 356 
Dimensionless number, 189 
Diophantus, 138, 225 
Directed numbers, 21 
Directly proportional, 191 
Discount, 370 
compound, 370 
simple, 367 
Discriminant, 160 
Distributive law, 10 
Divergent sequence, 391 
Divergent scries, 393 


Divisible, 13 
exactly, 93, 94 
Division, 188 

algorithm, 91 ff., 94 
by monomials, 90 ff. 
by zero, 32 ff. 
of natural niunbers, 12 
S3mthetic, 219 
with remainder: 
for integers, 92 
for poljTiomials, 93 
Double root, 225 
of quadratic, 156 

E 

Effective rate, 371 

Elements of determinant, 263, 265 

Elimination theoi^”, 263 ff. 

Ellipse, 177 

Equal complex numbers, 196 
Equation: 

conditional, 67 
cubic, 214 
depressed, 222 
empirical, 416 
identical, 67 
irrational, 168 
linear, 114, 214 
polynomial, 214 
quadratic, 214 
quartic, 214 
rational integral, 214 
Equations: 

dependent, 128 
incompatible, 128 
inconsistent, 128 
polynomial, 71 
rational integral, 71 
simultaneous, 127 
Equivalent statements, 2 
Eratosthenes, sieve of, 14 
Error, 422, 425 

Essentially the same polynomials, 379 
Euclid, 187 

Euclidean algorithm, 376 
Even integer, 33 
Even natural number, 14 
Expansion, binomial, 322 
Expectation, mathematical, 312 
Exponent, 34, 56 
Exponential form, 427 
Extraneous root, 71, 167 
Extrapolation, 430 
Extremes, 331, 334, 336 
of proportion, 187 


Factor, 13, 93, 94, 96 
completely, 97 
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Factor (cont.): 
of an integer, 33 
of proportionality, 189 
theorem, 217 
Fermat, 177, 307 
Ferrari, 258 

Fourth proportional, 187 
Fraction, 17 
complex, 110 
improper, 381 
proper, 381 
simplest form of, 18 
Fractional expression, 60 
Fractions: 
difference of, 22 
equal, 18 
product of, 19 
quotient of, 20 
sum of, 21 

Franklin, Benjamin, 53 
Function, 73 
continuous, 82 

Fundamental theorem of algebra, 215 

G 

Galois, E., 259 
Gauss, K. F., 215 
General equation, 72 
General polynomial, 65 
General term, 391 
of sequence, 315 
Geometric mean, 334 
Geometric means, 334 
Geometric progression, 333 
Geometric series, 337, 394 
Goldbach's conjecture, 16 
Graph: 

of a fimction, 80 
of an equation, 79 
Gravitational constant, 192 
Greater than: 

for directed numbers, 28 
for fractions, 22 
for natural numbers, 12 
Gregory, J., 413, 416 

H 

H.C.F., 15, 103, 379 footnote 
Hamilton, \V. R., 50 
Harmonic mean, 336 
Hannonic means, 336 
Harmonic progression, 336 
Harmonic series, 395 
Highest common factor (H.C.F.), 15, 
103, 379 footnote 
Hindu-Arabic notation, 86 


Homogeneous linear equation, 285 
Horner, W. G., 252 
Hj’perbola, 177 
Hypothesis, 1 

I 

t, 195 

Identity, 67 

Iraaginarj'' number, 49, 195 
Imaginary part, 48, 195 
Imaginary unit, 48, 195 

ImplieSj 1 

Incompatible equations, 128 
Inconsistent equations, 128 
Inconsistent system of equations, 287 
Independent events, 295, 310 
Independent variable, 73 
Index: 

of a radical, 147 
of root, 36 
Indh-ect method, 40 
Induction, 3 

axiom of mathematical, 316 
Inductive logic, 319 
Inductive reasoning, 3 
Fnequalily, 344 
absolute, 344 
conditional, 344 
sense of, 344 
Infinite, becomes, 84 
Infinite discontinuity, 85 
Infinite sequence, 391 
Infinite series, 328, 337, 391 
Infinity of a function, 85 
Integer, 32 
Integers, 24 
positive, 8 
Interest, 366 
compound, 368 
period, 368 
simple, 366 
Interpolation, 407 

by proportional parts, 248, 355, 407 
formula: 

Gregor>'^-Newton, 412 
Lagrange's, 411 
linear, 248, 407 
Inversely proportional, 192 
Inversion, 188, 271 
Irrational equation, 168 
Irrational expression, 60 
Irrational numbers, 41 
Irreducible, 380 

K 

Kronecker, L., 52 
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INDEX 



L.O.D.j 109 

L.C.M., 15, 104 

Lagrange, J. L., 411 

Leading coefficient, 214 

Least common denominator, 109 

Leibnitz, G. W., 273 

Length of complex number, 206 

Less than, for natural numbers, 12 

Like terms, 61 

T^imiLof sequence 301 
Linear equation, 72, 114, 214 
Linear function, 74 
Linear interpolation, 248, 407 
Linear polynomial, 65 


Ln X, 363 
Logarithm: 

Briggsian, 351 
common, 351 
natural, 362 
to base 6, 349 
Logical consequence, 1 
Lower bound for roots, 239 
Lowest common multiple (L.C.M.)j 
104 


15, 


Lowest terms, 105 

reduction of fraction to, 18 




Napier, J., 363 
Natural logarithm, 362 
Natural numbers, 8 
Necessar>' condition, 2 
Negative numbers, 24 
Negative of a directed number, 29 
Newton, Isaac, 145, 255, 328, 413, 416 
Nominal rate, 371 
Normal equation, 423, 424, 425 
nth term, 330, 333, 391 
of a sequence, 315 
Numbers: 
amicable, 17 
complex, 48, 195 
dimensionless, 189 
directed, 24 
imaginary, 49, 195 
pure, 48, 195 
irrational, 41 
natural, 8 
perfect, 17 
pure, 189 
real, 41, 195 
signed, 24 
Numerator, 17 




Mantissa, 352 
Many-valued function, 73 
Mathematical expectation, 312 
Mathematical induction, axiom of, 316 


Maximum, 172 
Mean: 

arithmetic, 331 
geometric, 334 
harmonic, 336 
proportional, 187 


Means: 

arithmetic, 331 
geometric, 334 
harmonic, 336 
of proportion, 187 
Member of an equation, 10 

Minimum, 172 
Minor of an element, 278 
Mixed expression, 111 
Modulus, 362 

of complex number, 206 

Monomial, 61 
Multinomial, 61 
Multiple, 13 

Multiplicitv of a root, 224 
Multiplier in synthetic division, 249 
Mutually exclusive events, 296, 310 


Odd natural number, 14 
Odds, 312 

Order of a radical, 147 
Ordinate, 78 
Origin, 77 

P 


Parabola, 177 
Partial fractions, 381 
Partial sums, 393 
Pascal, B., 307 
Pascal's triangle, 322 
Payment period, 372 
Perfect nth power, 148 
Perfect number, 17 
Periodic decimal, 338 
Permutation, 298 
Plotting, 78 
Polar coordinates, 205 
Polar form, 206 
Polynomial, 60 
equation, 71, 214 
function, 74 
irreducible, 380 
prime, 97, 380 
Pohmomials: 

essentially the same, 379 
relatively prime, 380 
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Rational niunber, 32 
Rationalizing the denominator, 148 
Real number, 41, 195 
Real part, 48, 195 
Reciprocal, 33 
Rectangular coordinates, 78 
Rectangular form of complex number, 
195 

Reductio ad ahsurdum, 40 
Relative frequency, 307 
Relatively prime, 15, 378, 380 
Remainder theorem, 216 
Rent, 372 
Residual, 422, 425 
Resolvent cubic, 261 
Resultant of 2 polynomials, 291 
Reversible steps, 68 
Root; 

double, 156 
extraneous, 71, 167 
nth, 35, 57, 147 
of equation, 67, 82, 214 
of multiplicity k, 224 
principal nth, 147 
Rounded off, 44, 357 
RuflSni, 252 
Rule of signs, 28 
for division, 31 
for multiplication, 30 
Rule of three, 188 


Positional notation, 87 
Positive numbers, 24 
Power: 
form, 427 
nth, 34, 56 
perfect nth, 148 
series, 403 
Present value, 370 
of aimuity, 372 
Prime, 14-. 378 
polynomial, 97, 380 
relatively, 15, 378 
Principal, 366 

Principal nth root, 36, 57, 147 
Probability, 306 
a 'posteriori, 309 
a priori, 309 
empirical, 309 
statistical, 309 

Product of natural numbers, 9 
Progression: 
arithmetic, 330 
of rth order, 341 
geometric, 333 
harmonic, 336 
Proportion, 187 
p-series, 395 

Pure equation of nth degree, 213 
Pure imaginary number, 195 
Pure number, 189 
Pure quadratic equation, 155 
Pythagoras, 40 

Q 

Quadratic equation, 72, 214 
Quadratic function, 74 
<^adratic polynomial, 65 
Quadratic surd, 148 
Quartic equation, 72, 214 
Quartic polynomial, 65 
Quintic equation, 72 
Quintic polynomial,,65 
Quotient of natural numbers, 12 

R 

Radical, 147 
sign, 36 

simplest form of, 149 
Radicand, 147 
Range, 73 
Ratio, 187 

Rational expression, 60 
Rational fractional expression, 60 
Rational function, 74 
Rational integral equation, 71, 214 
Rational integral expression, ^ 
Rational integral function, 74 


S 

Satisfy, 67 
Seki-Kowa, 273 
Sense of inequality, 344 
Sequence, 315 
infinite, 391 
Series: 

alternating, 401 
geometric, 337, 394 
harmonic, 395 
infinite, 391 ff. 

Sieve of Eratosthenes, 14 
Signed numbers, 24 
Significant figures, 356 
Similar radicals, 150 
Simple root, 225 
Simplest form: 
of a fraction, 105 
of a radical, 149 

Simplify a rational integral expression, to, 
63 

Simultaneous equations, 127 
Single-valued function, 73 
Slope, 120 
Solution: 

of equation, 67, 123, 214 
of system of equations, 123 
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Solve an equation, 67, 114, 214 
Square, 34 
Square root, 35, 57 
Standard form; 

of a positive real number, 142 
of complex number, 195 
of polynomial, 64 
Statistical probability, 309 
Stifel, 225 

Substitution, principle of, 10 
Subtraction of directed numbers, 28 
Sufficient condition, 2 
Sum, algebraic, 30 
Surd, 148 

conjugate, 153 
Sylvester, J. J.', 293 
Synthetic division, 219 

T 

Tabular difference, 355 
Tartaglia, 258 
Term, 30, 60 
Third proportional, 187 
Total number of sets, 324 
Trigonometric form, 206 
Trinomial, 61 
Triple root, 225 
Trivial solution, 285 

U 

Undetermined coefficients, method 

409 

Unique factorization theorem, 15 
Unknown, 59 


I Unsigned numbers, 25 
Upper bound for roots, 239 

V 

Valid, 1 

Variable, 59 

Variation in sign, 240 

Varies directly as, 191 

Varies directly as the sqymrej 191 

Varies inversely as, 192 

Varies inversely as the square, 192 

Fortes jointly as, 192 

Vieta, 225 

Vinculum, 58 

Macq, A., 363 

W 

Wallis, 177 
Whole numbers, 24 

X 

X-axis, 77 
x-coordinate, 78 
x-intercept, 122 

Y 

t/-axis, 77 

y-coordinatc, 78 
y-intercept, 120 

Z 

Zero, 24 

division by, 32 £f. 
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